
D
Danilevski method of matrix transformation
A method for computing eigenvalues of a matrix
M , involving application of row and column op-
erations that produce the companion matrix of
M .

decimal number system The base 10 po-
sitional system for representing real numbers.
Every real number x has a representation of the
form

dn−1dn−2 · · · d1d0 · d−1d−2 · · · ,
in which the di are the digits of x; d0 and d−1
are separated by the decimal point (.). The digits
of x are determined recursively by the formulas
dn−1 =

⌊
x

10n−1

⌋
and for k > 1,

dn−k =
⌊
x −∑k−1

j=1(dn−j10n−j )
10n−k

⌋
,

where n is the unique integer that satisfies 10n−1

≤ x < 10n and �t� is the floor function (the

greatest integer≤ t). For example, ifx = 238
3

4
,

then n = 3, d2 = 2, d1 = 3, d0 = 8, d−1 =
7, d−2 = 5. The only possible digits are 0, 1, 2,
3, 4, 5, 6, 7, 8, 9. The digit d0 is called the ones
digit, d1 the tens digit, d2 the hundreds digit, d3
the thousands digit, etc.; also, d−1 is the tenths
digit, d−2 the hundredths digit, etc. It can be
shown that, precisely when x is rational, the se-
quence of digits of x eventually repeats. That is,
there is a smallest integerp for which di−p = di
for every i less than some fixed index. Here we
call the string of digits di−1di−2 · · · di−p a re-
peating block and p the period of the represen-
tation of x. In the special case that the repeating
block is the single digit 0, the convention is to
drop all the trailing zeros from the representation
and say that x has a finite or terminating decimal
expansion. Further, it is possible in this case to
give a second, distinct expansion of x: if x has
finite decimal expansion with final nonzero digit

di , then another representation of x can be ob-
tained by replacing di with di − 1 and defining
di−1 = di−2 = · · · = 9. For example, 238.75 =
238.74999· · · .
decomposable operator A bounded linear
operator T , on the separable Hilbert space L2

(�, µ;H) of square-integrable, measurable, H-
valued functions on some measure space (�, µ)
where H is also a Hilbert space, so that for each
measurable ξ(γ ), the function γ �→ T (γ )ξ(γ )

is measurable, and so that, for each ξ ∈ L2(�,

µ;H), T can be represented as the direct inte-
gral

T ξ =
∫
�

⊕T (γ )ξ(γ )dµ(γ ) .

decomposition field Let the ringA be closed
in its quotient field K . Suppose that B is its
integral closure in a finite Galois extension L,
with groupG. Then B is preserved by elements
of G. Let ℘ be a maximal ideal of A and B
a maximal ideal of B that lies above ℘. Now
GB is the subgroup of G consisting of those
elements that preserve B. Observe thatGB acts
in a natural way on the residue class field B/B
and it leaves A/℘ fixed. To any σ ∈ GB, we
can associate an element σ ∈ B/B over A/℘;
the map

σ �−→ σ

thereby induces a homomorphism of GB into
the group of automorphisms of B/B over A/℘.

The fixed field in GB is called the decompo-
sition field of B, and is denoted Ldec.

decomposition field Let the ringA be closed
in its quotient fieldK . Suppose thatB is its inte-
gral closure in a finite Galois extension L, with
group G. Then B is preserved by elements of
G. Let℘ be a maximal ideal ofA and B a maxi-
mal ideal of B that lies above ℘. NowGB is the
subgroup ofG consisting of those elements that
preserve B. Observe that GB acts in a natural
way on the residue class field B/B and it leaves
A/℘ fixed. To any σ ∈ GB we can associate an
element σ ∈ B/B over A/℘; the map

σ �−→ σ

thereby induces a homomorphism ofGB into the
group of automorphisms of B/B over A/℘.
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The fixed field in GB is called the decompo-
sition field of B, and is denoted Ldec

decomposition group Of a prime ideal℘ for
a Galois extension K/k, the stabilizer of ℘ in
Gal(K/k). See stabilizer, Galois group.

decomposition number The multiplicity of
an absolutely irreducible modular representa-
tion of a group G, in the splitting field K (for
which it is the Galois group) as it appears in a
decomposition of one of the irreducible repre-
sentations ofG in some number field for which
K is the residue class field. See absolutely irre-
ducible representation, modular representation.

Dedekind cut One of the original ways of
defining irrational numbers from rational ones.
A Dedekind cut (L,R) is a decomposition of
the rational numbers into two sets L and R such
that (i.) L andR are nonempty and disjoint; (ii.)
if x ∈ L and y ∈ R then x < y; (iii.) L has no
largest element. Thus, a rational number can be
identified with a Dedekind cut (L,R) for which
R has a least member and an irrational number
can be identified with a Dedekind cut (L,R) for
which R has no least element.

Dedekind domain An integral domain which
is Noetherian, integrally closed, and whose
nonzero prime ideals are all maximal. See inte-
gral domain, Noetherian ring, integrally closed.

Dedekind’s Discriminant Theorem Let
F = Q( 3

√
d) be a pure cubic field and let d =

ab2 with ab square-free. If F is of the first
kind, then the discriminant of F is given by
d(F ) = −27(ab)2 and if F is of the second
kind, then d(F ) = −3(ab)2.

Dedekind zeta function Let k be a number
field andOk be the ring of all algebraic integers
in k. If I is a nonzero Ok-ideal, we write N(I)
for the finite index [Ok : I ]. The Dedekind zeta
function is then defined by

ζk(x) =
∑
I

N(I)−x =
∏
J

(
1−N(J )−x)−1

,

where x > 1 and the sum extends over all non-
zero ideals of Ok , while the product runs over
all nonzero prime ideals of Ok .

defect If k is a field which is complete under
an arbitrary valuation, and if E is a finite exten-
sion of degree n, with ramification e and residue
class degree f , then ef divides n: n = ef δ, and
δ is called the defect of the extension.

defective equation An equation, derived
from another equation, which has fewer roots
than the original equation. For example, if x2+
x = 0 is divided by x, the resulting equation
x + 1 = 0 is defective because the root 0 was
lost in the process of division by x.

defective number A positive integer which
is greater than the sum of all its factors (except
itself). For example, the number 10 is defective,
since the sum of its factors (except itself) is 1+
2+ 5 = 8.

If a positive integer is equal to the sum of
all its factors (except itself), then it is called a
perfect number. If the number is less than the
sum of its factors (except itself), then it is called
abundant.

deficiency Let R �→ F �→ G be a free pre-
sentation of a group G. Let {xk} be a set of
generators of F and {rk} be a set of elements
of F generating R as a normal subgroup. Then
the data P = ({xk}, {rk}) is called a group pre-
sentation of G, xk are called generators, and rk
are called relators. The group presentation P is
called finite if both {xk} and {rk} are finite. A
group G is finitely presentable if there exists a
finite group presentation for G.

The deficiency of a finite group presentation
P is the integer

def(P ) = #{generators} − #{relators} .

The deficiency of a finitely presentable groupG,
denoted def(G), is the maximum deficiency of
finite group presentations for G.

defining relation A defining relation for a
quantity or property τ is an equation or property
that uniquely determines τ .

definite Hermitian form Let H be a (com-
plex) Hilbert space. A Hermitian form is a func-
tion f : H ×H → C, such that f (x, y) is lin-
ear in x, and conjugate linear in y, and f (x, x)
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is real. A Hermitian form f is called posi-
tive definite [resp., nonnegative definite, nega-
tive definite, nonpositive definite] if, for x �= 0,
f (x, x) > 0 [resp., ≥ 0, < 0,≤ 0].

definite quadratic form LetE be a finite di-
mensional vector space over the complex num-
bers C . Let L be a symmetric bilinear form on
E. (See bilinear form, symmetric form.) The
quadratic form associated with L is the func-
tion Q(x) = L(x, x). If Q(x) > 0, [resp.,
Q(x) ≥ 0, < 0,≤ 0] the form is called posi-
tive definite [resp., nonnegative definite, nega-
tive definite, nonpositive definite]. As an im-
portant application, assume F(x, y) is a smooth
function of two real variables x and y. Let f be
the quadratic part of the Taylor expansion of F

f (x, y) = ax2 + 2bxy + cy2 ,

where a, b, and c are determined as the appro-
priate second partial derivatives of F , evaluated
at a given point. Questions involving the mini-
mum points of F can be solved by considering
the two by two matrix

A =

 a b

c d


 ,

with its determinant and the upper left one by
one determinant a both positive. In this case we
are considering

(x, y)A
[
x
y

]
= f (x, y) .

deflation A process of finding other eigenval-
ues of a matrix when one eigenvalue and eigen-
vector are known. More specifically, if A is an
n × n matrix with eigenvalues λ1, . . . , λn, and
Av = λ1v, with v a nonzero (column) vector,
then, for any other vector u, the eigenvalues of
the matrix B = A− vuT are

λ1 − uT v, λ2, . . . , λn .

By choosing uT to be a multiple of the first row
of A and scaled so that uT v = λ1, the first row
of B becomes identically zero.

deformation A deformation is a transfor-
mation which shrinks, twists, expands, etc. in

any way without tearing. Additional conditions,
such as continuity, are usually attached to a de-
formation. Thus, one can talk about a continu-
ous deformation, or smooth deformation, etc.

degenerate A term found in numerous sub-
jects in mathematics. For example, in algebraic
geometry, when considering the homogeneous
bar resolutions of Abelian groups, one uses sub-
groups generated by (n+1)-tuples (y0, y1, . . . ,
yn) with yi = yi+1 for at least one value of i;
such an (n+ 1)-tuple is called degenerate.

degree of divisor If a polynomial p(x) is
factored as follows:

p(x) = a0 (x − x1)
n1 · · · (x − xk)nk ,

where x1, . . . , xk are distinct. Then each x− xi
is called a divisor and the corresponding ni is
called the degree of the divisor.

degree of equation In a polynomial equa-
tion, the highest power is called the degree of
equation. In a differential equation, the highest
order of differentiation is called the degree of
equation.

degree of polynomial A polynomial is an
expression of the form

p(x) = a0 + a1x + · · · + anxn, an �= 0 .

The integer n is called the degree of polynomial
p(x).

degree of polynomial term See degree of
polynomial.

De Moivre’s formula See De Moivre’s The-
orem.

De Moivre’s Theorem For any integer n and
any angle θ the complex equation (De Moivre’s
formula)

(cos θ + i sin θ)n = cos(nθ)+ i sin(nθ)

holds.

denominator The quantity B, in the fraction
A
B

(A is called the numerator).
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density Weight per unit (volume, area, length,
etc.).

dependent variable In a function y = f (x),
x is called the independent variable and y the
dependent variable.

derivation A map D : A → M , from a
commutative ring A to an A-module M such
that

D(a + b) = D(a)+D(b)
and

D(ab) = aD(b)+ bD(a)
for all a and b in A.

derivation of equation A proof of an equa-
tion, by modifying a known identity, using cer-
tain rules.

derivative If a function y = f (x) is defined
on a real interval (a, b), containing the point x0,
then the limit

lim
x→x0

f (x)− f (x0)

x − x0
,

if it exists, is called the derivative of f at x0 and
may be denoted by

f ′ (x0) ,
df

dx
(x0) ,Dxf (x0) , fx (x0) , etc .

If the function y = f (x) has a derivative at
every point of (a, b), then the derivative function
f ′(x) is sometimes simply called the derivative
of f .

derived equation See derivation of equation.

derived functor If T is a functor then its
left-derived functors are defined inductively as
follows: Let T0 = T . If Sn is any connected
sequence of (additive) functors, then each natu-
ral transformation S0

.→ T0 extends to a unique
morphism {Sn : n ≥ 0} → {Tn : n ≥ 0} of con-
nected sequences of functors. The right derived
functors are defined similarly.

derived series Given a Lie algebra G, we
define its derived seriesG0,G1, . . . , inductively
by G0 = G, Gn+1 = [Gn,Gn], n ≥ 0, where,
for any subsets S and T ofG, [S, T ] denotes the

Lie subalgebra generated by all [s, t] for s ∈ S
and t ∈ T .

Descartes’s Rule of Signs A rule setting an
upper bound to the number of positive or nega-
tive zeros of a function. For example, the pos-
itive zeros of the function f (x) cannot exceed
the number of changes of sign in f (x).

descending central series The series of nor-
mal subgroups

G = N0 ⊇ N1 ⊇ N2 ⊇ · · · ,
of a group G, defined recursively by: N0 = G,
Ni+1 = [G,Ni], where

[G,Ni] =
{
x−1y−1xy : x ∈ G, y ∈ Ni

}
is a commutator subgroup. See also commutator
subgroup.

descending chain of subgroups A (finite or
infinite) sequence {Gi} of subgroups of a group
G, such that eachGi+1 is a subgroup ofGi . See
also subgroup.

determinant A number, defined for every
square matrix, which encapsulates information
about the matrix. Common notation for the de-
terminant of A is detA and |A|. For a 1 × 1
matrix, the determinant is the unique entry in
the matrix. For a 2 × 2 matrix,(

a11 a12
a21 a22

)

the determinant is a11a22− a12a21. For a larger
n×nmatrixA, the determinant is defined recur-
sively, as follows: LetAi,j be the (n−1)×(n−1)
matrix created from A by removing the ith row
and the j th column. Then

detA =
n∑
i=1

(−1)i+j aij detAi,j

This sum can be computed, and is the same, for
any choice of j between 1 and n.

determinant factor IfA is a matrix with ele-
ments in a principal ideal ring (for example, the
integers or a polynomial ring over a field), then
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the determinant factors of A are the numbers
d1, . . . , dr where di is the greatest common di-
visor of all minors of A of degree i and r is the
rank of A.

determinant of coefficients The determi-
nant of coefficients of a set of n linear equations

a11x1 + · · · + a1nxn = b1

...
...

an1x1 + · · · + annxn = bn

in n unknowns over a commutative ring R is
denoted by

det



a11 · · · a1n
...

. . .
...

an1 · · · ann


 ,

or by ∣∣∣∣∣∣∣
a11 · · · a1n
...

. . .
...

an1 · · · ann

∣∣∣∣∣∣∣ .
Its value is

∑
P (sgnP)a1p1 · · · anpn , where the

sum is over all permutations P = (p1, . . . , pn)

of 1, 2, . . . , n. Usually,R is the real or the com-
plex numbers. The set of equations is uniquely
solvable if and only if the determinant of the
coefficients is nonzero.

diagonalizable linear transformation A lin-
ear transformation from a vector space V into
another vector space W which can be repre-
sented by a diagonal matrix (with respect to
some choice of bases for V andW ). See diago-
nal matrix. See also diagonalizable operator.

diagonalizable operator A linear transfor-
mation of a vector space V into itself which can
be represented by a diagonal matrix with respect
to some basis of V . An operator is diagonaliz-
able if and only if there is a basis for V made
up entirely of eigenvectors of the operator. See
also Jordan normal form.

diagonally dominant matrix An n× n ma-
trix A = (aij ) with entries from the complex
field is called row diagonally dominant if

|aii | ≥
∑
k �=i

|aik|

for each i ∈ {1, 2, . . . , n}. When the inequality
above holds strictly for every i ∈ {1, 2, . . . , n},
we say that A is strictly row diagonally domi-
nant. Similarly, we can define diagonal domi-
nance with respect to the sums of the moduli of
the off-diagonal entries in each column.

diagonal matrix An n×nmatrix (aij )where
aij = 0 if i �= j .

diagonal sum The sum of the diagonal en-
tries of a square matrixA, which also equals the
sum of the eigenvalues of A. If the entries in
A are complex and the diagonal sum is positive
(negative), then at least one of the eigenvalues
of A has a positive (negative) real part. Also
called spur or trace.

difference The (set theoretical) difference of
two sets A and B is defined by:

A\B = {x : x ∈ A and x /∈ B} .
The (algebraic) difference of subsets A and B
of a group G is defined by:

A−B = {x ∈ G : x = a−b, a ∈ A, b ∈ B} .

difference equation An equation of the form

xn+1 = F (xn, xn−1, . . . , x0) ,

which defines a sequence of numbers, provided
that initial values (e.g., x0) are given. Difference
equations are the discrete analog of differential
equations. The difference equation known as
the logistic equation, xn+1 = axn(1 − xn), a
constant, is one of the original examples of a
system that exhibits chaotic behavior.

difference group The quotient group of an
additive group G by a subgroup H (written as
G − H ). For example, the additive group of
integers has the even integers as a subgroup, and
the difference group is the mod2 group {0, 1}.
See quotient group.

difference of like powers The factorization:

an − bn = (a − b)
(
an−1 + an−2b

+ an−3b2 + · · · + abn−2 + bn−1
)
.
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difference of the nth order If y(x) is a func-
tion of a real variablex and9x is a fixed number,
then the first order difference 9y(x) is defined
by9y(x) = y(x +9x)− y(x). Scaling9x to
1, the difference of the nth order is defined by

9ny(x) = 9
(
9n−1y(x)

)

=
n∑
k=0

(−1)n−k
(
n

k

)
y(x + k) .

difference of two squares The factorization:
a2 − b2 = (a − b)(a + b). See also difference
of like powers.

difference product The polynomial defined
over an integral domain by p(x1, . . . , xn) =∏
i<j (xi − xj ). Also called simplest alternat-

ing polynomial in x1, . . . , xn. The difference
product p is invariant with respect to even per-
mutations of x1, . . . , xn and becomes −p with
respect to an odd permutation. If the characteris-
tic of the integral domain is different from 2 and
q is any alternating polynomial in x1, . . . , xn,
then q = ps, where s is symmetric.

different Suppose thatK is an algebraic num-
ber field and Q denotes the rational subfield of
the complex number field. LetM = {A ∈ K :
trace(A;) ⊂ θ , where ; and θ are the prin-
cipal orders of K and Q, respectively}. Then
the different DK/Q of K isM−1. See algebraic
number field, principal order.

differential automorphism An automor-
phism A of a differential field F such that A
commutes with each derivation of F and leaves
the ground field fixed. Kolchin has determined
the structure of the group of differential auto-
morphisms. See differential field.

differential extension ring If R is a differ-
ential ring and S is a differential subring of R,
then R is a differential extension ring of S. For
example, the differential ring of all real-valued
differentiable functions on the real line is an ex-
tension of the subring of polynomials. See dif-
ferential ring, differential subring.

differential field A differential ring which
also forms a field. See differential ring.

differential form of the first kind Suppose
that � is a nonsingular curve and that ω is a
differential form on�. If (ω) is a positive divisor
of the free Abelian group generated by points of
�, then ω is a differential form of the first kind
(or a regular 1-form). If, for any point P of �,
there is a rational function fP such that ω−dfP
is a regular 1-form, then ω is a differential form
of the second kind. If ω has nonzero residues,
then it is a differential form of the third kind.

differential form of the second kind See
differential form of the first kind.

differential form of the third kind See dif-
ferential form of the first kind.

differential ideal Suppose that R is a differ-
ential ring with derivations D1, . . . , Dk . Then
an ideal a of R is a differential ideal ifDia ⊂ a
for all i. See differential ring.

differential index Suppose that �1 and �2
are nonsingular curves, that π : �1 → �2 is
singular, and that t1 and t2 are local parameters
at P on �1 and Q = π(P ) on �2, respectively.
The differential index at P is the nonnegative
integer vP (ds/dt), where vP is the valuation at
P .

differential polynomial Suppose that X1,

. . . , Xr belong to a field which is a differential
extension (ring) of a differential field K , with
derivations D1, . . . , Dk . Then X1, . . . , Xr are
differential variables. If s1, . . . , sk are nonneg-
ative integers andD(s1)1 · · ·D(sk)k Xi are algebra-
ically independent overK , then a polynomial in
these elements is a differential polynomial.

differential representation Suppose that U
is a unitary representation of a Lie groupGwith
Lie algebra g, that X ∈ g and that x is an an-
alytic vector with respect to U . Suppose that
V (X)x is the derivative at t = 0 of Uexp tX(x).
Then the linear mapping V : X→ V (X) is the
differential representation of U .

differential ring A commutative ringR, with
unit, together with a finite number of commuting
derivations on R. (A derivation on R is a map-
pingD : R→ R such thatD(x+y) = Dx+Dy
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andD(xy) = Dx ·y+x ·Dy, for x, y ∈ R.) The
ring of all real-valued differentiable functions of
a real variable is a differential ring.

differential subring IfR is a differential ring
with derivations D1, . . . , Dk , then a subring of
S of R is a differential subring if DiS ⊂ S for
all i. See differential ring.

differential variable See differential poly-
nomial.

differentiation (1) In a chain complex, a
map, usually denoted dn or δn, from one module
to the next. An example of a differentiation is
the boundary operator encountered in the study
of simplicial complexes. See also chain com-
plex, boundary operator.

(2) Of a function f (x) of a real variable, at a
real number x = a, the limit

f ′(a) = lim
h→0

f (a + h)− f (a)
h

.

Many generalizations to other topological spaces
exist.

digit A symbol in a number system. For
example, in the binary number system, the only
digits that are used are 0 and 1. See also duodec-
imal number system.

dihedral group An algebraic groupDn, gen-
erated by two elements: a, which is a rotation
of the Euclidean plane about the origin through
angle of 2π

n
, and b, which is reflection through

the y-axis. Dn is the group of symmetries of the
regular n-gon, and has order 2n.

dimension The number of vectors in the ba-
sis of a vector space V . If the basis is finite,
then V is called finite dimensional. In this case,
if V is a vector space of dimension n over the
real numbers R, then it is isomorphic to the Eu-
clidean space Rn. If the basis is infinite, then V
is called infinite dimensional. See also basis.

Diophantine equation An equation in which
solutions are restricted to the integers.

direct decomposition A group G has a di-
rect decomposition G = H1 × H2 × · · · × Hn

if each Hi is a normal subgroup of G, G =
H1H2 . . . Hn, and H1 . . . Hi−1 ∩Hi = {e}, i =
2, . . . , n.

directed set A set X equipped with a partial
ordering and such that if x, y ∈ X then there
exists z ∈ X such that x ≤ z and y ≤ z.
direct factor Either H or K , in the direct
product H ×K or H ⊗K . See direct product.

direct integral See integral direct sum.

direct limit Suppose {Gµ}µ∈I is an indexed
family of Abelian groups, where I is a directed
set. Suppose that there is also a family of ho-
momorphisms ϕµν : Gµ → Gν , defined for all
µ < ν, such that: ϕµµ : Gµ → Gµ is the iden-
tity, and if µ < ν < κ then ϕνκ ◦ ϕµν = ϕµκ .
Consider the disjoint union of the groups Gµ
and form an equivalence relation by xµ ∼ xν ,
xµ ∈ Gµ and xν ∈ Gν , if for some upper bound
κ ofµ and ν we have ϕµκ(xµ) = ϕνκ(xν). Then
the direct limit is defined to be the set of equiv-
alence classes and is denoted by

lim→ µ∈I
Gµ .

See also directed set.

direct product (1) A group G is called the
internal direct product of subgroups H and K
if the following three conditions hold: H and
K are normal subgroups of G, H ∩K contains
only the identity element, and G = HK . This
internal direct product is denoted H ×K .

(2) If H and K are any two groups, then the
external direct product of H and K , denoted
H ⊗ K , is the Cartesian product: {(h, k) : h ∈
H, k ∈ K}. H⊗K is a group, defining multipli-
cation componentwise, i.e., (h1, k1) · (h2, k2) =
(h1 · h2, k1 · k2). See also internal product, ex-
ternal product.

direct proportion Quantity x is directly pro-
portional to quantity y, or varies directly as y,
if there is a constant k �= 0 such that x = ky.
(k is called the constant of proportionality.) See
also inverse proportion, joint proportion.

direct sum (1) In the case where V1, V2, . . . ,
Vn are all vector spaces over the same field F ,
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one can define the direct sum V to be a vector
space made up of n-tuples of the form (v1, v2,

. . . , vn), where vi ∈ Vi . The common notation
for this direct sum is:

V = V1 ⊕ V2 ⊕ · · · ⊕ Vn .

(2) In the case where V1, V2, . . . , Vn are all
vector subspaces of the same vector space W ,
and Vi⊥Vj if i �= j , we can define the direct
sum V to be a vector space made up of sums of
the form: v1 + v2 + · · · + vn where vi ∈ Vi .
The same notation is used as above. See also
orthogonal subset.

(3) In the case whereH1,H2, . . . ,Hn are all
subgroups of the same Abelian groupG, we can
define the direct sum H to be a subgroup of G
made up of sums of the form: h1+h2+· · ·+hn
where hi ∈ Hi , provided that each x ∈ H has
a unique representation as the sum of elements
from the subgroups {Hi}. The same notation is
used as above.

(4) If A is a k × l matrix and B is an m× n
matrix, then the direct sum of A and B is the
(k +m)× (l + n) partitioned matrix

(
A 0
0 B

)
.

direct trigonometric functions The usual
trigonometric functions (sine, cosine, tangent,
etc.) as opposed to the inverse trigonometric
functions.

direct variation See direct proportion.

Dirichlet algebra A closed subalgebra A of
the continuous complex-valued functions C(X)
on a compact Hausdorff space X such that (i.)
A contains the constant functions, (ii.) A sep-
arates points of X, and (iii.) { (f ), f ∈ A} is
dense inCR(X), the space of all real-valued and
continuous functions on X.

Dirichlet L-function The function L(s), de-
fined by

L(s) =
∞∑
n=1

χ(n)/ns ,

where χ is a character of the group of classes
coprime to some positive integer m and

χ(n) =
{χ((n)) if (n,m)=1

0 if (n,m)�=1 ,

where (n) is the residue class of n(mod m).
The function L(s) converges absolutely for
 (s) > 1, and is used widely in the study of
rational number fields and of quadratic and cy-
clotomic number fields. See also L-function.

Dirichlet Unit Theorem Suppose that k is
an extension field (of first degree) of the rational
subfield Q of the complex number field. Then
the group of units of k is the direct product of
a cyclic group and a free Abelian multiplicative
group.

discrete filtration A finite collection{
F 1, . . . , F n

}
of submodules of a module A

such that F i ⊃ F i+1 and Fn = 0.

discrete series Suppose that G is a con-
nected, semisimple Lie group, with a square in-
tegrable representation. The set of all square
integrable representations of G is the discrete
series of the irreducible unitary representations
of G.

discrete valuation A non-Archimedean val-
uation v is discrete if the valuation ideal of v is
a nonzero principal ideal. In this case the valu-
ation ring for v is also said to be discrete.

discrete valuation ring See discrete valua-
tion.

discriminant (1) For the quadratic equation
ax2+bx+c = 0, the number9 = b2−4ac. If
9 > 0, then the equation has two real-valued
solutions. If 9 < 0, then the equation has
two complex-valued solutions which are com-
plex conjugates. If 9 = 0, then the equation
has a double root which is real valued.

(2) For the conic sectionAx2+Bxy+Cy2+
Dx+Ey+F = 0, the number9 = B2−4AC.
If 9 > 0, then the conic section is a hyperbola.
If 9 < 0, then the conic section is an ellipse.
If 9 = 0, then the conic section is a parabola.
The discriminant is invariant under rotation of
the axes.
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discriminant of equation See discriminant.

disjoint unitary representations A pair, U1
and U2, of unitary representations of a group
such that no subrepresentation of one is equiva-
lent to a subrepresentation of the other.

disjunctive programming In mathematical
programming, the task is to find an extreme value
of a given function f , which maps a set A into
an ordered set R. Usually A is a closed subset
of a Euclidean space and (usually) A is defined
by a collection of inequalities or equalities. In
disjunctive programming, the set A is not con-
nected.

distributive algebra A linear space A, over
a field K , such that there is a bilinear mapping
(or multiplication)A×A→ A. If the multipli-
cation does not satisfy the associative law, the
algebra is nonassociative.

distributive law A law from algebra that
states that if a, b, and c belong to a set with
two binary operations+ and ·, then it is true that
a·(b+c) = a·b+a·c and (b+c)·a = b·a+c·a.

dividend The quantity a in the division al-
gorithm. It is a quantity which is to be divided
by another quantity; that is, the number a in a

b
.

See division algorithm.

divisibility relation Suppose that a, b, and
c lie in a ring R and that a = bc. Then we
say that b divides a (written b|a), and call this a
divisibility relation where b is a divisor or factor
of a.

divisible An integer a is divisible by an inte-
ger b if there exists another integer k such that
a = bk.

divisible group An Abelian groupG (under
the operation of addition) such that, for every
g ∈ G and every n ∈ N, there exists x ∈ G
such that g = nx. In other words, each element
in G is divisible by every natural number. An
example of a divisible group is the factor group
G/T , where T is the torsion subgroup ofG. See
torsion group.

division (1) Finding the quotient q and the
remainder r in the division algorithm. See divi-
sion algorithm.

(2) A binary operation which is the inverse of
the multiplication operation. See also quotient.

division algebra An algebra such that every
nonzero element has a multiplicative inverse.

division algorithm Given two integers a and
b, not both equal to zero, there exist unique
integers q and r such that a = qb + r and
0 ≤ r < |q|. q is called the quotient and r
is called the remainder. Also called Euclidian
Algorithm.

The division algorithm is used in the develop-
ment of a number of ideas in elementary num-
ber theory, including greatest common divisor
and congruence. There are other situations in
which a division algorithm holds. See greatest
common divisor, congruence, division of poly-
nomials, Gaussian integer.

division by logarithms To compute x
y

, first
compute c = logb x − logb y. Then x

y
= bc.

This can be an aid to computation, when a table
of logarithms to the base b is available. See also
logarithm.

division by zero For any real number x, x0 is
not defined.

division of complex numbers For real num-
bers a, b, c, and d

a + bi
c + di =

ac + bd
c2 + d2

+ bc − ad
c2 + d2

i

This formula comes from multiplying the nu-
merator and denominator of the original expres-
sion by c − di.

division of polynomials If polynomialsf (x)
and g(x) belong to the polynomial ring F [x],
and the degree of g(x) is at least 1, then there
exist unique polynomials q(x) and r(x) in F [x]
such that

f (x) = q(x)g(x)+ r(x)
where r(x) ≡ 0 or the degree of r(x) is less than
the degree of q(x). The process is sometimes
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called synthetic division. See also division al-
gorithm, degree of polynomial.

division of whole numbers See division al-
gorithm. See also divisible.

divisor (1) The quantity b in the division
algorithm. See division algorithm.

(2) For an integer a, the integer d is called a
divisor of a if there is another integer b so that
a = bd. Colloquially, d is a divisor of a if d
“evenly divides” a.

divisor class An element of the factor group
of the group of divisors on a Riemann surface
by the subgroup of meromorphic functions. The
factor group is called the divisor class group.

divisor class group If X is a smooth alge-
braic variety, then the divisor class group is the
free Abelian group on the irreducible codimen-
sion one subvarieties of X (these are called “di-
visors”), modulo divisors of the form (f ) =
(f )0 − (f )∞, for all rational (or meromorphic)
functions f on X; here (f )0 is the divisor of
zeros and (f )∞ is the divisor of poles.

IfX is not smooth, “divisor” in “divisor class
group” means Cartier divisor, i.e., a divisor which
is locally given by one equation; that is to say,
one which is locally of the form (f ) for a rational
function f on X.

Divisor class groups also exist in commuta-
tive algebra, and in geometry for singular germs.

See divisor class.

divisor of set Let X be a non-singular vari-
ety defined over an algebraically closed field k.
A closed irreducible subvariety Y ⊆ X having
codimension 1 is called a prime divisor. An ele-
ment of the free Abelian group generated by the
set of prime divisors is called a divisor on X.

domain The domain of a function is the set
on which the function is defined. For example,
the function f (x) = sin x has domain R since
the sine of every real number is defined, while
the domain of the function f (x) = √

x is the
non-negative real numbers. See also integral
domain, unique factorization domain, range.

Doolittle method of factorization An “LU -
factorization” method for a square matrix A.
The method concerns factoringA into the prod-
uct of two square matrices: L is a lower triangu-
lar matrix and U is an upper triangular matrix.
All of the diagonal elements of L are required
to be 1. Explicit formulas can then be created
for the rest of the entries in L and U . See also
Gaussian elimination.

double chain complex A double complex
of chains B over � is an object in MZ×Z

� , to-
gether with two endomorphisms ∂ ′ : B → B
and ∂ ′′ : B → B of degree (−1, 0) and (0,−1),
respectively, called the differentials, such that

∂ ′∂ ′ = 0, ∂ ′′∂ ′′ = 0, ∂ ′′∂ ′ + ∂ ′∂ ′′ = 0 .

In other words, we are given a bigraded family
of�-modules {Bpq}, p, q ∈ Z, and two families
of �-module homomorphisms

{
∂ ′pq : Bpq → Bp−1q

}
,

{
∂ ′′pq : Bpq → Bpq−1

}
,

such that the earlier three equations involving
the operators ∂ ′ and ∂ ′′ hold.

double invariance Let� be a dense subgroup
of the additive group R of real numbers, with the
discrete topology. LetG be the character group
of �. Any element a ∈ �, as a character of G,
defines a continuous function χa onG. Let σ be
the Haar measure ofG. A closed subspaceM of
L2(σ ) is called invariant if χaM ⊆ M , for all
a ∈ � with a ≥ 0. M is called doubly invariant
if χaM ⊆ M for all a ∈ �. Such invariance is
called double invariance.

Douglas algebra Let L∞ be the space of
bounded functions on the unit circle and H∞
be the subspace of L∞ consisting of functions
whose harmonic extension to the unit disk is
bounded and analytic. An inner function is a
function in H∞ whose modulus is 1 almost ev-
erywhere. A Douglas algebra is a subalgebra
of L∞ generated by H∞ and the conjugates
of finitely many inner functions (in the uniform
topology).

A theorem of Chang and Marshall asserts that
every uniform algebra A, withH∞ ⊂ A ⊂ L∞
is a Douglas algebra.
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downhill method of finding roots To find
the real roots of

f (x, y) = 0, g(x, y) = 0 ,

find points (a, b) where φ = f + g has its ex-
treme values. In the downhill method the co-
ordinates of (a, b) are approximated by choos-
ing an estimate (x0, y0), selecting a value for h,
evaluating φ at the nine points xj = x0 + ε1h,
yk = y0 + ε2h where εi = −1, 0, 1, and con-
structing the quadratic surface, φ1 = a0+a1x+
a2y+a3(3x2−2)+a4(3y2−2)+a5xy, where
the values of the coefficients aj are calculated
by applying the method of least squares and us-
ing the values of φ1 at the nine points (xj , yk).
Then replace the 0th approximation (x0, y0) to
(a, b) by the center (x1, y1) of the quadratic sur-
face defined by φ1. The process is repeated with
smaller and smaller values of h.

Drazin inverse See generalized inverse.

dual algebra Suppose that (A,µ, η) is an
algebra over a field k (with multiplicationµ and
unit mapping η), and (C,9, ε) is a coalgebra of
(A,µ, η). Then (C∗, µ, η) is the dual algebra
of (C,9, ε) if C∗ is the dual space of C and
µ, η and 9, ε are correspondingly dual.

dual coalgebra Suppose that (A,µ, η) is an
algebra over a field k and thatA◦ is the collection
of elements of the dual space A∗ whose kernels
each contain an ideal I where A/I is finite di-
mensional. Then (A◦,9, ε), where9 and ε are
induced dually by µ and η, respectively, is the
dual coalgebra.

dual curve Suppose that � is an irreducible
plane curve of degree m ≥ 1 in a projective
plane. The dual curve �̂ in the dual projective
plane is the closure of the set of tangent lines to
� at its nonsingular points. The dual of �̂ is �.

dual graded module SupposeA = ∑
n≤0 An

is a graded module over a field k. If A∗n is the
dual of the module An, then A∗ = ∑

A∗n is the
dual graded module of A.

dual homomorphism A mapping φ : L1 →
L2, of one lattice to another, such thatφ(x∩y) =
φ(x) ∪ φ(y) and φ(x ∪ y) = φ(x) ∩ φ(y).

dual Hopf algebra Suppose that (A, φ,ψ)
is a graded Hopf algebra. Then (A∗, φ∗, ψ∗) is
also a graded Hopf algebra which is called the
dual Hopf algebra. See graded Hopf algebra.

duality If X is a normed complex vector
space, then the set of all bounded linear func-
tionals on X is called the dual of X and is usu-
ally denoted X∗. The dual space can be de-
fined for many other classes of spaces, includ-
ing topological vector spaces, Banach spaces,
and Hilbert spaces. An identification of the dual
space is usually referred to as duality. For ex-
ample, the duality of Lp spaces, where Lp∗ =
Lq, p−1 + q−1 = 1, 1 ≤ p <∞.

duality principle in projective geometry
Suppose that Pn is a finite dimensional projec-
tive geometry of dimension n. Suppose that T
is a proposition in Pn and Pn−r−1 (0 ≤ r ≤ n)
and that “contains” and “contained in” are re-
versed, in the statement of T , obtaining in this
way a new statement T̂ , called the dual of T .
Then T is true if and only if T̂ is true.

Duality Theorem A theorem in the study
of linear programming. The Duality Theorem
states that the minimum value of c1x1+ c2x2 +
· · ·+cnxn in the original problem is equal to the
maximum value of b1y1 + b2y2 + · · · + bmym
in the dual problem, provided an optimal solu-
tion exists. If an optimal solution does not exist,
then there are two possibilities: either both fea-
sible sets are empty, or else one is empty and
the other is unbounded. See dual linear pro-
gramming problem.

dual linear programming problem (1) An-
other linear programming problem which is in-
timately related to a given one. Consider the
linear programming problem: minimize c1x1+
c2x2 + · · · + cnxn, where all xi ≥ 0 and subject
to the system of constraints:

a11x1 + a12x2 + · · · + a1nxn ≥ b1
a21x1 + a22x2 + · · · + a2nxn ≥ b2

...

am1x1 + am2x2 + · · · + amnxn ≥ bm .

The following linear programming problem is
known as the dual problem: maximize b1y1 +
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b2y2+· · ·+bmym where all yi ≥ 0 and subject
to the system of constraints:

a11y1 + a21y2 + · · · + am1ym ≤ c1
a12y1 + a22y2 + · · · + am2ym ≤ c2

...

a1ny1 + a2ny2 + · · · + amnym ≤ cn .

The Duality Theorem describes the relation be-
tween the optimal solution of the two problems.
See Duality Theorem.

(2) The definition above may also be stated
in matrix notation. If (c is an 1 × n vector, (b is
a m× 1 vector, and A is an m× n matrix, then
the original linear programming problem above
can be stated as follows: Find the n × 1 vector
(x which minimizes (c(x, subject to (x ≥ 0 and
A(x ≥ (b. The dual problem is to maximize (y (b,
subject to (y ≥ 0 and (yA ≤ c.

(3) The dual of a dual problem is the original
problem.

dual module For a module M over an ar-
bitrary ring R, the module denoted M∗, equal
to the set of all module homomorphisms (also
called linear functionals) from M to R. This
dual module is also denoted HomR(M,R) and
is, itself, a module. See also homomorphism,
linear function.

dual quadratic programming problem
Suppose that P is the quadratic programming
problem:

maximize z = cT x − (1/2)xT Dx ,
subject to the constraints Ax ≤ b, x ≥ 0, x in
Rn.

Then the dual quadratic programming prob-
lem PD is:

minimize w = bT y + (1/2)xT Dx ,
subject to the constraints AT y + Dx ≥ c, all
components xi ≥ 0, yi ≥ 0.

It can be shown that if x∗ solves P, then PD
has solution x∗, y∗, and max z = max w.

dual representation Let π : G → GL(V )
be a representation of the group G in the linear
space V . Then the dual representation π∨ :
G→ GL(V ∗π ) is given by π∨(g) = π(g−1)∗.

dual space (1) For a vector space V over a
field F , the vector space V ∗, equal to the set of
all linear functions from V to F . V ∗ is called
the algebraic dual space.

(2) In the case where H is a normed vector
space over a field F , the continuous dual space
H ∗ is the set of all bounded linear functions from
H to F . By bounded, we mean that each linear
function f satisfies

sup
x �=0
x∈H

|f (x)|
‖x‖ <∞ .

This type of dual space is the focus of theorems
in functional analysis such as the Riesz Repre-
sentation Theorem.

duodecimal number system A number sys-
tem using a base of 12 rather than 10. The Ara-
bic numerals 0 through 9 are utilized, along with
two other symbols X and Q, which are used to
represent 10 (base 10) and 11 (base 10). The
number 12 (base 10) is then represented in the
duodecimal system as 10.

Durand-Kerner method of solving algebraic
equations A method of solving an algebraic
equation f (z) = zn + a1z

n−1 + · · · + an = 0
(with complex coefficients and an �= 0) using an
iteration formula for approximating the n roots
z1, . . . , zn of fi :

zi,k+1 = zi,k − f
(
zi,k

)
/

n∏
j=1

(
zi,k − zj,k

)
,

j �= i, i = 1, . . . , n, k = 0, 1, 2, . . . . The
method approximates all n roots of f (z) simul-
taneously. Speed of convergence is second or-
der.

dynamic programming An approach to a
multistep decision process, in which an outcome
is calculated for each stage. In Richard Bell-
man’s approach to dynamic programming, an
optimal policy has the property that, for each ini-
tial state and decision, the subsequent decisions
must generate an optimal policy with respect to
the outcome of the initial state and initial deci-
sion. This is now the most widely used approach
to dynamic programming.
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