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Galois cohomology Let K/k be a finite Ga-
lois extension with the Galois group G(K/k).
Suppose, further, that G(K/k) acts on some
Abelian group A. The Galois cohomology
groups Hn(G(K/k), A) ≡ Hn(K/k,A), n ≥
0 are then the cohomology groups defined by the
(cochain) complex (F n, d), with Fn consisting
of all mappings G(K/k)n → A and d designat-
ing the coboundary operator (see cohomology
groups). When the extension K/k is of an in-
finite degree, one also requires that the Galois
topological group acts continuously on the dis-
crete group A and the mappings for the cochains
in Fn are also continuous.

One also defines Galois cohomology for a
non-Abelian group A, in which case one usually
restricts oneself to zero- and one-dimensional
cohomology groups, H 0 and H 1, respectively.
In the first case, H 0(K/k,A) = AG(K/k) repre-
sents a set of fixed points in A under the action
of the Galois group G(K/k), while in the sec-
ond case H 1(K/k,A) is the quotient set of the
set of 1-dimensional cocycles.

The concept of Galois cohomology enables
one to define the cohomological dimension of
the Galois group Gk of a field k. See coho-
mological dimension. Non-Abelian Galois co-
homology enables the classification of principal
homogeneous spaces of group schemes and, in
particular, to classify types of algebraic varieties
(using Galois cohomology groups of algebraic
groups).

Also called cohomology of a Galois group.
See also Tamagawa number, Tate-Shafarevich
group.

Galois equation Let K/k be a finite Galois
extension with the Galois group G(K/k). Then
K is a minimal splitting field of a separable poly-
nomial f (X) ∈ k[X], and we call G(K/k) the
Galois group of f (X) or the Galois group of
the algebraic equation f (X) = 0. (See min-
imal splitting field, separable polynomial.) If
G(K/k) is Abelian or cyclic, we call the equa-

tion f (X) = 0 an Abelian equation or a cyclic
equation, respectively. (See Abelian equation.)
When the extension field K can be obtained by
adjoining a root α of f (X) to k, K = k[α],
then the equation f (X) = 0 is called a Galois
equation.

Galois extension A finite field extensionK/k

such that the order of the Galois group G(K/k)

is equal to the degree [K : k] = dimk K of the
field extension K , i.e.,

|G(K/k)| = [K : k] = dimk K .

Remarks:
(i.) The degree [K : k] of the field exten-

sion K/k, k ⊂ K , equals the dimension of K

as a k-vector space, [K : k] = dimk K . One
distinguishes quadratic ([K : k) = 2), cubic
([K : k] = 3), biquadratic (K : k] = 4), finite
([K : k] <∞), etc., extensions.

(ii.) All quadratic and biquadratic extensions
are Galois extensions.

(iii.) For any finite field extension K/k, the
order of the Galois group g ≡ |G(K/k)| divides
the degree of the extension [K : k], i.e., g|[K :
k].

(iv.) For a Galois extensionK/k with the Ga-
lois group G(K/k), the fixed field KG is given
by k, i.e., KG = k. See also Galois theory.

Galois field Finite fields Fq, q = pn, are
also called Galois fields. See finite field.

Galois group For an extension K of a field k,
the group of all k-automorphisms of K is called
the Galois group of the field extension K/k and
is denoted by G(K/k).

Remarks:
(i.) A k-automorphism of an extension field

K is an automorphism that acts as the identity
on the subfield k. It is also referred to as an
automorphism of a field extension K .

(ii.) Since every Galois extension is a split-
ting field of some polynomial f (x) ∈ k[x],
and any two splitting fields K of a polynomial
f (x) ∈ k[x] are isomorphic, the Galois group
G(K/k)depends only onf (up to isomorphism).
See Galois extension. Thus, if K is the splitting
field of f (x) ∈ k[x], the Galois group G(K/k)

is also referred to as the Galois group of the
polynomial over k.
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Galois theory In a broad sense, a theory
studying various mathematical objects on the
basis of their automorphism groups (e.g., Galois
theories of rings, topological spaces, etc.). In a
narrower sense, it is the Galois theory of fields
that originated in the problem of finding of roots
of algebraic equations of higher degrees (e.g.,
quintic and higher). This problem was solved
by Galois in his famous letter that he wrote on
the eve of his execution (1832) and laid unread
for more than a decade. In today’s language,
this theory may be summarized as follows.

Consider an arbitrary field k. An extension
(field) K of k is any field containing k as a sub-
field, k ⊂ K , and may be regarded as a lin-
ear space over k (finite or infinite dimensional;
dimk K ≡ [K : k] is called the degree of the ex-
tension K/k). One says that α ∈ K is algebraic
over k if it is a root of a non-zero (irreducible)
polynomial p(x) ∈ k[x] from a polynomial ring
k[x] (i.e., with coefficients from k). The small-
est extension of k containing α is usually de-
noted by k(α), and the smallest extension of k

that contains all the roots of an irreducible poly-
nomial p(x) ∈ k[x] is called the splitting field
of p(x). The degree of such an extension is di-
visible by the degree of p(x) and is equal to this
degree if all the roots of p(x) can be expressed
as polynomials in one of these roots. A finite ex-
tension K/k is separable if K = k(α) and the
irreducible polynomial p(x) with α as a root has
no multiple roots, and normal if it is the split-
ting field of some polynomial in k[x]. When
the extension is both separable and normal it is
called a Galois extension. See Galois extension.
If char k = 0 (e.g., k is a number field), any
finite extension is separable.

The group of all automorphisms of a Galois
extension K , leaving all elements of k invari-
ant, is the Galois group G(K/k). The relation-
ship between its subgroups H, H ⊂ G, and the
corresponding intermediate extension fields L,
k ⊂ L ⊂ K , is described by the Fundamental
(or Main) Theorem of Galois theory. See Funda-
mental Theorem of Galois Theory. In this way,
the difficult problem of finding all subfields ofK
is reduced to a much simpler problem of deter-
mining the subgroups of G(K/k). Moreover, if
H is normal, L is a Galois extension. These re-
sults are then exploited in studying the solutions
of algebraic equations. If K is the splitting field

of an irreducible polynomial p(x) ∈ k[x] with-
out multiple roots, the Galois group G(K/k) is
referred to as the Galois group of the equation
(or polynomial) p(x) = 0. This group can be
computed without actually solving the equation
and can be regarded as a subgroup of the group
of permutations of the roots of p(x). In the gen-
eral case, it is simply the permutation group of
all the roots, i.e., the symmetric group of de-
gree n = deg[p(x)]. Since such a group is not
solvable for n ≥ 5, there are no solutions in rad-
icals for the quintic and higher degree algebraic
equations. This theory can also be employed to
decide which problems of geometry are solvable
by ruler and compass (by reducing them to an
equivalent problem of solving some algebraic
equation over the field of rational numbers in
terms of quadratic radicals).

Galois theory had an enormous impact on the
development of algebra during the nineteenth
century. It was extended and generalized in var-
ious directions (Galois topological groups, class
field theory, inverse problem of Galois theory,
etc.), even though many important problems of
the classical Galois theory remain unsolved.

Galois theory of differential fields Let K be
a differential field and N a field extension. The
corresponding Galois group, G(N/K), is the set
of all differential isomorphisms of N over K .

gap value A concept from the theory of al-
gebraic functions.

Consider a closed Riemann surface R of
genus g. When R carries no meromorphic func-
tion whose only pole of multiplicity m is at a
point p ∈ R, then m is called a gap value of
p ∈ R.

The Riemann-Roch Theorem implies that if
g = 0, then no point has gap values, while if
g ≥ 1, then every p ∈ R has exactly g gap
values. A point p ∈ R is an ordinary point
if m at p equals 1, 2, . . . , g and a Weierstrass
point otherwise. See ordinary point, Weierstrass
point. See also Riemann-Roch Theorem.

gauge transformation A concept which
arose in Maxwell’s formulation of the electro-
magnetic field theory and was later extended to
more general field theories. In mathematics, it
is used to designate bundle automorphisms of a

c© 2001 by CRC Press LLC



principle fiber bundle over a (space-time) man-
ifold that is endowed with a group structure.
In general, gauge transformations (in both clas-
sical and quantum field theories) change non-
observable field properties (potentials) without
affecting the physically observable quantities
(observables).

In electromagnetic field theory, the gauge
transformation (also called gradient transfor-
mation or gauge transformation of the second
kind) has the form

φ → φ′ = φ + ∂f

∂t
, A → A′ = A− gradf ,

whereφ and A designate, respectively, the scalar
and vector potentials of the field and f is an ar-
bitrary (twice differentiable) scalar function of
space and time. Equivalently, using the formal-
ism of special relativity, the 4-component elec-
tromagnetic vector potentialAj(x), j = 0, 1, 2,
3 and x = (x0, x1, x2, x3), transforms as fol-
lows:

Aj(x)→ A′j (x) = Aj(x)+ ∂f

∂xj
.

This transformation does not change the fields
involved implying the gauge invariance of the
underlying field theory. It may be used to sim-
plify the relevant field equations through a suit-
able choice of gauge, i.e., of a function f (x)

(Coulomb gauge, Lorentz gauge, etc.).
In Weyl’s unified field theory (which origi-

nated from the theory of Cartan’s connections),
one employs a space (time) whose structure is
defined by the fundamental tensor gij , the co-
variant derivative of which is defined in terms
of the electromagnetic potential Ai as follows:

∇igjk = 2Aigjk .

This equation is invariant with respect to the
scale transformation gij → g′ij = ρ2gij and
the gauge transformation

Ai → A′i = Ai − ∂ log ρ

∂xi
.

For complex valued fields (required in quan-
tum field theories), the theory must also be in-
variant with respect to gauge transformations (of
the first kind) of the wave functions �(x) in-
volved, which have the general form

�(x)→ �′(x) = eig(x)�(x) .

For example, for the complex valued fields�(x)

interacting via the electromagnet fieldAi(x) that
is generated by the electric charges, the theory
(i.e., the field equations and the Lagrangians)
should be invariant with respect to gauge trans-
formations of the type

�(x)→ �′(x) = eif (x)�(x) ,

�∗(x)→ �′∗(x) = e−if (x)�∗(x) ,
Aj (x)→ A′j (x) = Aj(x)+ ∂f (x)

∂xj .

Such gauge transformations form an Abelian
group of transformations [with the binary op-
eration f (x) = g(x)+ h(x) for two successive
gauge transformations g and h].

The concept of gauge transformations has
been generalized to various field theories. In
mathematics, one employs this concept in ex-
ploring principle fiber bundles over a manifold
endowed with the group structure. A (gauge)
potential is then a connection on this bundle
and a gauge transformation is a bundle auto-
morphism that leaves the underlying manifold
pointwise invariant. These automorphisms form
a group of gauge transformations.

Gaussian elimination A method for succes-
sive elimination of unknowns when solving a
system of linear algebraic equations ("0),

n∑
j=1

aij xj − ai0 = 0, i = 1, . . . , m, ("0)

where aij are elements of some field F . As-
suming that a11 �= 0 (otherwise, renumber the
equations), the key algorithmic step can be de-
scribed as follows:

Multiply the first equation by (a21/a11) and
subtract it (term by term) from the second equa-
tion. Next, multiply the first equation by (a31/

a11) and subtract it from the third equation, etc.,
until the first equation is multiplied by (am1/a11)

and subtracted from the last (i = m) equation
of the system ("0).

Designate the resulting system of equations
with the first equation deleted by ("1), and carry
out the same set of operations on ("1) obtain-
ing ("2), etc. Assuming that the rank of the
coefficient matrix of ("0) [which is also called
the rank of the system of equations ("0)], r =
rank("0), is smaller than m, r < m, we obtain,
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after the rth step, a system ("r) in which all the
coefficients of the unknowns vanish. The sys-
tem ("0) [or ("r)] is called compatible, if in
("r) all the absolute terms vanish as well (i.e.,
when the rank of the coefficient matrix equals
the rank of the augmented matrix); otherwise it
is incompatible and has no solution.

To obtain a solution of a compatible system,
we choose some solution (x

(0)
r , · · · , x(0)

n ) of the
system ("r−1) and proceed by the back sub-
stitution to ("r−2), ("r−3), etc., until ("0) is
reached. See back substitution. In general, we
can choose a solution for ("r−1)by assigning ar-
bitrary values to then−r variablesxr+1, . . . , xn,
say xj = cj−r (j = r + 1, . . . , n), so that

x(0)
r = (a(r−1)

r0
−

n∑
j=r+1

a
(r−1)
rj cj−r )/a

(r−1)
rr

and x
(0)
j = cj−r for j = r + 1, . . . , n. The

(general) solution will then depend on r − n

arbitrary parameters cj ∈ F , j = 1, . . . , n− r .
Once we have a solution of ("r−1), the back

substitution proceeds by assigning the values
x
(0)
r , . . . , x

(0)
n to the unknowns xr , . . . , xn in

the first equation of ("r−2), obtaining xr−1 =
x
(0)
r−1, and thus a solution (x

(0)
r−1, x

(0)
r , . . . , x(0)

n )

of ("r−2). These values for xr−1, . . . , xn are
then substituted into the first equation of ("r−3),
obtaining xr−2 = x

(0)
r−2, etc., until a solution

(x
(0)
1 , x

(0)
2 , . . . , x

(0)
n ) of ("0) is obtained. The

general solution results when the cj (j = 1, . . . ,
n− r) are regarded as free parameters.

This method can be generalized in various
ways. (See Gauss-Jordan elimination.) It can
also be formulated in terms of a general m × n

(or m×n+1) matrix A over F [representing the
coefficient (or augmented) matrix of a system
("0)], in which case it is normally referred to as
the row reduction of A. The algorithm can then
be conveniently expressed through the so-called
elementary row operations, which in turn can be
represented by the elementary matrices of three
basic types [(I + aeij ), i �= j , replacing the ith
rowXi byXi+aXj , I+eij+eji−eii−ejj , inter-
changing rows i and j , and I+(c−1)eii , c �= 0,
multiplying the ith row by c] acting from the left
on A. Clearly, the action of the elementary ma-
trices and of their inverses on the augmented
matrix A of a system ("0) produces an equiv-

alent system of linear algebraic equations, and
the process of Gauss elimination can thus be
represented by a product of corresponding ele-
mentary matrices.

In practical applications, when numerical ac-
curacy is at stake, one can also require that the
diagonal coefficients (the so-called pivots) are
not only different from zero, but the largest ones
possible: in partial pivoting one chooses the ab-
solutely largest aii (from the ith column), and in
complete pivoting the absolutely largest element
of the entire coefficient matrix (by appropriately
renumbering the unknowns).

Also called Gauss method, Gauss elimina-
tion method or Gauss algorithm for solving lin-
ear systems of algebraic equations. See also
forward elimination.

Gaussian integer A complex number (a +
bi) with integer a and b. The Gaussian inte-
gers are thus the points of a square lattice in the
complex plane, forming the ring

Z[i] = {a + bi : a, b ∈ Z} .
In fact, Z[i] is an integral domain (with four
units ±1,±i) and, using the absolute value
squared as a size function, it is also a Euclidean
domain (and, hence, principal ideal domain and
thus a unique factorization domain). The prime
elements (called Gauss primes) are either ra-
tional primes that are congruent to 3 modulo 4
(i.e., 3, 7, 11, 19, etc.), or the complex numbers
(a + ib) whose norm squared N = a2 + b2 is
either a rational prime congruent to 1 modulo 4
or 2 (i.e., 1+ i, 1+ 2i, 3+ 4i, etc.).

(Also called Gauss integer or Gauss number.)

Gaussian ring A unique factorization do-
main. See unique factorization domain.

Gaussian sum Let χ(n, k) be a numerical
character modulo k. Then a trigonometric sum
of the form

G(a, χ) =
k−1∑
n=0

χ(n, k)e
2πi(an)

k

is referred to as the Gauss(ian) sum modulo k. It
is thus fully defined by specifying the character
χ(n, k) and the number a. Note that when a ≡
b(mod k), then G(a, χ) = G(b, χ).
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The Gauss sum is exploited in number the-
ory where it enables one to establish a relation
between the multiplicative and additive charac-
ters.

Gauss-Jordan elimination A variant of the
Gauss elimination method, in which one zeros
out the elements in the entire column, rather than
only below the diagonal. See Gaussian elimina-
tion.

The initial step is identical with that of Gauss
elimination, while in the subsequent steps one
subtracts the ith equation multiplied by (aji/aii)

from all the other equations. Consequently, the
upper left submatrix of the coefficient matrix
after the ith iteration is diagonal or, by dividing
each equation by the diagonal coefficient, it is a
unit matrix. In this way, one obtains the solution
of the system directly, without performing the
substitution. The coding of this algorithm is
simpler than for Gauss elimination, although the
required computational effort is larger.

Also called sweeping-out method.

Gauss-Manin connection A way to differ-
entiate cohomology classes with respect to pa-
rameters. See cohomology class.

The first de Rham cohomology group

H 1
dR(X/K)

of a smooth projective curve X over a field K

can be identified with the space of differentials
(of the second kind) on X modulo exact differ-
entials. Each derivative θ of K can be lifted in a
canonical way to a mapping ∇θ of H 1

dR(X/K)

into itself such that

∇θ (f ω) = f∇θ (ω)+ θ(f )ω ,

where f ∈ K and ω ∈ H 1
dR(X/K). This im-

plies an integrable connection

∇ : H 1
dR(X/K)→ -1

K ⊗H 1
dR(X/K)

called the Gauss-Manin connection. This can be
generalized to higher dimensions as well as to
other algebraic or analytic structures. See also
Hodge theory.

Gauss-Seidel method for solving linear equa-
tions An iterative numerical method, also

called the single step method, for approximat-
ing the solution to a system of linear equations.
In more detail, suppose we wish to approximate
the solution to the equation Ax = b, where A

is an n × n square matrix, and x and b are n

dimensional column vectors. Write A = L +
D + U , where L is lower triangular, D is di-
agonal, and U is upper triangular. The matrix
L + D is easy to invert, so replace the exact
equation (L+D)x = −Ux + b by the relation
(L+D)xk = −Uxk−1 + b, and solve for xk in
terms of xk−1:

xk = −(L+D)−1Uxk−1 + (L+D)−1b .

This gives us the core of the Gauss-Seidel iter-
ation method. We choose a convenient starting
vector x0 and use the above formula to compute
successive approximations x1, x2, x3, . . . to the
actual solution x. Under suitable conditions, the
sequence of successive approximations does in-
deed converge to x. See also iteration matrix.

Gauss’s Theorem (1) See Fundamental The-
orem of Algebra.

(2) Let R be a unique factorization domain.
Every polynomial from R[X] or R[X1, . . . ,

Xn] (which are also unique factorization do-
mains) can be uniquely expressed as a product
of certain primitive polynomials and an element
of R. See primitive polynomial. Then a product
of primitive polynomials is primitive.

A number of other theorems in analysis are
associated with Gauss’s name, e.g., the so-called
“Theorema Egregium” or Gauss curvature for
regular surfaces in E3, Mean Value Theorem for
Harmonic Functions, Gauss-Bonnet Theorem,
etc.

GCR algebra A generalization of CCR [com-
pletely continuous (= compact) representation]
algebras that are also referred to as liminal or
liminary algebras. See CCR algebra.

A GCR algebra is a C∗-algebra having a
(possibly transfinite) composition series whose
factor algebras are CCR (i.e., if Iλ is a compo-
sition series of our C∗-algebra, then Iλ+1/Iλ is
CCR). See composition series. This is equiva-
lent to requiring that the trace quotients be con-
tinuous.

Equivalently, a C∗-algebra is GCR if the im-
age of every nontrivial representation contains
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some nonzero compact operator. Thus, starting
with a largest CCR ideal I0 of a givenC∗-algebra
A that consists of all elements a ∈ A whose im-
age π(a) is compact for all irreducible represen-
tations π , we construct the factor algebra A/I0.
Continuing this process, we eventually obtain
the largest GCR ideal of A. This will turn out to
be the C∗-algebra A itself if it is GCR. Clearly,
any CCR algebra is GCR while the converse is
false.

Also called postliminary algebra.

Gel’fand-Mazur Theorem A complex Ba-
nach algebra is a field if and only if it coincides
with the field of complex numbers C.

See Banach algebra.

Gel’fand-Naimark Theorem Any C∗-alge-
bra admits a faithful (i.e., injective) representa-
tion on some Hilbert space.

More precisely, any C∗-algebra A is isomet-
rically ∗-isomorphic to aC∗-subalgebra of some
algebra B(H) of bounded linear operators on a
Hilbert space H . Thus, a C∗-algebra is a Ba-
nach algebra of (bounded linear) operators on
a Hilbert space H (with the usual operations of
addition, multiplication by scalars, and product
of operators) which is closed under the taking
of adjoints.

Moreover, if A is separable, then H can be
assumed to be separable as well.

Gel’fand-Pyatetski-Shapiro Reciprocity Law
LetG be a connected semisimple Lie group, 3 a
discrete subgroup of G and T the regular repre-
sentation of G on 3\G [defined by (Tgf )(x) =
f (xg), f ∈ L2(3\G)]. Then the multiplicity
of a unitary, irreducible representation γ in the
regular representation T on 3\G equals the di-
mension of the vector space formed by all auto-
morphic forms of 3 of type γ . See automorphic
form.

Gel’fand representation A correspondence
between the elements of a commutative Banach
algebra R and the continuous functions on the
space of regular maximal ideals M of R.

Recall that a maximal ideal M of R is called
regular if the quotient algebra R/M is a field,
in which case R/M is isomorphic to C, the field
of complex numbers. Thus, each coset x(M)

[i.e., the coset containing x ∈ R] can be re-
garded as a complex number and the functional
x̂ : x �→ x(M) is multiplicative and linear,
i.e., xy(M) = x(M)y(M). Conversely, with
each multiplicative linear functional one can as-
sociate a regular maximal ideal. Designating by
X , the set of all multiplicative functionals on
R, endowed with Gel’fand topology, we obtain
the Gel’fand representation, associating with an
element ofR a continuous function on X vanish-
ing at infinity. See Gel’fand topology. In fact,
X is a locally compact Hausdorff space and,
when R has a unit element, a compact Haus-
dorff space.

Also called Gel’fand transform.

Gel’fand tableau A triangular pattern

[m] =:


(mn)

(mn−1)
...

(m2)

(m1)

 :=


m1n m2n
m1n−1 m2n−1

· · ·
m12

m11

· · · mnn

· · · mn−1n−1

m22


that is employed to label the basis vectors of the
carrier spaces for the irreducible representations
3(mn) of the unitary group U(n) [or SU(n) set-
ting mnn = 0] relying on the Gel’fand-Tsetlin
group chain. See Gel’fand-Tsetlin basis. The
irreducible representations 3(mn) of U(n) are
uniquely labeled by their highest weight (mn) ≡
(m1nm2n . . . mnn), where

m1n ≥ m2n ≥ · · · ≥ mnn ≥ 0 .

The entries of the lexicographical Gel’fand
tableaux satisfy the so-called “betweenness con-
ditions”

mij ≥ mi,j−1 ≥ mi+1,j ,
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i = 1, . . . , n−1; j = 2, . . . , n, reflecting Weyl’s
branching law for the subduction of 3

(mn) from U(n) to U(n − 1). The ith row of
the Gel’fand tableau thus represents the highest
weight of those U(i) irreducible representations
that result by a successive subduction of 3(mn),
implied by the Gel’fand-Tsetlin chain.

Arranging the basis vectors in a lexicograph-
ical order, we have, for example, for the (210)
irreducible representation of U(3) or SU(3),

 210
21
2

 ,

 210
21
1

 ,

 210
20
2

 ,

 210
20
1

 ,

 210
20
0

 ,

 210
11
1

 ,

 210
10
1

 ,

 210
10
0

 .

Gel’fand topology The weak topology on
the space of multiplicative linear functions on a
commutative Banach algebra R. See Gel’fand
representation.

Gel’fand transform See Gel’fand represen-
tation.

Gel’fand-Tsetlin basis A basis for the carrier
space of U(n) or SU(n) irreducible representa-
tions exploiting the group chain

U(n) ⊃ U(n− 1) ⊃ · · · ⊃ U(2) ⊃ U(1) , (1)

where U(i) ⊃ U(i−1) represents schematically
the imbedding U(n − 1) ⊕ (1) [i.e., U(n − 1)
represents a subgroup of blocked n × n uni-
tary matrices (linear operators) consisting of a
(n− 1)× (n− 1) unitary matrix and the 1× 1
matrix (1); clearly this subgroup of U(n) is iso-
morphic with U(n − 1)]. According to Weyl’s
branching law, each irreducible representation
of U(i) subduced to U(i−1) is simply reducible.
Since, moreover, U(1) is Abelian, the canoni-
cal chain (1) provides an unambiguous labeling
for mutually orthogonal one-dimensional sub-
spaces spanning the carrier space of a given ir-
reducible representation of U(n) through a set of
highest weights characterizing the subduction at
each level. Collecting these highest weights we
obtain a Gel’fand tableau. See Gel’fand tableau.
Also called Gel’fand-Zetlin basis or canonical
basis.

general associative law The associative law
for a given binary operation implies that (a1a2)

a3 = a1(a2a3) = a1a2a3 (representing the bi-
nary operation involved by a juxtaposition). The
general associative law requires that any finite
ordered subset ofn elements, say a1, a2, . . . , an,
ai ∈ G, (i = 1, . . . , n), n > 2, uniquely deter-
mines their “product” a1a2 · · · an, irrespective
of the sequence of binary operations employed.

general equation See also Galois equation,
Galois group, Galois theory. Recall that the Ga-
lois group G(K/k) of the finite field extension
K/k is also called the Galois group of the alge-
braic equation f (X) = 0, when K is a minimal
splitting field of a separable polynomial f (X)

∈ k[X]. The algebraic equation f (X) = 0 is
also called a Galois equation when the exten-
sion field K can be obtained by adjoining some
root of f (X) to k, i.e., when K = k(α) for some
root α of f (x). We also note that G(K/k) has a
faithful permutation representation based on the
permutation group of the roots of f (X). When
this representation is primitive, f (X) = 0 is
called a primitive equation. See primitive equa-
tion. See also affect (of f (X)).

Now, when α1, α2, . . . , αn are algebraically
independent elements over k, then the equation
F (n)(X) = 0 for the nth degree polynomial

F (n)(X) = Xn − α1X
n−1 + α2X

n−2

−α3X
n−3 ± · · · + (−1)nαn

from k(α1, α2, . . . , αn)[X] is called a general
equation of degree n. See algebraic indepen-
dence. The Galois group of this equation is then
isomorphic with Sn, the symmetric (or permu-
tation) group of degree n. Moreover, if char k �=
2, then the quadratic subfield L corresponding
to the alternating group An of the same degree
is obtained by adjoining the square root of the
discriminant D of F (n)(X), i.e., L = k(

√
D).

generalization Motto: Be wise! Generalize!
“Picayune Sentinel” and M. Artin’s Algebra.

(1) An extension of a statement (or a con-
cept, a principle, a theorem, etc.) that applies
or is valid for some system or structure A to
all members of a larger class of systems B con-
taining A as one of its elements (or a proper
subsystem).

(2) The process of inferring such a statement
(or concept, etc.).
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(3) In logic, generalization implies the for-
mal derivation of a general statement from a
particular one by replacing the subject of the
statement with a bounded variable and prefixing
a quantifier (in predicate calculus). For exam-
ple, the statement “the hypothesis H(i) holds
for some i ∈ Z” is the (existential) generaliza-
tion of “the hypothesis H(i) holds for i = 1
and 3.” A universal generalization applies to
all members of a given class while an existential
generalization applies only to some unspecified
members of such a class.

generalized Borel embedding A general-
ization of a Borel embedding of a symmetric
bounded domain to an embedding of an arbi-
trary homogeneous bounded domain. Let D be
a homogeneous bounded domain and let Gh be
the identity component of the full automorphism
group Gh(D) of D. Let gh be the Lie algebra of
Gh, then gh is a j -algebra with a collection of
endomorphisms (j). Let gc

h be the complexifi-
cation of gh and let g−h = {x + ijx ∈ gc

h : x ∈
gh, j ∈ (j)}. If Gc

h is the analytic subgroup of
the full linear group corresponding to gc

h, and
G−h is the complex closed subgroup of Gc

h gen-
erated by g−h , thenD can be embedded as theGh

orbit of the origin in the complex homogeneous
space Gc

h/G
−
h .

generalized decomposition number Let G
be a finite group of order |G| = g and K a split-
ting field of G of characteristic char K = p �= 0
(i.e., K is a splitting field for the group ring
K[G]). If p is a divisor of g, p|g, we can gener-
ate modular representations of G. See modular
representation.

Let, further, L be an algebraic number field
that is a splitting field of G having a prime ideal
π dividing p, and :i, i = 1, . . . , n, be the non-
similar irreducible representations ofG inL and
χi, i = 1, . . . , n, their standard characters.

Now, any x ∈ G can be uniquely decom-
posed as follows:

x = yz = zy ,

where y is the so-called p-factor of x (whose or-
der is a power of p) and z is a p-regular element
of G (whose order is prime to p). If, further,
φ
(y)

1 , . . . , φ
(y)
ky

are absolutely irreducible modu-

lar characters of the centralizer CG(y) of y in
G, then

χi(yz) =
∑
j

c
(y)
ij φ

(y)
j (z) ,

and the coefficients c
(y)
ij are referred to as the

generalized decomposition numbers of G.
When the order of y is a power pr of p, then

the coefficients c(y)ij are algebraic integers of the
field of the pr th roots of unity. See also de-
composition number, modular representation of
finite groups.

generalized eigenvalue problem The prob-
lem of finding scalars λ ∈ F and vectors x (from
a linear space V over F ) for linear operators (or
matrices) A and B on V satisfying the equation

Ax = λBx . (1)

Usually, A and B are required to be Hermitian
and, moreover, B to be positive definite. When
B = I , the identity (matrix) on V , the problem
reduces to the standard or classical eigenvalue
problem.

A further generalization examines the non-
linear problem(
Anλ

n + An−1λ
n−1 + · · · + A1λ+ A0

)
x = 0.

Clearly, for n = 1 we obtain (1).

generalized Eisenstein series Let 3 ⊂ SL
(2,R) be a Fuchsian group, acting on the up-
per half-plane H of the complex plane C, and
designate by 3\H the quotient space of H by
3. See Fuchsian group. The Selberg zeta func-
tion Zp(s,:), defined for s ∈ H and a matrix
representation : of 3, has a number of inter-
esting properties when 3\H is compact and 3

is torsion-free. See Selberg zeta function. For
a more general case, when 3\G is noncompact
(though has a finite volume), the decomposition
of L2(3\G) into the irreducible representation
spaces has a continuous spectrum. Generalized
Eisenstein series (defined by Selberg) give the
explicit representation for the eigenfunctions of
this continuous spectrum. In the special case in
which 3 is the elliptic modular group, SL(2,Z)

(or the corresponding group of linear functional
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transformations) 3 = SL(2,Z), this series is

∑
(c,d)=1

y2

|cτ + d|2s

where y = �z, z ∈ H .
Similar generalized Eisenstein series can be

defined for semisimple algebraic groups G and
their arithmetic subgroups. See also Eisenstein
series.

generalized Hardy class A concept arising
in the theory of function algebras (or uniform
algebras) generalizing that of the Hardy class
from the theory of analytic functions.

[Recall that the Hardy classHp (p > 0) con-
sists of analytic functions on the open unit disc
D = {z : |z| < 1} having the property

sup
0<r<1

{
∫
∂D

|f (rζ )|pdµ(ζ )}1/p <∞ ,

where dµ = |dζ |/2π is normalized Lebesgue
measure on the boundary ∂D = {ζ : |ζ | = 1}
of D. This concept is important for harmonic
analysis, theory of power series, linear opera-
tors, random processes, approximation theory,
control theory (in particular the so-called H∞
control theory; note thatH∞ represents the class
of bounded analytic functions in D), etc. Their
importance stems from the fact that they are pre-
cisely the classes of analytic functions in D with
boundary values (of class Lp) from which they
can be recovered by means of the Cauchy inte-
gral.]

For a function (uniform) algebra A with a
positive multiplicative measure µ, one defines
the generalized Hardy classes Hp as the closure
of A in Lp(µ) for 1 ≤ p < ∞, while for p =
∞, H∞(µ) represents the weak ∗-closure of A
in L∞(µ).

Remark: Here one considers a fixed uniform
algebra A on a compact Hausdorff space X, the
maximal ideal spaceMA ofA, and a fixed homo-
morphism φ ∈ MA. It is important to recall
that there exists a correspondence between non-
zero complex-valued homomorphisms φ of A

and maximal idealsAφ inA that are given by the
kernel of φ. In fact, MA is a compact Hausdorff
space. Then, designating by µ a measure for φ,
one defines Hp(µ) as the closure of A in Lp(µ)

and, similarly, H∞(µ) as the weak-star closure
of A in L∞(µ). Note that L∞(µ) is a com-
mutative Banach ∗-algebra (with the pointwise
multiplication and the involution given by com-
plex conjugation), which is isometrically iso-
morphic to the algebra of complex-valued con-
tinuous functions on the maximal ideal space of
L∞(µ).

generalized inverse For an m× n matrix A,
with entries from the complex field, the unique
n×m matrix A+ satisfying

(i.) AA+A = A,
(ii.) A+AA+ = A+,
(iii.) (AA+)∗ = AA+,
(iv.) (A+A)∗ = A+A.
This definition (by Penrose) is equivalent to

the definition (by Moore) that A+ is the unique
matrix so that

(1)AA+ is the (orthogonal) projection matrix
onto the range of A,

(2)A+A is the (orthogonal) projection matrix
onto the range of A+.
The matrix A+ is also referred to as the Moore-
Penrose inverse (or pseudo inverse) of A.

There are other types of generalized inverses.
More usually encountered are the group inverse
A# of a square matrixA (AA#A = A,A#AA# =
A#, AA# = A#A), and the Drazin inverse AD

(ADAAD = AD , AAD = ADA, Ak =
ADAk+1, k = 0, 1, . . . ). AD is unique and A#

is unique if it exists.
All generalized inverses coincide with A−1

when A is invertible.

generalized law of reciprocity The main
theorem of class field theory, stating that, for
a finite Galois extension L/K , the reciprocity
map rL/K ,

rL/K : G(L/K)ab → AK/NL/KAL ,

defined by

rL/K(σ ) := N"/K (π")mod
(
NL/KAL

)
,

is an isomorphism. Here, " is the fixed field of
a Frobenius lift σ̃ ∈ φ(L̃/K) of σ ∈ G(L/K)

and π" ∈ A" is a prime element. For any field
K and a multiplicative G-module A one defines

AK = AGK = {a ∈ A : σa = a, ∀σ ∈ GK} ,
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where GK is a closed subgroup of the profinite
group G that is associated with the field K and
AG/NGA is the norm residue group relative to
the norm group NGA = {NGa = ∑

σ∈G σa :
a ∈ A}. One further defines the Galois group of
L/K as

G(L/K) = GK/GL ,

assuming that GL is a normal subgroup of GK .
In such a case, the extension L/K is called a
normal or Galois extension. See Galois exten-
sion. Note that for a finite extension L/K , when
AK ⊆ AL, there is a normal map

NL/K : AL → AK, NL/K(a) =
∏
σ

σa ,

with σ ranging over the right representatives
of GK/GL. When L/K is Galois, AL is a
G(L/K)-module and AK = A

G(L/K)
L .

Recall also that a prime element πK of AK,

πK ∈ AK , is an element with vK(πK) = 1,
where vK designates a homomorphism

vK = 1

fK

v ◦NK/k : AK → Ẑ ,

with v a henselian valuation v : Ak → Z and k

the ground field for which Gk = G. Further, σ̃
is a Frobenius lift of σ if σ = σ̃ |L,

σ̃ ∈φ(L̃/K)

=
{
σ̃ ∈ G(L̃/K) : degK(σ̃ ) ∈ N

}
,

where degK is a surjective homomorphism
degK : G(L̃/K)→ Ẑ, Ẑ the Prüfer ring

Ẑ = lim← n∈NZ/nZ ,

where
lim← denotes projective limit. In fact, Ẑ =∏

p Zp, where p is a prime.
Finally, for every finite extension K/k of the

ground field, one defines K̃ = K · k̃,

fK = [K ∩ k̃ : k]
and

degK :
1

fK

deg : GK → Ẑ ,

where
K̃ = K

(
n
√
K∗

)

is the maximal Kummer extension of exponent
n.

Also called generalized reciprocity law.

generalized nilpotent element An element
from the kernel of the Gel’fand representation
of a commutative Banach algebra R, i.e., an el-
ement x ∈ R such that

lim
n→∞

∥∥xn
∥∥1/n = 0 .

The kernel of R is referred to as the radical of
R. When this radical reduces to {0}, R is said to
be semisimple.

generalized nilpotent group An extension
of the concept of nilpotency to infinite groups,
in a nonstandard manner. Thus, a group G is a
generalized nilpotent group if any homomorphic
image of G that is different from {e} has a center
that is different from {e}. This definition reduces
to the standard one when G is finite, but not
when G is an infinite group.

generalized peak point A point x in a com-
pact Hausdorff space such that {x} is a gener-
alized peak set. See peak set, generalized peak
set.

generalized peak set An intersection of peak
sets of a compact Hausdorff space. See peak set.

generalized quaternion group A general-
ization of the quaternion group G, which is the
group of order 8 with two generators σ and τ

satisfying the relations σ 4 = e, τ 2 = σ 2 and
τστ−1 = σ−1, which is isomorphic to the mul-
tiplicative group of quaternion units {±1,±i,

±j,±k}. The generalized quaternion group is
a group of order 2n, (n ≥ 3), again with two
generators σ and τ , which, however, satisfy the
following relations:

σ 2n−1 = e, τ 2 = σ 2n−2
and τστ−1 = σ−1 .

The standard quaternion group corresponds to
n = 3.

generalized Siegel domain A domain D in
Cn × Cm (n,m ≥ 0) with the following prop-
erties. (i.) D is holomorphically equivalent to
a bounded domain. (ii.) D contains a point of
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the form (z, 0) where z ∈ Cn. (iii.) D is in-
variant under the following holomorphic trans-
formations of Cn × Cm for some c ∈ R, and
for all s ∈ Rn and t ∈ R : (z, u) �→ (z + s, u),
(z, u) �→ (z, eitu), and (z, u) �→ (et z, ectu). In
the above situation, D is said to be a generalized
Siegel domain with exponent c.

generalized solvable group An extension of
the concept of solvability to infinite groups in a
nonstandard way. For example, a group G is a
generalized solvable group if any homomorphic
image of G that is different from {e} contains a
nontrivial (i.e., different from {e}) Abelian nor-
mal subgroup. As with generalized nilpotency,
this definition reduces to a standard one for fi-
nite groups but not in the case of infinite groups.
See generalized nilpotent group.

Generalized Tauberian Theorem A theo-
rem, due to Wiener, originating in the theory of
the Fourier transform. Here we give a version
that is pertinent for the exploitation of Banach
algebras in the theory of topological groups.

The theorem pertains to the following prob-
lem of spectral synthesis. See spectral synthesis.

Consider an Abelian topological groupG and
itsL1-algebra (or group algebra)R. Let, further,
Ĝ designate the character group of G. Then any
closed ideal I in R determines a set Z(I) in
Ĝ consisting of common zeros of the Fourier
transforms of the elements of I . [Recall that
the Fourier transform of x ∈ R is given by its
Gel’fand transform, in the present case by

x̂(γ ) =
∫

x(g)γ (g)dµ(g) ,

where γ is a character of G and µ is a (left-
invariant) measure on G (with G regarded as a
locally compact Hausdorff group).] The above-
mentioned problem then asks whether the con-
verse also holds, namely, whether I can be
uniquely characterized by Z(I).

A special case when Z(I) is empty is ad-
dressed by the Generalized Tauberian Theorem
which states that I must coincide with R when
Z(I) = ∅.

generalized uniserial algebra Consider a
finite dimensional, unitary (associative) algebra
A over a field F and designate its system of

orthogonal idempotents by {e(s)i }, so that

n∑
i=1

di∑
s=1

e
(s)
i = 1

and

A =
n∑

i=1

di∑
s=1

Ae
(s)
i =

n∑
i=1

di∑
s=1

e
(s)
i A ,

the latter relationship providing a decomposi-
tion of A into a direct sum of indecomposable
left (right) ideals. Here n denotes the number of
simple algebra components Ai in the decompo-
sition of the semisimple quotient algebra A/N ,
N being the radical of A,

A/N ≡ A =
n∑

i=1

Ai ,

each Ai being a full matrix ring of degree di ,
which thus decomposes into the direct sum of
di minimal left (right) mutually A-isomorphic
ideals Ae

(s)
i (e

(s)
i Ai), i = 1, . . . , n; s = 1, . . . ,

di , where e
(s)
i designate the orthogonal idempo-

tents of Ai . The idempotents e
(s)
i in the above

are representatives from each residue class e
(s)
i ,

which are chosen in such a way that the relations
hold. In the following, we designate e

(s)
i simply

by ei .
We call A a generalized uniserial algebra if

each indecomposable left (right) idealAei (eiA)

of A has a unique composition series. See com-
position series.

An algebra A is a generalized uniserial alge-
bra if its radical N is a principal left and right
ideal, and a uniserial algebra if and only if every
two-sided ideal of A is a principal left and right
ideal, i.e., if and only if every quotient algebra of
A is a Frobenius algebra. See uniserial algebra,
Frobenius algebra.

An algebra A is an absolutely uniserial al-
gebra if the algebra AK over K , where K is an
extension field of a field F , is uniserial for any
such extension K/F . This is the case if and
only if the radical N of A is a principal ideal
generated by an element from the center Z of A
and Z decomposes into a direct sum of simple
extensions F [α] of F .
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generalized valuation A valuation of a gen-
eral rank. See valuation.

The rank of an additive valuation (or simply
of a valuation) v : F → G∪{∞} of the field F ,
with G a (totally) ordered additive group and the
element∞ is defined to be greater than any ele-
ment of G, is defined to be the Krull dimension
of the valuation ring Rv = {a ∈ F : v(a) ≥ 0}.
See Krull dimension.

general linear group On a finite dimensional
linear space V , with dimV = n, over a field K ,
the group of (nonsingular) linear mappings of
V onto V , the group operation being defined
as composition of mappings, denoted GL(V ).
More generally, the automorphism group
AutK(V ) of the free right K-module V with n

generators, for K an associative ring with unit.
Equivalently, a general linear group of de-

gree n over K , usually designated GL(n,K)

or GLn(K), is a group of n × n invertible ma-
trices with entries in K . Clearly, GL(V ) and
GL(n,K) are isomorphic. When viewed as an
affinite variety, GL(n,K) can also be regarded
as an algebraic group. See algebraic group. In
most applications, K is a field. The structure of
GL(n,K) over a ring K is studied in algebraic
K-theory.

Also called full linear group. See also special
linear group, projective general linear group.

general linear Lie algebra (Of degreen over
a commutative ring with unity [or over a field]
K), a Lie algebra, denoted gl(n,K), which re-
sults from the total matrix algebra M(n,K) of
(all) n× n matrices with entries from K , when
endowed with a Lie (or bracket) product defined
by the commutator [X, Y ] := XY−YX. See Lie
algebra. A general linear Lie algebra gl(n,K)

is the Lie algebra of GL(n,K), a general lin-
ear group, and may thus also be regarded as the
tangent space to GL(n,K) at the identity (repre-
sented by the identity matrix). See also general
linear group.

general position Let x0, . . . , xk be points in
Euclidean space. These points are said to be
in general position if they are not contained in
any plane of dimension less than k. This con-
cept may be generalized to geometric objects of
higher dimension.

general solution As a rule, the general solu-
tion of a problem is a solution involving a cer-
tain number of parameters from which any other
solution (except for singular solutions) can be
obtained, through a suitable choice of these pa-
rameters.

Specifically, in analogy to differential equa-
tions, one understands, by a general solution of
a nonhomogeneous linear difference equation

n∑
i=0

pi(x) y(x + i) = q(x) (1)

a solution of the form

y(x) =
n∑

i=1

ci(x)φi(x)+ ψ(x) ,

where φi(x), i = 1, . . . , n are linearly inde-
pendent solutions of the corresponding homo-
geneous equation, ψ(x) is an arbitrary solution
of the nonhomogeneous equation (1), and ci(x)

are arbitrary periodic functions of period 1.

general term (Of a series, of a polynomial,
of an equation, of a language, etc.) An expres-
sion or an object that forms a separable part of
some other expression or object, in particular
expressions separated by the plus sign (in a se-
ries or a polynomial), comma (in a sequence),
inequality or identity sign (in an inequality or a
chain of inequalities or equation(s)), etc. Also
called generic term.

generating representation Let G be a com-
pact Lie group. Designate, further, the com-
mutative, associative algebra of complex-valued
continuous functions on G by C(0)(G,C) ≡
C(0)(G), and its subalgebra of representative
functions referred to as the representative ring
of G by R(G,C) ≡ R(G). See representa-
tive function, representative ring. Note that,
with the supremum norm‖f ‖ = supg∈G |f (g)|,
C(0)(G) is a Banach space and the actions of
G on this space (given by left and right transla-
tions) are continuous. At the same time,C(0)(G)

may be completed with respect to the norm aris-
ing from the inner product (u, v) = ∫

G

uv, yield-

ing the Hilbert space L2(G) of square integrable
functions on G. The actions of G on L2(G)

(again by left and right translations) are unitary.
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In view of the Peter-Weyl theorem, R(G)

is dense in both C(0)(G) and L2(G) so that
there exists a faithful (i.e., injective) represen-
tation ρ : G → GL(n,C) of G and R(G) may
be regarded as a finitely generated algebra over
C. Thus, there exists a faithful representation
g �→ {rij (g)} such that the functions rij and rij
generateR(G). Such a representation is referred
to as a generating representation.

generator(s) (1) In group theory, the ele-
ments of a nonempty subset S of a group G such
that G is generated by S, i.e., G = 〈S〉, where
〈S〉 consists of all possible products of the ele-
ments of S and of their inverses that are possibly
subject to a certain number of conditions (called
relations) of the type

s
n1
1 s

n2
2 · · · snmm = e, si ∈ S, ni ∈ Z .

When S is finite, G is said to be finitely gener-
ated or finitely presented. See relation, finitely
presented group. For a cyclic group, S consists
of a single element.

More precisely, let G be a group generated
by some set S ≡ {s1, s2, . . . , sn} and let us des-
ignate by F the free group on S. Further, let T
be a subset of F , T ≡ {t1, t2, . . . , tm} ⊂ F , and
NT the smallest normal subgroup of F contain-
ing T (given by the intersection of all normal
subgroups of F containing T ). Then, G is said
to be given by the generators si, (i = 1, . . . , n)
subject to the relations t1 = t2 = · · · = tm = e,
if there is an isomorphism G ≈ F/NT that as-
sociates si with siNT . This is usually expressed
by writing

G = 〈s1, . . . , sn : t1 = t2 = · · · = tm = e〉 ,
(1)

and one also says that G has the presentation
given by the right-hand side of (1).

Remarks: (i.) Although we have used a finite
number of generators and relations in the above
definition, this is not necessary.

(ii.) The relation ri = e, e.g., a−1b−2ab =
e, is often more convenient to write in the form
avoiding inverses, i.e., ab = b2a in our exam-
ple.

(iii.) Recall that a free group is “free" of
relations, so that we can regard any element in
NT as the identity, as in fact the notation of (1)
suggests.

(iv.) Cyclic groups are generated by a single
generator (which, clearly, is not unique), e.g.,
Z8 = 〈1〉 = 〈3〉 = 〈5〉 = 〈7〉.

(v.) See also finitely generated group.
(1a) In the analytic theory of semigroups,

one defines the infinitesimal generator F of an
equicontinuous semigroup T of class (C0), T ≡
{Tt | t ≥ 0}, as a limit

Fx = lim
t→0+ t−1 (Tt − e) x .

(2) In ring theory, we say that an ideal I of
a (commutative) ring R is generated by a finite
subset S = {s1, . . . , sn} of R, when

I =
{

n∑
i=1

risi : ri ∈ R

}
,

in which case we also write

I = (s1, . . . , sn) or I =
n∑

i=1

Rsi ,

and refer to the ring elements si, i = 1, . . . , n,
as generators of I . An ideal generated by a
single generator, I = (s), is called a principal
ideal. An extension to noncommutative rings is
obvious.

(3) An analogous definition also applies to
modules over a ring (or a field).

Consider anA-moduleM (i.e., a module over
a ring A) and a family X = {xi}i∈I of elements
of M . The smallest sub-A-module N of M con-
taining all the elements ofX consists of all linear
combinations of these elements and we write

N =
∑
i∈I

Axi =
{∑

i∈I
aixi : ai ∈ A, i ∈ I

}
.

The family X is then referred to as a system of
generators for N . We also say that N is gener-
ated by X. When X is finite, i.e., Card(X) <

∞, N is said to be finitely generated, and an
A-module Ax, generated by a single element
x ∈ M , is called a monomial.

When A is a field, the A-module M becomes
a linear space over A, and the same terminol-
ogy is sometimes employed even in this case, al-
though one often definesM to be spanned rather
than generated by X, and X is referred to as a
spanning set (or a basis, if linearly independent).
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(4) The method of defining groups by gen-
erators and relations can be also applied to Lie
algebras. Let L be a Lie algebra over a field F

generated by a set X = {Xi}i∈I . If L is free on
X (in which case the vector space V = Span(x)
can be given an L-module structure by assign-
ing to each x ∈ X an element of the general
linear Lie algebra gl(V ) and extending canon-
ically to L) and M is the ideal of L generated
by a family of elements A = {aj }j∈J , J being
some index set, then the quotient algebra L/M

is referred to as the Lie algebra with generators
Xi, (i ∈ I ) and relations aj = 0, (j ∈ J ), with
Xi the image of the element xi ∈ X in L/M .
This is referred to as a presentation of L.

Remarks: (i.) For semisimple Lie algebras
L over an algebraically closed field F , charF =
0, one can give a presentation of L in terms of
generators and relations that depends only on
the root system of L. (See Serre’s Theorem.)

(ii.) In the physics literature, one often refers
to the basis elements of the defining (or stan-
dard) representation of matrix Lie groups or al-
gebras as generators. Thus, for example, the
matrix units eij = ‖δikδjJ‖ of gl(n, F ) are re-
ferred to as raising (i < j), lowering (i > j),
and weight (i = j) generators according as they
raise, lower, or preserve the weight of a repre-
sentation involved.

(5) In homological algebra, an object G of
an Abelian category A (with all functions be-
ing additive) is called a generator if the natural
mapping

Hom(A,B)→ Hom (hG(A), hG(B))

is one to one. Here Hom designates the functor
defining the category A,

Hom : A×A → (Ab) ,

with (Ab) designating the category of Abelian
groups, and with

hG(·) := Hom(G, ·) .
Similarly, one defines a cogenerator G when

Hom(A,B)→ Hom
(
hG(B), hG(A)

)
is one to one, where now

hG(·) := Hom(·,G) .

(6) In coding theory, with a linear code de-
fined as a subspace W of Vn = {0, 1, . . . , q−
1}n, with q being a prime power q = pα , one
associates with each element a ∈ Vn the poly-
nomial

a(X) = a1 + a2X + · · · + anX
n−1

over a Galois field GF(q) [note that Vn can be
regarded as an n-dimensional vector space over
GF(q)]. Then the cyclic code W modulo g(X)

is defined by

W = {a ∈ Vn : a(X) ≡ 0(modg(X))}
and g(X) is referred to as the generator of N .

generic point Consider an irreducible vari-
ety V in Kn, where K is the universal domain
and designate by k a field of definition for V

(which is a subfield ofK , k ⊂ K), having a finite
transcendence degree over the underlying prime
field. See irreducible variety, universal domain,
transcendence degree, prime field. Then a point
(x) ≡ (x1, . . . , xn) of V , (x) ∈ V , with the
property that all points of V are specializations
of (x) over k, is called a generic point of V over
k. See specialization. Note that in general a
generic point of V is not unique.

Remarks:
(i.) In some texts, generic point refers to an

arbitrary point of a nonempty Zariski open set
of a variety V . See Zariski open set.

(ii.) A generic point x in a topological (sub)-
space A is a generic point of A when A = {x}
(where the bar designates the closure in the hull-
kernel topology).

genus (1) For an algebraic variety, a discrete,
numerical invariant representing an important
parameter then enables a classification of such
varieties. These invariants may be defined in
various ways, the most useful ones being based
on the concept of differential forms on a vari-
ety and on the cohomology of coherent sheaves.
One distinguishes the algebraic genus pa(X)

and the geometric genus pg(X) of a variety X.
See geometric genus.

For a one-dimensional algebraic variety C

over a field k, referred to as an algebraic curve,
the genus g of C is defined as the dimension
of the space of regular differential 1-forms on
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C, assuming that C is smooth and complete.
See algebraic curve. We recall here that an al-
gebraic curve can be transformed into a plane
curve with only ordinary multiple points by a fi-
nite number of plane Cremona transformations
(quadratic transformations of a projective plane
into itself). See Cremona transformation. A
plane algebraic curve C of degree n is a point
set in an affine 2-space defined by the zero set
f (X, Y ) = 0, of annth degree polynomialf (X,

Y ) in X and Y . Setting F(X0, X1, X2) = Xn
0

f (X1/X0, X2/X0), the homogeneous polyno-
mial F defines an algebraic curve C of degree
n in a projective plane P2. We say that C is ir-
reducible if f (X, Y ) is irreducible. Clearly, a
curve of degree 1 is a line. A point P = (a, b)

on C is an r-ple point if f (X+a, Y +b) has no
terms of degree less than r in X and Y . There
are r tangent straight lines (counting multiplic-
ity) at such a point: if these tangents are all dis-
tinct, P is referred to as an ordinary point and
an ordinary double point is called a node. An
r-ple point with r > 1 is called a multiple or a
singular point.

For a nonsingular irreducible curveC, we de-
fine a divisor a as an element of the free Abelian
group G(C) generated by the points of C that is
of the form

a =
∑
i

niPi, (ni ∈ Z) (1)

and has a degree deg(a) = ∑
i ni . We say that

the representation (1) for a is reduced ifPi �= Pj

for i �= j . A positive or an integral divisor, writ-
ten as a - 0, involves only positive coefficients
ni, (ni > 0). We further designate by w a dis-
crete valuation whose value group is the additive
group of integers, thus representing a normal (or
normalized) valuation wP of K(C) defined by
a valuation ring RP given by the subset of the
function field K(C) ofC (K designating the uni-
versal domain) consisting of those functions f

that are regular at P . The integer wP (f ) is re-
ferred to as the order of f at P , and P is said
to be a zero of f when wP (f ) > 0 and a pole
when wP (f ) < 0. The linear combination

"wP (f )P =: (f ) (2)

is called the divisor of the function f , and the set
of all positive divisors that are linearly equiva-

lent to a given divisor a is referred to as a com-
plete linear system determined by a and is des-
ignated by |a|. Further, one defines a finite di-
mensional vector space V(a) over K as follows:

V(a) := {f ∈ K(C) : (f )+ a - 0} ,
whose one-dimensional subspaces are in a bi-
jective correspondence with the elements of |a|.
We then define the dimension of |a|, dim|a|, by

dim|a| := dimKV(a)− 1 ,

and the genus of C, g ≡ g(C), as the supremum
of non-negative and bounded integers deg(a)−
dim |a|,

g := sup
a∈G(C)

(deg(a)− dim |a|) .

One can show that for any g > 0, g ∈ Z,
there exists an algebraic curve of genus g. The
curves with g = 1 are the so-called elliptic
curves and those with g > 1 are subdivided into
the classes of hyperelliptic and non-hyperelliptic
curves. See elliptic curve, hyperelliptic curve.
See also specialty index, Riemann-Roch Theo-
rem.

For an r-dimensional projective variety Y in
Pn (a projective n-space over an algebraically
closed field k), the arithmetic genus of Y can
be defined in terms of the constant term of the
Hilbert polynomial PY (X), X = (X0, X1, . . . ,

Xn), of Y , as follows:

pa(Y ) = (−1)r (PY (0)− 1) .

It can be shown that pa(Y ) is independent of
projective embeddings of Y . When Y is a plane
curve of degree d (see above), then

pa(Y ) = 1

2
(d − 1)(d − 2) ,

and when it is a hypersurface of degree d, then

pa(Y ) =
(
d−1
n

)
.

Equivalently, for a projective scheme Y over a
field k, the arithmetic genus pa(Y ) can be de-
fined by

pa(Y ) = (−1)r [χ (OY )− 1] ,
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where OY designates a sheaf of rings of regular
functions from Y to k and χ(F) is the so-called
Euler characteristic of a coherent sheaf F on
Y that is defined in terms of the cohomology
groups Hi(Y,F) of F as follows:

χ(F) := "(−1)i dimk H
i(Y,F) .

See projective scheme. Thus, when Y is a curve,
we have that

pa(Y ) = dimk H
1 (Y,OY ) ,

while for a complete smooth algebraic surface
Y , we have

pa(Y ) = χ (OY )− 1

= dimk H
2 (Y,OY )− dimk H

1 (Y,OY ) .

On the other hand, the geometric genuspg(Y )

of a nonsingular projective variety Y over k is
defined as the dimension of the (global) section
of the canonical sheaf ωY of Y (defined as the
nth exterior power of the sheaf of differentials
where n = dim Y ), 3(Y, ωY ), i.e.,

pg(Y ) := dimk 3 (Y, ωY ) .

For a projective nonsingular curve C, the arith-
metic and the geometric genuses coincide, i.e.,
pa(C) = pg(C) = g, while for varieties of di-
mension greater than or equal to 2, they are not
necessarily equal, and their difference is referred
to as the irregularity of Y . See irregularity.

(2) For an algebraic function field K over
k of dimension 1 (or of transcendence degree
1) (i.e., a finite separable extension of a purely
transcendental extension k(x) of k such that k
is maximally algebraic in K), the genus of K/k

is defined similarly as for a curve C. Thus, it
is achieved by replacing C with K/k, K(C) by
K , and K by k, while points on C now become
prime divisors of K/k.

We can also say that the genus of a function
field is given by the genus of its Riemann surface
(recall that the Riemann surface S of a function
field is homeomorphic to the complement of a
finite set of points in a compact oriented two-
dimensional manifold S, while the genus of the
latter is defined, loosely speaking, as the number
of “holes” in S, i.e., g = 0 if S is a sphere, g = 1
if S is a torus, etc.).

(3) For quadratic forms Q over an algebraic
number field k of finite degree, one defines equiv-
alence classes of forms having the same genus
by requiring thatQ andQ′ be equivalent over the
principle order op in kp for all non-Achimedean
prime divisors p of k and, at the same time, that
they are equivalent over kp for all the Archime-
dian prime divisors p of k. (Recall that prime
divisors of k are equivalence classes of nontriv-
ial multiplicative valuations over k and are re-
ferred to as Archimedean or non-Archimedian
accordingly if these valuations are Archimedean
or not.) See valuation.

(4) For a complex matrix representation of a
finite group G. Consider a finite group G and
an algebraic number field K . Recall that there
exists a bijective correspondence between linear
and matrix representations of G and that every
linear representation of G over K is equivalent
to some linear representation of the group ring
K[G]. When K is the ring of rational integers, a
linear representation over K is called an integral
representation.

Further, for a given algebraic number field
K , every K[G]-module V contains G-invariant
R-lattices (called G-lattices for short), where R

is the ring of integers in K , that may be viewed
as finitely generated R[G]-modules, providing
an integral representation of G.

Designating by P a prime ideal of R and by
RP the ring of quotients (or fractions) of the ring
R with respect to the prime ideal P , also called
the local ring at P , one can also explore the RP -
representations (this approach is closely related
with modular representation theory). Thus, with
any R[G]-module M we can associate a family
of RP [G]-modules MP = RP ⊗ M , with P

ranging over all prime ideals of R. Then, when,
for two G-lattices (or R[G]-modules) M and
N , belonging to a K[G]-module V , we have
that MP

∼= NP for all P , we say that M and N

have (or are of) the same genus. (See also class
number.)

(5) Similarly, for a connected algebraic group
G over an algebraic number field k of finite de-
gree, we consider a ring R of integers in k and
designate by L a general R-lattice (also called a
transformation space) in the vector space V on
which G acts. Defining then an action of GA,
the adele group of G, on the set {L} of R-lattices
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in a natural way, one defines the genus of L as
the orbit GAL of L with respect to GA.

(6) For an imaginary quadratic field k. (See
also principal genus of k.) Each coset of the
ideal class group G of k modulo the subgroup
H of all ideal classes of k satisfying the condi-
tion (ε1, . . . , εt ) = (1, . . . , t) is referred to as
a genus of k. See ideal class, ideal class group.
Here, ε1 = χi(N(a)), i = 1, . . . , t , where a
is an integral ideal with (a, (d)) = 1, N desig-
nates the norm, the χi are the Kronecker sym-
bols, and d is the discriminant of k. See Kro-
necker symbol. For each genus, the values of
εi , (i = 1, . . . , t) are unique and (ε1, . . . , εt ) is
called the character system of this genus. See
character system.

genus of function field See genus (2).

geometrical equivalence Let V be an n-
dimensional Euclidean space and let O(V ) be
the orthogonal group of V . If T is an n-
dimensional lattice in V and K is a finite sub-
group of O(V ), let (T ,K) denote a faithful
linear representation of K on T . Every pair
(T ,K) corresponds to a set of crystallographic
groups. Two pairs (T1,K1) and (T2,K2) are
said to be geometrically equivalent if there ex-
ists a g ∈GL(V ) such that K2 = gK1g

−1. This
equivalence relation is denoted by (T1,K1) ∼
(T2,K2), and the equivalence classes are called
geometric crystal classes.

geometric crystal class See geometrical
equivalence.

geometric difference equation A difference
equation of the form

y(px) = f (x, y(x)) ,

where p ∈ C is an arbitrary complex number.
For example, the standard form of a linear dif-
ference equation,

n∑
k=0

ak(x) y(x + k) = b(x) ,

can be transformed to this form via the change
of variables z = px , yielding

n∑
k=0

Ak(z) Y
(
zpk

)
= B(z) .

geometric fiber The fiber X×Y Spec(K) of
a geometric point Spec(K)→ Y , where X and
Y are schemes and K is an algebraically closed
field.

Specifically, for a morphism of schemes φ :
X → Y and a point y ∈ Y , the fiber of the
morphism φ over the point y is the scheme

Xy = X ×Y Spec k(y) ,

where k(y) is the residue field of y. See fiber. A
point of Y with values in a field K is a morphism
Spec(K) → Y . Also, when K is algebraically
closed, such a point is referred to as a geometric
point. See geometric point.

A suitable embedding of k(y) in K is as-
sumed, in the above definition.

Also called geometric fiber.

geometric fibre See geometric fiber.

geometric genus (Of an algebraic surface
S) a numerical invariant characterizing this sur-
face given by the number of linearly independent
holomorphic 2-forms on S.

More generally, for an n-dimensional irre-
ducible variety V , the geometric genus is given
by the number of linearly independent differen-
tial forms of the first kind of degree n.

See also genus.

geometric mean Given any n positive num-
bers a1, . . . , an, the positive number G =n√
a1a2 · · · an.

geometric multiplicity Given an eigenvalue
λ of a matrix A, the geometric multiplicity of λ
is the dimension of its eigenspace. It coincides
with the size of the diagonal block with diagonal
element λ in the Jordan normal form of A. See
also algebraic multiplicity, index.

geometric point A morphism Spec(K) →
X, whereX is a scheme andK is an algebraically
closed field.

geometric programming A special case of
nonlinear programming, in which the objective
function and the constraint functions are linear
combinations of (not necessarily integral) pow-
ers of the variables.
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geometric progression A sequence of non-
zero numbers, having the form ar, ar2, . . . ,

arn(, . . . ). See also geometric series.

geometric quotient Let Z and Y be alge-
braic schemes over a field. Suppose that G is
a reductive algebraic group that operates on Z,
and f : Z → Y is a G-invariant morphism of
schemes. Denote by f∗ the homological map-
ping induced by f , and by OZ and OY the
sheaves of germs of regular functions on Z and
Y , respectively. The morphism f is called a
geometric quotient if

(i.) f is a surjective affine morphism and
f∗(OZ)

G = OY ,
(ii.) f (X) is a closed subset of Y whenever

X is a G-stable closed subset of Z, and
(iii.) for each z1 and z2 in Z, the equality

f (z1) = f (z2) holds if and only if the G-orbits
of z1 and z2 are equal.

geometric series A series of the form

∞∑
j=0

arj = ar + ar2 + · · · + arn + · · · .

Sometimes also referred to as a geometric pro-
gression.

If |r| < 1, the above series converges to the
sum ar/(1− r).

Geršgorin’s Theorem The eigenvalues of an
n × n matrix A = (aij ), with entries from the
complex field, lie in the union of n closed discs
(known as the Geršgorin discs),

n⋃
i=1

z ∈ C : |z− aii | ≤
∑
k �=i

|aik|
 .

As a consequence of Geršgorin’s Theorem,
every strictly diagonally dominant matrix is in-
vertible. The latter fact is also known as the
Lévy–Desplanques Theorem. See also ovals of
Cassini.

Givens method of matrix transformation
A method for transforming a symmetric ma-
trix M into a tridiagonal matrix N = PMP−1.
Here P is a product of two-dimensional rotation
matrices.

Givens transformation See Givens method
of matrix transformation.

Gleason cover The projective cover in the
category of compact Hausdorff spaces and con-
tinuous maps. In this category, the projective
cover of a space X always exists, and is called
the Gleason cover of the space. It may be con-
structed as the Stone space (space of maximal
lattice ideals) of the Boolean algebra of regu-
lar open subsets of X. A subset is regular open
if it is equal to the interior of its closure. Al-
ternatively, it may be constructed as the inverse
limit of a family of spaces mapping epimorphi-
cally onto X. See also epimorphism, projective
cover, Stone space.

global dimension For an analytic set A, the
number dim(A) = supz∈A dimz(A), where
dimz(A) is the local dimension of A at z.

global Hecke algebra Let F be either an al-
gebraic number field of finite degree or an alge-
braic function field of one variable over a finite
field. Consider the general linear group GL2(F )

of degree 2 over F , and denote by GA the group
of rational points of GL2(F ) over the adele ring
of F . For each place v of F , let Hv be the Hecke
algebra of the standard maximal compact sub-
group of the general linear group of degree 2
over the completion of F at v. Denote by εv
the normalized Haar measure of Hv . The re-
stricted tensor product of the local Hecke alge-
bras Hv with respect to the family {εv} is called
the global Hecke algebra of GA.

G-mapping Suppose that G is a group, and
X and Y are G-sets. A G-mapping is a mapping
f : X → Y such that f (gx) = gf (x) for each
g in G and each x in X.

GNS construction A means of construct-
ing a cyclic representation of a C∗-algebra on
a Hilbert space from a state of the C∗-algebra.
The letters G, N, and S refer to Gel’fand,
Naı̆mark (Neumark), and Siegel (Segal), respec-
tively.

good reduction For a discrete valuation ring
R, with quotient field K , and an Abelian variety
A over K , we denote by A′ the Neron minimal
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model of A. Thus, A′ is a smooth group scheme
of finite type over Spec(R) such that, for every
scheme B ′ which is smooth over Spec(R), there
is a canonical isomorphism

HomSpec(R)(B
′, A′)→ HomK(B ′K,A) .

If A′ is proper over Spec(R), then we say that A
has a good reduction at R. See Neron minimal
model.

Gorenstein ring An algebraic ring which ap-
pears in treatments of duality in algebraic geom-
etry. Let R be a local Artinian ring with m its
maximal ideal. Then R is a Gorenstein ring if
the annihilator of m has dimension 1 as a vector
space over K = R/m.

graded algebra An algebra R with a direct
sum decomposition R = R0 ⊕ R1 ⊕ . . . (so
that the Ri are groups under addition) satisfying
RmRn ⊆ Rm+n, for all m, n > 0. The elements
of each Ri are called homogeneous elements of
degree i.

graded coalgebra A coalgebra (C,R, ε)

such that there exist subspaces Cn, n ≥ 0, such
that C = C0⊕C1⊕ . . . and R(Cn) ⊂ ⊕

i+j=n

Ci⊗Cj , for alln > 0 and such that ε(Cn) = {0},
for all n > 0.

graded Hopf algebra Suppose that R is a
commutative ring with a unit, (A, ε) is a supple-
mented graded R-algebra, and ψ : A→ A⊗A

is a map such that

α1 ◦ (1A ⊗ ε) ◦ ψ = 1A = α2 ◦ (ε ⊗ 1A) ◦ ψ ,

with 1A denoting the identity mapping on A, α1
denoting an algebra isomorphism from A ⊗ R

to A, and α2 denoting an algebra isomorphism
from R ⊗ A to A. Then A is called a graded
Hopf algebra.

graded module Let R = R0 ⊕ R1 ⊕ . . .

be a graded ring. A graded R-module is an
R-module M which has a direct decomposition
M = ⊕∞

j=−∞Mj , such that RiMj ⊂ Ri+j , for
i ≥ 0 and j ∈ Z. The elements of each Mi are
called homogeneous elements of degree i.

graded object An object O which can be
written as a direct sum O = ⊕

a∈A Oa , where
A is a monoid.

graded ring A ring R with a direct sum de-
composition R = R0⊕R1⊕ . . . (so that the Ri

are groups under addition) satisfying RmRn ⊆
Rm+n for all m, n > 0. The elements of each
Ri are called homogeneous elements of degree
i.

A primary example is the ring R = k[x1,
. . . , xn]hom of homogeneous polynomials in n

variables over a coefficient ring k. In this ring,
Rn = 0, for n < 0 and, for n ≥ 0, Rn consists of
the polynomials that are homogeneous of degree
n.

gradient method for solving non-linear pro-
gramming problem An iterative method for
solving non-linear programming problems. Sup-
pose that the problem is to maximize the func-
tionf subject to some constraints. At each stage
of the iteration, one uses the current iterate xk ,
the gradient of f at xk , and a positive number
λk to compute the point xk+1 according to the
formula xk+1 = xk − λknk , where nk is the unit
vector in the direction of the gradient of f at the
point xk .

Gramian For complex valued functions fi :
[a, b] → C, i = 1, . . . , n, the determinant of
the n× n matrix whose i, j entry is

∫ b

a
fifj dx.

Gram-Schmidt process A way of converting
a basis x1, . . . , xn for an inner product space
V, (·, ·) into an orthonormal basis v1, . . . , vn, so
that we have (vi, vj ) = 0, if i �= j and (vi, vi) =
1, for i, j = 1, . . . , n. The relationship between
{x1, . . . , xn} and {v1, . . . , vn} is given by

v1 = x1

‖x1‖ ,

v2 = x2 − (x2, v1)v1

‖x2 − (x2, v1)v1‖ ,

v3 = x3 − (x3, v1)v1 − (x3, v2)v2

‖x3 − (x3, v1)v1 − (x3, v2)v2‖ .

. . .

Here ‖x‖ = √(x, x), for any x ∈ V .

Gram’s Theorem (1) Suppose that P is a
convex polytope in Euclidean 3-space. For k =
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0, 1, 2, denote the kth angle sum of P by αk(P ).
Then α0(P )− α1(P )+ α2(P ) = 1. More gen-
erally, if P is a d-dimensional convex polytope
in Euclidean d-space and αk(P ) is the kth angle
sum of P for k = 0, 1, 2, . . . , d − 1, then

d−1∑
i=0

(−1)iαi(P ) = (−1)d−1 .

(2) Suppose that F is a field of characteristic
zero, and denote by G the general linear group
of some degree over F . Consider matrix rep-
resentations ρ1, . . . , ρq of G over F , with ni

the degree of ρi , such that each ρi is either the
rational representation of G induced by some
element of G or is the contragredient map κ .
Suppose that ρi = κ for i ≤ s and ρi �= κ for
i > s. Let {x(i)

j : 1 ≤ i ≤ q, 1 ≤ j ≤ ni} be
algebraically independent elements over F . For
each b = 1, 2, . . . , s, let Hb be a polynomial in
x
(i)
j for i > s that is homogeneous in x

(i)
1 , . . . ,

x
(i)
ni for each i, and suppose that the setV of com-

mon zeros of H1, . . . , Hs in the affine space of
dimension ns+1 + · · · + nq is G-stable. Then
there is a finite set C of absolute multiple co-
variants such that V is the set of (. . . , a(i)

j , . . . )

for i > s such that (. . . , a(b)
m , . . . , a

(i)
j , . . . ) is

a zero point of C for each a
(b)
m with b ≤ s.

graph A simple graph is a pair (V ,E), where
V is a set and E is a set of distinct, unordered
pairs of elements of V . In a directed graph (or
digraph), the elements of E are ordered pairs
of distinct elements of V . Allowing multiplici-
ties for the elements of E or allowing loops (an
element of E of the form (v, v)) gives a gen-
eral graph, also called a graph. The elements
of V are called vertices and the elements of E

are called edges. Thus a pair (u, v) ∈ E may
be visualized as a line segment joining points
u, v ∈ V .

Graphs are used widely in combinatorics and
algebra since they model relationships of vari-
ous kinds among sets.

graphing See graph of equation, graph of
function.

graph of equation For an equation E =
E(x1, . . . , xn) over the field K , in the variables

x1, . . . , xn, the set G(E) = {(a1, . . . , an) ∈
Kn : E(a1, . . . , an) = 0}.

graph of function For a function f : V →
W , where V and W are sets, the set G(F) =
{(x, f (x)) : x ∈ V }. Thus the graph G(f ) is
a subset of the Cartesian product V ×W of the
sets.

graph of inequality For an equation E =
E(x1, . . . , xn), over the ordered field K in the
variables x1, . . . , xn, the graph of the inequality
E > 0 is the set G(E) = {(a1, . . . , an) ∈ Kn :
E(a1, . . . , an) > 0}.

greater than IfR is an Abelian group andR+
is a subset of R not containing 0, such that R+ is
closed under addition, R = R+ ∪ (−R+)∪ {0},
andR+∩(−R+) is empty, then, for all a, b ∈ R,
we have either a − b ∈ R+ or a − b ∈ (−R+)
or a − b = 0. In the first case, we write a > b

and say that a is greater than b (or b is less than
a); in the second case, we write a < b and say
that b is greater than a; in the third case, we say
that a and b are equal and write a = b.

greater than or equal to See greater than.

greatest common divisor For integers a and
b, not both zero, the unique positive integer, de-
noted gcd(a, b), which divides both a and b and
is divisible by any other divisor of both a and b.
Also called greatest common factor or highest
common factor.

greatest common factor See greatest com-
mon divisor.

greatest lower bound See infimum.

Grössencharakter See Hecke character.

Grothendieck category A category C satis-
fying: (i.) C is Abelian; (ii.) C has a generator;
(iii.) direct sums always exist in C; and (iv.) for
any objectP of C, any sub-objectQofP , and for
any totally ordered family {Ri} of sub-objects,
we have (∪Ri) ∩Q = ∪(Ri ∩Q).

Grothendieck topology Suppose that C is
a category. A Grothendieck topology on C is a
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collection of families of morphisms, indexed by
the objects of C (such a family that corresponds
to an object S of C is called a covering family
of S), such that

(i.) {ϕ : T → S} is a covering family of S

whenever ϕ : T → S is an isomorphism,
(ii.) if I is an index set and {ϕi : Ri →

S}i∈I is a covering family of S, then, for each
morphism ϕ′ : S′ → S, the fiber product R′i
defined by R′i = Ri×S S

′ exists and the induced
family {ϕi : R′i → S′} is a covering family of
S′, and

(iii.) if I is an index set, Ai is an index set
for each i in I , the family {ϕi : Ri → S}i∈I
is a covering family of S, and the family {si,a :
Si,a → Ri}a∈Ai

is a covering family of Ri for
each i in I , then the family {ϕi ◦si,a : Si,a → S}
is a covering family of S.

ground field (1) If E is an extension field of
a field F , then F is called the ground field (or
the base field).

(2) If V is a vector space over a field F , then
F is called the ground field of V (or field of
scalars of V ).

ground form Consider the general linear
group of some degree over a field F of charac-
teristic zero. A finite number of homogeneous
forms with coefficients in F that are algebrai-
cally independent is called a set of ground forms.
See general linear group.

group One of the basic structures in algebra,
consisting of a set G and a (composition) map
m : G×G→ G, usually written as m(g, g′) =
g ◦ g′, g + g′ or g · g′, satisfying the following
axioms:

(i.) (associativity) g◦(g′ ◦g′′) = (g◦g′)◦g′′
for all g, g′, g′′ ∈ G;

(ii.) (identity) there is an element e ∈ G such
that e ◦ g = g = g ◦ e, for all g ∈ G.

(iii.) (inverses) for each g ∈ G, there is g′ ∈
G (called the inverse of g) such that g ◦ g′ =
e = g′ ◦ g.

One can think of a group as describing sym-
metries of certain objects.

group algebra Let R be a commutative ring
with identity and let G be a group with ele-
ments {gα}α . The R-group algebra is the R-

algebra freely generated by the gα , so that an el-
ement is a (formal) finite sum rα1gα1+ rα2gα2+· · · + rαngαn . When multiplying such elements
one simplifies by writing gαgβ as gγ , for some
unique γ , and then collecting terms.

group character A representation of a group
G is a homomorphism α : G → H , where H

is a linear group over a field F . The charac-
ter of α is the function Xα : G → F , de-
fined by Xα(g) = trace(α(g)). In the case of
finite groups G, characters characterize repre-
sentations up to equivalence.

group extension The groupG is an extension
of the group H by the group F if there is a short
exact sequence 1 → H → G → F → 1. See
exact sequence. See also Ext group.

grouping of terms The rearranging of terms
in an expression into a form more convenient for
some purpose. For example, one may group the
terms involving x in the expression 5x2+ey+3x
to produce the expression (3x + 5x2)+ ey .

group inverse See generalized inverse.

group minimization problem Suppose that
A is an m× n matrix with real entries, b a vec-
tor in Euclidean m-space Rm, and c a vector in
Rn. Consider the vector xB of basic variables
associated with a dual feasible basis of the linear
programming problem of minimizing cT x sub-
ject to the conditions that Ax = b and xj ≥ 0
for j = 1, . . . , n. Denote by S the set of vectors
x such that Ax = b, xj ≥ 0 for j = 1, . . . , n,
and some of the coordinates of x are restricted
to be integers. The problem of minimizing cT x

subject to the condition that x is an element of
the group generated from S by ignoring the non-
negativity constraints on the coordinates of the
vector xB is called a group minimization prob-
lem. One may solve this problem by finding
the shortest path on a directed graph that has a
special structure. If each coordinate of the vec-
tor of basic variables for the optimal solution of
the group minimization problem is nonnegative,
then that solution is optimal for the original lin-
ear programming problem; otherwise one may
use a branch-and-bound algorithm to investigate
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lattice points near the optimal solution for the
group minimization problem.

group of automorphisms A one-to-one map-
ping α : A → A, where A is an algebraic ob-
ject, for example an algebra or a group, such
that α preserves whatever algebraic structure A

has. Any such α has an inverse which also pre-
serves the structure of A. The composition of
two such automorphisms does this as well. The
set of all such α forms the automorphism group
of A (where the composition map in this group
is a composition of functions). See also auto-
morphism group.

group of classes of algebraic correspondences
Suppose that C is a nonsingular curve. Denote
by G the group of divisors of the product variety
C × C, and denote by D the subgroup of divi-
sors that are linearly equivalent to degenerate
divisors. The quotient group G/D is called the
group of classes of algebraic correspondences.

group of congruence classes Let m > 0 be
an integer. Two integers a and b are said to be
congruent mod m (written a ≡ b mod m) if
a − b is divisible by m. This is an equivalence
relation. (See equivalence relation.) Denote the
equivalence class of the integer a by [a]; thus
[a] = {b : b ≡ a mod m}. Then the set of
equivalence classes for this equivalence relation
is a group under “addition” defined by [a] +
[b] = [a+ b]. This group is called the group of
congruence classes or group of congruences of
the integers modulo m.

group of inner automorphisms For each
element g of a group G, let i(g) : G → G be
the map defined by i(g)(g′) = gg′g−1. Then
we have i(gh) = i(g)i(h), for all g, h ∈ G and
also i(g−1) = i(g)−1. It follows that i(g) is
an automorphism of G and the set of all such
i(g) (for all g ∈ G) is called the group of inner
automorphisms of G. It is a normal subgroup of
the group of automorphisms of G.

group of outer automorphisms The quo-
tient group Aut(G)/Inn(G), where Aut(G) is
the group of all automorphisms ofG and Inn(G)

is the normal subgroup of Aut(G) consisting of

all inner automorphisms ifG. See group of inner
automorphisms.

group of quotients Let S be a commutative
semigroup with cancellation (so that ab = ac

implies b = c), then there is an embedding of S
in a group G such that any g ∈ G can be written
as g = st−1, where s, t ∈ G. Here G is called
the group of quotients of S.

group of symmetries If L is a geometric
object, then a symmetry of L is a one-to-one
mapping of L to itself which preserves the ge-
ometry of the object (e.g., preserves the metric,
if L is a subset of a metric space). The set of all
such symmetries forms a group called the group
of symmetries.

group of twisted type Suppose that F is a
field. Denote by L a simple Lie algebra over
the complex numbers that corresponds to the
Dynkin diagram of some type X, and denote by
C the Chevalley group of type X over F . Con-
sider the Lie algebra LZ spanned by Chevalley’s
canonical basis of L over the ring Z of integers.
Then C is generated by linear transformations
xa(t) of the Lie algebra F ⊗Z LZ, with a a root
of L, and t in F .

(1) IfX equalsAn,Dn, orE6, then the Dynkin
diagram of type X has a nontrivial symmetry τ .
If τ(a) = b, and if F has an automorphism
σ such that the order of σ equals the order of
τ , then denote by θ the automorphism of C

that sends xa(t) to xb(t
σ ). Denote by U the

θ -invariant elements of the subgroup of C gen-
erated by {xa(t) : a > 0, t ∈ F }, and denote
by V the θ -invariant elements of the subgroup
of C generated by {xb(t) : b < 0, t ∈ F }. The
group generated by U and V is called a group
of twisted type.

(2) Suppose thatX equals eitherB2 orF4 and
that the field F has characteristic 2, or suppose
that X = G2 and the field F has characteris-
tic 3. If F has an automorphism σ such that
(tσ )σ = tp for each t in F , then one may ap-
ply a procedure similar to that described in (1)
above to obtain in each case another group of
twisted type.

groupoid A small category in which all mor-
phisms are invertible. See category.
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group scheme A group scheme over a scheme
S is a schemeX, together with a morphism to the
scheme S such that there is a section e : S → X

(thought of as the identity map), a morphism
r : X → X over S (thought of as the inverse
map), and a morphismm : X×X → X (thought
of as the composition map) such that (i.) the
composition m ◦ (Id × r) is equal to the pro-
jection X → S followed by e and (ii.) the two
morphisms m ◦ (Id× r) and m ◦ (r × Id) from
X ×X ×X to X are the same.

Group Theorem Suppose that R is a ring.
The set of equivalence classes of fractional ide-
als of R that contain elements that are not zero
divisors forms a group.

group-theoretic integer programming A
method that involves transforming an integer
linear programming problem into a group mini-
mization problem. If each coordinate of the vec-
tor of basic variables for the optimal solution of
the corresponding group minimization problem
is nonnegative, then that solution is optimal for
the original programming problem; otherwise
one may use a branch-and-bound algorithm to
investigate lattice points near the optimal solu-
tion for the group minimization problem.

group theory The study of groups. Group
theory includes representation theory, combina-
torial group theory, geometric group theory, Lie

groups, finite group theory, linear groups, per-
mutation groups, group actions, Galois theory,
and more.

group variety A variety V , together with a
morphism m : V × V → V such that the set
of points given by V is a group and such that
the inverse map (v → v−1) is also a morphism
of V . Here a morphism of varieties X, Y (over
a field k) is a continuous map f : X → Y ,
such that, for every open set V in Y , and for
every regular function g : V → k, the function
g ◦ f : f−1(V )→ k is regular.

G-set A setS for which there is a mapf : G×
S → S such that f (gg′, s) = f (g, f (g′, s))
and f (Id, s) = s for all g, g′ ∈ G and s ∈ S.
Here, G is a group.

Guignard’s constraint qualification Sup-
pose that X is a closed connected subset of real
Euclidean n-space, g is a vector-valued function
defined on X, and C is the set of all points in X

such that gi(x) ≤ 0 for each i = 1, . . . , n. Sup-
pose that x is a point on the boundary of X that
is not an extreme point of X, denote by ∇gi(x)

the gradient of gi at x, and denote by Y the set
of vectors y for which ∇gi(x) · y ≤ 0 for each i

such that gi(x) = 0. If Y is a subset of the con-
vex hull spanned by the vectors tangent to C at
x, then g is said to satisfy Guignard’s constraint
qualification at the point x.
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