
I
I-adic topology A topology that endows a
ring (module) with the structure of a topological
ring (module). Let I be an ideal in a ring R and
let M be an R-module. The I-adic topology on
M is formed by taking the cosets x+ InM, x ∈
M, n a positive integer, as a base of open sets.
The I-adic topology on R is formed by letting
M = R.

icosahedral group The group of rotations
of a regular icosahedron. It is a simple group
of order 60 and is isomorphic to the alternating
group of degree 5.

ideal In any ring (usually associative with
identity), any subgroup J of the additive group
ofR is called a left ideal ifRJ ⊆ J and is called
a right ideal if JR ⊆ J and, if both of these
conditions hold, is called, simply, an ideal.

ideal class LetR be an integral domain (com-
mutative ring with no divisors of zero). Two
ideals J and K are said to be linearly equivalent
if there exist nonzero elements a and b inR such
that aJ = bK . This establishes an equivalence
relation on the collection of all nonzero ideals
of R which we can write as J ≈ K . Any equiv-
alence class under this relation is said to be an
ideal class.

These classes respect multiplication in the
sense that if J1 ≈ J2 andK1 ≈ K2, then J1J2 ≈
K1K2. In most cases, this notion is only applied
to the collection of invertible ideals ofR. That is
to say, those ideals J for which there is another
ideal K such that JK is linearly equivalent to
the unit ideal R. For this case, the collection
of classes of invertible ideals forms an Abelian
group referred to as the ideal class group of the
ring.

An alternative and more modern way of defin-
ing this construction is contained in the notion
of fractional ideals. A fractional ideal of an in-
tegral domain R is a nonzero R-submodule F

of the quotient field of R with the property that

aF ⊆ R, for some nonzero a ∈ R. This in-
cludes all ordinary nonzero ideals. A fractional
ideal is principal if it is of the form aR where
a is some nonzero member of K . A fractional
ideal F is invertible if there is another fractional
ideal G such that FG = R. The invertible frac-
tional ideals form an Abelian group under ordi-
nary multiplication and this group contains the
group of principal fractional ideals. The fac-
tor group is isomorphic to the ideal class group
defined earlier.

ideal class group The group of ideal classes
of invertible ideals of an integral domain R or,
equivalently, the group of invertible fractional
ideals of R, modulo the subgroup of principal
fractional ideals. See ideal class.

ideal class in the narrow sense Let Ik be the
Abelian group consisting of the fractional ideals
of an algebraic number field k. Let P+k be the
subgroup of Ik consisting of all the principal
ideals generated by totally positive elements of
k. An ideal class of k in the narrow sense is a
coset of Ik modulo P+k .

ideal group Let K be an algebraic number
field and let R be its ring of algebraic integers.

(1) The group of fractional R-ideals of K

forms an Abelian group called the ideal group
of K .

(2) Let m be an integral ideal and let Km =
{a/b : a, b ∈ R, aR and bR relatively prime
to m}. Denote the group of all ideals of K that
are relatively prime to m by IK(m). Let m∗ be
a formal product of m and a finite number of
real infinite prime divisors of K , then m∗ is an
integral divisor of K . For α ∈ Km let α1 and α2
be elements of Km ∩ R such that α = α1/α2.
Let S(m∗) be the group of all principal ideals
generated by elements α of Km such that α1 ≡
α2(modm) and α ≡ 1(modp) for all the real
infinite prime divisors p included in the formal
product above. Any subgroup of IK(m) which
contains S(m∗) is called an ideal group modulo
m∗.

(3) Sometimes the definition given above is
called a congruence subgroup. In this case an
ideal group is an equivalence class of a congru-
ence subgroup under the following equivalence
relation. Two congruence subgroups H1 and
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H2, modulo m∗1 and m∗2, respectively, are said
to be equivalent if there is a modulus n∗ such
that H1 ∩ IK(n) = H2 ∩ IK(n).

idele Let K be a global field. By this we
mean either an algebraic number field (a finite
extension of the rational field Q) or a field of al-
gebraic functions in one variable over a ground
field k (a finite separable extensionK of the field
k(x) of rational functions over the ground field
k, such that k is itself algebraically closed in
K). These are also referred to as product for-
mula fields since each of these types possesses
a class of absolute values, which are real valued
functions, defined on K with the properties that
|a| ≥ 0 for all a ∈ K , |a| = 0 if and only if
a = 0 and |a + b| ≤ |a| + |b|, for all a, b ∈ K .
See also valuation.

Moreover this class of absolute values sat-
isfies, for each nonzero a ∈ K , the relation∏

all ℘ |a|℘ = 1. Consider now the direct prod-
uct of copies of the multiplicative group K∗ of
K , indexed by absolute values. That is to say,
functions from the set of absolute values to the
group K∗. We will denote such a function by a,
and its value at℘ by a℘ . An idele is such a func-
tion with the additional property that |a℘ | = 1,
for almost all℘. Since each element ofK∗ gives
rise to such a function (a℘ = a for all ℘) we
may regard K∗ as a subgroup of the group of all
ideles. These are called principal ideles and the
factor group is called the idele class group of the
field.

idele class Members of the idele class group
of a global field. See idele.

idele class group The group of all idele
classes of a global field. See idele.

idele group The group of all ideles of a global
field. See idele.

idempotent element An element a of a ring,
with the property that a2 = a.

idempotent subset A subset S of a ring hav-
ing the property that S2 = S.

Idempotent Theorem IfE is an open-closed
subset of the maximal ideal space of a unital

commutative Banach algebra A, then there is a
unique element f of A such that f 2 = f and
the Gel’fand transform of f is 1 on E and 0
everywhere else. This theorem is sometimes
referred to as Shilov’s Idempotent Theorem.

identity (1) An equation. For example, a true
formula such as

N∑
j=1

j = N(N + 1)

2

is an identity.
(2) That element of a group, usually denoted

by the symbol 1, with the property that 1a =
a1 = a for all a in the group (or denoted 0, with
0 + a = a + 0 = a, in the case of an additive
group).

identity character The character on a group
Gwith the property that χ(g) ≡ 1 for all g ∈ G.
See character.

identity element A member e of a setS with a
binary operationx◦y, such thatx◦e = e◦x = x.
If the binary operation is not commutative, a left
and right identity may be defined separately. A
left identity e satisfies e ◦ x = x and a right
identity e satisfies x ◦ e = x.

identity function A function i with a domain
set X such that i(x) = x for all x ∈ X. See also
identity map, identity morphism.

identity map See identity function.

identity matrix The identity elementE in the
ring of n×nmatrices over some coefficient ring.
The entries of E are given by the Kronecker
delta-function

δij =
{

1 if i = j

0 if i �= j .

identity morphism Let C be a category, let
A be an object in C, and let i : A→ A be a mor-
phism in C. (A morphism is a generalization of a
function or mapping.) i is the identity morphism
for the object A if f ◦ i = f for every object B
and morphism f : A→ B in C, and i ◦ g = g

for every object C and morphism g : C → A in

c© 2001 by CRC Press LLC



the category C. One of the axioms of category
theory is that every object in a category has a
(necessarily unique) identity morphism.

In most familiar categories, where objects
are sets with some additional structure and mor-
phisms are particular kinds of functions, the
identity morphism for an object A is simply the
identity function i; that is the function i such
that i(a) = a for all a ∈ A. See also identity
function, morphism.

Ihara zeta function Let R be the real num-
bers, kp be a p-adic field, and let ' be a sub-
group of G = PSL2(R)× PSL2(kp) for which
the following properties hold: (i.) ' is discrete;
(ii.) the projection,'R , of' in PSL2(R) is dense
in PSL2(R); (iii.) the projection, 'p, of ' in
PSL2(kp) is dense in PSL2(kp); (iv.) the only
torsion element of ' is the identity; (v.) the quo-
tient '\G is compact. Let H be the upper half
plane, {x+iy : y > 0}, and, for every z ∈ H , let
'z = {γ ∈ ' : γ (z) = z}, where ' acts on H

via 'R . Let P̃ (') = {z ∈ H : 'z
∼= Z} and let

P(') = P̃ (')/'. If Q ∈ P(') is represented
by z ∈ H and γ is a generator of 'z, then γ

is equivalent to a diagonal matrix in 'p whose
diagonal entries are λ and λ−1. Let deg(Q) be
|v(λ)| where v is the valuation of kp. The Ihara
zeta function of ' is

Z'(u) =
∏

Q∈P(')

(1− udeg(Q))−1 .

ill-conditioned system A system of equa-
tions for which small errors in the coefficients,
or in the solving process, have a large effect on
the solution.

image For a function f : S → T from a
set S into a set T , the set Im(f ) of all elements
of T of the form f (s) for some s in S. Another
popular notation is f (S). Also called range.

imaginary axis in the complex plane Com-
plex numbers x+ iy, where x and y are real and
i = √−1, can be identified with the points of
the real plane with Cartesian coordinates (x, y).
The plane is then referred to as the complex
plane. The coordinate axis x = 0 is called the
imaginary axis. Similarly, the axis y = 0 is
referred to as the real axis.

imaginary number Any member of the field
of complex numbers of the form iy, where y is
a real number and i = √−1 . The field of
complex numbers is the set of numbers of the
form x + iy, where x and y are real.

imaginary part of a complex number If z =
x+iy is a complex number, then the real number
y is called the imaginary part of z, denoted y =
�z, and the real number x is called the real part
of z, denoted x = �z.

imaginary prime divisor One of two types
of infinite prime divisors on an algebraic number
field K . Let a ∈ K and let σ be any injection of
K into the complex number field which does not
map K into the real number field. The equiva-
lence class of an archimedean valuation on K ,
given by v(a) = |σ(a)|2, is called an imaginary
(infinite) prime divisor. See also real prime di-
visor, infinite prime divisor.

imaginary quadratic field A field K which
is a quadratic (degree two) extension of the ra-
tional number field Q is called a quadratic num-
ber field. Since K = Q(

√
m), for some square

free integer m, we may further distinguish these
fields according to whether m < 0 or m > 0.
In the first case, the field is called an imaginary
quadratic field and, in the second, a real qua-
dratic field.

imaginary root A root of a polynomial f (z),
i.e., a number r such that f (r) = 0, which is an
imaginary number. See imaginary number.

imaginary unit Any number field K (finite
extension of the field Q of rational numbers)
contains a ring of integers, denoted R. This ring
consists of all roots in K of monic irreducible
polynomials f (x) ∈ Z[x], where Z is the ring
of rational integers. Alternatively, this ring is
the integral closure of Z in K . The units of R
are those elements u ∈ R for which there is
an element v ∈ R such that uv = 1. In an
isomorphic embedding of K into the field of
complex numbers, if the image of a unit u is
imaginary, then u is called an imaginary unit.
Note that this depends on which embedding is
used.
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imperfect field Any field that admits proper
inseparable algebraic extensions. This is the op-
posite of perfect. The simplest example of such
a field is the field k(x) where k = GF(q) is a
finite field. The extension given by the equation
tq − x = 0 is inseparable. Fields of character-
istic zero are perfect as are all finite fields.

implicit enumeration method of integer pro-
gramming A method of solving zero-one
linear programming problems. Values are as-
signed to some of the variables; if the solution
of the resulting linear program is either infeasi-
ble or not optimal, then all solutions containing
the assigned values may be ignored.

Implicit Function Theorem A theorem guar-
anteeing that an implicit equation F(x, y) = 0
can be solved for one of the variables. One of
many different forms of the theorem is the fol-
lowing assertion. LetF(x1, . . . , xn, y)be a con-
tinuously differentiable function of n + 1 vari-
ables. LetP be a point inn+1 space and assume
that F(P ) = c and ∂F

∂y
(P ) �= 0. Then, there is

a neighborhood of P and a unique continuously
differentiable functionf (x1, . . . , xn)defined on
this neighborhood, such that

F (x1, . . . , xn, f (x1, . . . , xn)) ≡ c

on this neighborhood.

imprimitive transitive permutation group
A permutation group G on a set X with the fol-
lowing two properties: (i.) for each x and y in X

there is a t ∈ G such that t (x) = y; (ii.) the sub-
group of G consisting of all permutations which
leave x fixed is not a maximal subgroup. See
also permutation group, transitive permutation
group.

improper fraction A rational number m/n,
where m and n are integers and m > n > 0.
Such a fraction can be written in the form m

n
=

r
n
+ q where r < n where r and q are also

integers (for simplicity we have assumed that
all of these numbers are positive). The numbers
r and q are obtained by long division. That is,
we write m = nq + r where r < n.

incommensurable Two membersa, b ∈ S of
a partially ordered set S such that neither a ≤ b

nor b ≤ a.

incomplete factorization A method of pre-
conditioning the system of equations Ax = b,
in which A is approximated by LU , where L is
a lower triangular matrix and U is an upper tri-
angular matrix. In an incomplete factorization,
small elements are dropped, making the approx-
imation sparse.

inconsistent system of equations A set of
equations for which there does not exist a com-
mon solution (in an appropriate solution space).

increasing directed set A setS, together with
a binary relation≤, having the properties (i.)a ≤
a for all a ∈ S, (ii.) a ≤ b and b ≤ c implies
a ≤ c, and (iii.) for all a, b ∈ S, there is an
element c ∈ S such that a ≤ c and b ≤ c. Also
called directed set.

indecomposable group A group G (G �=
{e}), that is not isomorphic to the direct product
of two subgroups, unless one of those subgroups
is {e}.

indecomposable module A module M over
a ring R such that M is not the direct sum of two
proper R-submodules.

indefinite Hermitian form A Hermitian
form equivalent to

p∑
i=1

x̄ixi −
q∑

j=1

x̄p+j xp+j

in which x̄ is the conjugate transpose and neither
p nor q is zero.

indefinite quadratic form A quadratic form
over an ordered field F , which represents both
positive and negative elements. If every positive
number inF is a square (for example, ifF = R),
then an indefinite quadratic form is equivalent to
the form

p∑
i=1

x2
i −

q∑
j=1

x2
p+j ,
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in which neither p nor q is zero. The rank of
the quadratic form is p + q where p and q are
uniquely determined by the quadratic form.

indefinite sum A concept analogous to the
indefinite integral. Given a function f (x) and a
fixed quantity ;x (;x �= 0), let F(x) be a func-
tion such that F(x+;x)−F(x) = f (x) ·;x.
If c(x) is an arbitrary function, periodic, with
a period ;x, then F(x) + c(x) is an indefinite
sum of f (x).

Independence Theorem A corollary of the
Approximation Theorem. Let e1, e2, . . . , en be
real numbers and let v1, v2, . . . , vn be mutually
nonequivalent and nontrivial multiplicative val-
uations of a field K . If

∏
i vi(a)

ei = 1 for all
a ∈ K\{0}, then ei = 0 for i = 1, 2, . . . , n.

independent linear equations A system of
linear equations in which deleting any equation
would expand the solution set.

independent variable A symbol that rep-
resents an arbitrary element in the domain of
a function. If the domain of the function is a
Cartesian product set X1×X2× · · ·×Xn, then
the independent variable may be denoted (x1,

x2, . . . , xn), where each xi represents an arbi-
trary element inXi . In addition, each xi is some-
times called an independent variable. See also
dependent variable.

indeterminate form An expression of the
form 0/0,∞/∞, 0·∞,∞−∞,∞0, 00, or 1∞.
Such expressions are undefined. Indeterminate
forms may appear when a limit is improperly
evaluated as the quotient (product, etc.) of lim-
its and not the limit of a quotient (product, etc.).
But the term may properly appear when such
limits are classified, so that they can be evalu-
ated.

indeterminate system of equations A sys-
tem of equations with an infinite number of so-
lutions.

index (1) Most commonly, a subscript which
is used to distinguish members of a set S. Thus,
in this sense, a function defined on a set (called
the index set) and taking its values in the set S.

For example an infinite sequence {a1, . . . , an} is
a set indexed by the natural numbers.

(2) There are many theorems in mathematics
that are referred to as “index theorems" and these
generally describe properties of certain special
types of indices. For example, the index of a lin-
ear function T : X → Y between two complex
vector spaces is, by definition, dim ker(T )− dim
ker T ∗, where T ∗ is the adjoint, or conjugate
transpose, of T . See also index of specialty.

index of eigenvalue (1) The number

dim ker(A− λI)− dim ker
(
A∗ − λ̄I

)
,

where A is a square matrix (or a Fredholm lin-
ear operator on a Banach space), I is the identity
matrix of the same size as A, and A∗ is the con-
jugate transpose (Banach space adjoint) of A.

(2) The order of the largest (Jordan) block
corresponding to λ in the Jordan normal form of
A. The index of λ is the smallest positive integer
m such that rank(A−λI)m = rank(A−λI)m+1.

index of specialty Let D be a divisor on
a complete nonsingular curve over an algebrai-
cally closed field k, and let K be a canonical di-
visor of X. The index of specialty of the divisor
D is dimkH

0(X,O(K − D)) =dimkH
2(X,O

(D)), where O (D) is the invertible sheaf associ-
ated with D. This definition also applies to divi-
sors on nonsingular surfaces. IfD is a divisor on
a curve on genusg, then the Riemann-Roch The-
orem may be applied to give a second formula
for the index of specialty. In this case, the spe-
cialty index of D is equal to g−degD+dim|D|,
where |D| is a complete linear system of D.

Index Theorem of Hodge Let M be a com-
pact Kähler manifold of complex dimension 2n
and let hp,q denote the dimension of the space of
harmonic forms of type (p, q) onM . The signa-
ture of M is

∑
p,q(−1)php,q . The sum may be

restricted to the case where p+ q is even since,
on a compact Kähler manifold, hp,q = hq,p.
Any complex, projective, nonsingular, algebraic
variety is a Kähler manifold, and the follow-
ing application of the Riemann-Roch Theorem
is also called the Hodge Index Theorem.

Let H be an ample divisor on a nonsingu-
lar projective surface X, and let D be a divisor
which has a nonzero intersection number with
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some divisor E. If the intersection number of
D and H equals zero, then the self-intersection
number of D is less than zero. This implies that
the induced bilinear form on the Neron-Severi
group ofX has only one positive eigenvalue, and
that the rest of the eigenvalues are negative.

induced module An example of a scalar ex-
tension. Let K be a commutative ring, and let
G be a group with a subgroup H . The canonical
injection H → G induces a homomorphism of
group rings K[H ] → K[G]. Let M be a K[H ]
module. The induced module of M is the K[G]
module K[G] ⊗K[H ]M . See also induced rep-
resentation.

induced representation A representation of
a groupG obtained by “extending” a representa-
tion of a subgroup H of G. Let K be a commu-
tative ring; the canonical injection H → G in-
duces a homomorphism of group ringsK[H ] →
K[G]. Let M be a K[H ]-module, the represen-
tation of G associated with the induced K[G]
moduleK[G]⊗K[H ]M is the induced represen-
tation of G. It is also called the induced repre-
sentation of the representation of H associated
with M . See also induced module.

induced von Neumann algebra Let M be a
von Neumann algebra which is a *-subalgebra of
the set of bounded linear operators on a Hilbert
space H. Let M′ be the set of operators that
commute with every A ∈ M and with the ad-
joint of every A ∈ M. If E is a projection
operator in M′, then the induced von Neumann
algebra of M on the subspaceEH is the restric-
tion of EM E = EM to EH.

induction The Principle of Induction is a the-
orem that concerns well-ordered sets. A well-
ordered set is a linearly ordered set in which
every nonempty subset has a smallest member.
The natural numbers are a primary example of
such a set. Other examples are the transfinite or-
dinal numbers. The principle of induction states
that if S is a well-ordered set and T is a subset
of S with the property: whenever {a ∈ S : a <

b} ⊂ T implies b ∈ T , then we can conclude
that T = S. Indeed, the condition implies that
the smallest member of S is in T . If the comple-
ment of T were not empty, then it would have a

smallest member. Call this member b. This is
not the smallest member of S as we have seen.
However, T contains all a such that a < b, so it
must contain b as well which is a contradiction.

Certain well-ordered sets such as the natural
numbers have the property that every element
of S (aside from the smallest) has an immedi-
ate predecessor. The principle of induction for
such sets can be rephrased as follows: any sub-
set T ⊂ S, such that (i.) T contains the smallest
element of S and (ii.) whenever T contains a

then it also contains the next smallest element
of S, then T = S. The proof is much the same
since the smallest member b of the complement
of T could not be the smallest member of S and,
therefore, would have an immediate predecessor
which is in T . Therefore, the immediate succes-
sor of b would also be in T which is, again, a
contradiction. In this form the principle is called
the principle of finite induction. Otherwise it is
referred to as transfinite induction.

This theorem is commonly applied as a meth-
od of proof for statements that can be indexed by
some well-ordered set. For example, the state-
ments P(n) : 1 + 2 + · · · + n = n(n+1)

2 are
indexed by the natural numbers. This can be
proved by finite induction. On the other hand,
a theorem such as the assertion that every ideal
J of a ring R is contained in a maximal ideal
requires (for most rings) transfinite induction.

For most proofs that involve transfinite in-
duction, the method is replaced by a logically
equivalent method called “Zorn’s Lemma” or,
simply, “Zornification.” In order to be applied,
a basic axiom of mathematics itself (called the
“Axiom of Choice") must be assumed. This has
a number of formulations but the one of interest
here is the one that asserts that all sets possess a
well ordering. It can then be shown that every
partially ordered set has a maximal chain (sim-
ply ordered subset). As an example, the class
of proper ideals that contain a given ideal J of a
ring R is a partially ordered set under ordinary
set inclusion. By Zorn’s Lemma there is a max-
imal chain of these and the union of the member
of such a chain is a maximal and proper ideal (it
does not contain the identity element) of R.

The fact that this sort of argument is logically
equivalent to one using transfinite induction is
not particularly trivial to prove. Both types of
arguments circulated in mathematics for many
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years until it was realized just in this century that
they were equivalent.

inequality An expression that involves mem-
bers of some partially ordered set, commonly
taking the form a < b or a ≤ b. The so-called
triangle inequality involving real numbers is an
example and it asserts that |a + b| ≤ |a| + |b|,
for all real numbers a, b.

inequality relation Let ≤ denote a relation
on a set S (i.e., a ≤ b, whenever (a, b) belongs
to the relation). (See relation.) If it is true that
(i.) a ≤ a for all a ∈ S, (ii.) if a ≤ b and
b ≤ a then a = b, and (iii.) if a ≤ b and b ≤ c

then a ≤ c, then the relation is called a partial
ordering or inequality relation. Extensions of
this are the linear ordering, which is a partial
ordering satisfying property (iv.) for all a, b ∈
S, a ≤ b or b ≤ a, and the well ordering which
is a linear ordering in which every nonempty
subset of S has a smallest member.

inertia field A valuation ring R in a field K

has the property that it has exactly one maximal
ideal. (See valuation ring.) When this ideal is
principal, then every other nonzero ideal of R is
a power of this ideal. Thus, a discrete valuation
ring is a unique factorization domain in which
there is only one irreducible element. If L is
a finite extension field of K (usually assumed
to be separable), then the integral closure S of
the discrete valuation ring R in L has the prop-
erty that it is the intersection of a finite set of
discrete valuation rings of L and, equivalently,
is a unique factorization domain with only a fi-
nite number of irreducible elements. The orig-
inal maximal ideal of R, which is πR, has the
property that π can be factored in S in the form
π = u

∏r
j=1 π

e−j
j , whereu is a unit of S and the

elementsπj run over the finite set of distinct irre-
ducible elements ofS. LetSj denote the discrete
valuation ring that is associated with the element
πj . There are then three indices associated with
this construction. The number r , above, is the
decomposition index, the numbers e1, . . . , er
are the ramification numbers, and the numbers
fj = [Sj/πjSj : R/πR] are the residue class
degrees. When the field extensions that give
rise to the residue class degrees are not separa-
ble, then certain adjustments have to be made

in these definitions. If L is a Galois extension
of K with Galois group G, it can be shown that
e = e1 = · · · = er and f = f1 = · · · = fr ,
so, in this case, [L : K] = ef r . Now, for each
j , there is a subgroup Gj of G consisting of
those automorphisms σ of L over K that have
the property that (πjS)σ = πjS. It is easily
shown that the Gj form a complete conjugacy
class in G. These are called decomposition sub-
groups. LetZj denote the intermediate field that
is associated with Gj under the Galois corre-
spondence. The fields Zj form a complete class
of conjugate subfields. In the important case that
G is Abelian, all of the Zj coincide. The fields
Zj are called decomposition fields. Now, the
residue class fields Sj/πjSj = S/πjS are also
Galois over R/πR and there is a natural homo-
morphism of Gj onto the Galois group of this
extension. The kernel is a normal subgroup Hj

of index f in Gj . The subgroups Hj are called
inertial subgroups. The subfields Tj associated
with Hj are called inertial fields. The inertial
groups Hj are members of a complete conju-
gacy class as are the inertial fields Tj . Note that
we have a chain of fields K ⊆ Zj ⊆ Tj ⊆ L

with the relative degrees [L : Tj ] = e, [Tj :
Zj ] = f , and [Zj : K] = r . There is a further
refinement of the field extension Tj ⊆ L into a
chain of intermediate fields called ramification
fields and these are the fields that are associated
with subgroups of Gj that leave various powers
of πjS invariant.

inertia group (1) Let K/k be a finite Galois
extension of fields and let G be its Galois group.
If R is the ring of integers of K and P is a prime
ideal of R, then the inertia group of P over k
is {σ ∈ G : Pσ = P and aσ ≡ a(modP) for
all a ∈ R}. This group is a subgroup of the
decomposition group of P .

(2) Let k be a local field, K a normal exten-
sion of finite degree, and G be the Galois group
of K/k. Let P be the valuation ideal of K and
let p be a generator of P . The inertia group is
{σ ∈ G : pσ ≡ p(modP)}.

inertia of (Hermitian) matrix The ordered
triple

i(A) = (i+(A), i−(A), i0(A)) ,
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where i+(A), i−(A), i0(A) are, respectively, the
number of positive, negative, and zero eigenval-
ues (counting multiplicities), of a given Hermi-
tian matrix A.

Sylvester’s Law of Inertia states that two Her-
mitian matrices A and B satisfy i(A) = i(B) if
and only if there exists a nonsingular matrix C

such that A = CBC∗.
The notion of inertia can be extended to ar-

bitrary square matrices with complex entries,
where i+(A), i−(A), i0(A) are, respectively, the
numbers of eigenvalues with positive, negative,
and zero real part.

infimum The greatest lower bound or meet
of a set of elements of a lattice. The term is most
frequently used with regard to sets of real num-
bers. IfA is a set of real numbers, the infimum of
A is the unique real number b = inf A defined
by the following two conditions: (i.) x ≥ b for
all x ∈ A; (ii.) if x ≥ c for all x ∈ A, then b ≥ c.
The infimum of a set of real numbers A may not
exist, that is there may be no real number b sat-
isfying conditions (i.) and (ii.) above, but ifA is
bounded from below, the infimum of A is guar-
anteed to exist. This fact is one of the several
equivalent forms of the completeness property
of the set of real numbers. See meet. See also
supremum.

infinite continued fraction An expression
of the form

a0 + b1

a1 + b2

a2 + b3

a3 + · · ·

.

Infinite continued fractions may be used to ap-
proximate an irrational number.

infinite Galois extension Let K be a sub-
field of the field L and assume that L is an al-
gebraic extension of K . L is a Galois extension
if it is a normal, separable, algebraic extension
of K . (See normal extension, separable exten-
sion, algebraic extension.) L is said to be normal
over K if, whenever an irreducible polynomial
P(x) ∈ K[x] has a root in L, then P(x) splits
into linear factors in L[x]. Those of nonfinite
degree are infinite Galois extensions. Alterna-
tively, the Galois group of L over K has the

property that its fixed field is precisely K . (See
Galois group.) The fixed field is the subfield of
L that is left elementwise fixed by the Galois
group.

infinite height (1) An element a in an Abel-
ian p-group A is said to have infinite height if
the equation pky = a is solvable in A for every
nonnegative integer k.

(2) A prime ideal p is said to have infinite
height if there exist chains of prime ideals p0 <

p1 < p2 < · · · < ph−1 < p with arbitrarily
large h. If p is a prime ideal in a Noetherian
ringR, andp �= R, thenp does not have infinite
height.

infinite matrix A matrix with an infinite
number of rows and an infinite number of col-
umns. Such a matrix may be infinite in only two
directions, as (aij ), i, j = 0, 1, 2, . . . :




a00 a01 a02 . . .

a10 a11 a12 . . .

a20 a21 a22 . . .

· · ·


 ,

or it may be infinite in all directions, as (aij ), i,
j = 0,±1,±2, . . . :




. . . . . . . . .

· · · a−1−1 a−10 a−11 . . .

· · · a0−1 a00 a01 . . .

· · · a1−1 a10 a11 . . .

· · · · · · · · ·


 .

infinite prime divisor An equivalence class
of archimedean valuations on an algebraic num-
ber field.

infinitesimal automorphism A complete
holomorphic vector field on a manifold. On
a Lie group the definitions of infinitesimal au-
tomorphism and derivation coincide. See also
Killing form.

infinite solvable group A solvable group
which is not finite. There are also generaliza-
tions of the concept of solvability for infinite
groups. See solvable group. See also general-
ized solvable group.
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infinity (1) The symbol∞, used in the nota-
tion for the sum of an infinite series of numbers

∞∑
n=0

an ;

an infinite interval, such as

[a,∞) = {x : x ≥ a} ;
or a limit, as x tends to∞,

lim
x→∞ f (x) .

(2) The point at∞ as, for example, the north
pole of the Riemann sphere.

inflation A map of cohomology groups in-
duced by lifting the cocycles of a factor group
G/H to G. Let G be a group, M a G-module,
H a normal subgroup of G, MH = {m ∈ M :
hm = m, for all h ∈ H }, π the canonical epi-
morphism from G to G/H , and i : MH → M

the inclusion map. The inflation map is the map
of cohomology groups

inf =(π, i)∗ : Hn
(
G/H,MH

)
→ Hn(G,M) ,

(for n ≥ 1), which is achieved by lifting the
homomorphism of pairs (π, i) : (G/H,MH)→
(G,M).

inflection point A point on a plane curve at
which the curve switches from being concave to
convex, relative to a fixed line; a non-singular
point P on a plane curve C such that the tan-
gent line to C at P has intersection multiplicity
greater than or equal to 3. See also intersection
multiplicity.

inhomogeneous difference equation A lin-
ear difference equation of the form

a0yk+n + a1yk+n−1 + · · · + anyk = rk ,

where rk differs from 0 for some values of k. In
the opposite case where rk is identically equal
to 0, the linear difference equation is homoge-
neous. These notions are directly analogous
to the corresponding ones for linear differential
equations.

inhomogeneous polarization (1) The alge-
braic equivalence class of a nondegenerate divi-
sor on an Abelian variety.

(2) LetX be a proper scheme over an algebra-
ically closed field k and let Pic(X) be the Picard
group of X. Let Picτ (X) be the subgroup of
Pic(X) consisting of the set of all the invertible
sheaves F on X, for which there exists a non-
zero integer n, such thatFn represents a point of
the Picard scheme of X in the same component
as the identity. A coset of Picτ (X) in Pic(X)

consisting of ample invertible sheaves is called
an inhomogeneous polarization of X.

injection A function i : A → B such that
i(a1) �= i(a2) whenever a1 �= a2. Injections
are also called injective functions, injective map-
pings, one-to-one functions, and univalent func-
tions. The notion of an injection generalizes to
the notion of a monomorphism or monic mor-
phism in a category. See monomorphism. See
also epimorphism, surjection.

injective class A class of objects in a cate-
gory, each member of which is injective. The
word “class” is used here rather than “set” be-
cause we cannot talk about the set of all injec-
tive objects in most categories without running
into the sort of logical difficulties, for example
Russell’s paradox, connected with the “set of all
sets.”

injective dimension A left R module B,
where R is a ring with unit, has injective di-
mension n if there is an injective resolution

0 −→ B −→ E0 −→ · · · −→ En −→ 0 ,

but no shorter injective resolution of B. The
definition of the injective dimension of a right
R module is entirely similar. See injective res-
olution. See also flat dimension, projective di-
mension.

Injective dimensions have little to do with
more elementary notions of dimension, such as
the dimension of a vector space, but they are
related to a famous theorem called “Hilbert’s
Theorem on Syzygies.” Suppose the ring R is
commutative. Define the global dimension of
R to be the largest injective dimension of any
R module, or ∞ if there is no largest dimen-
sion. Let D(R) denote the global dimension of
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R, and let R[x] be the ring of polynomials in x

with coefficients in R. Then in modern termi-
nology, Hilbert’s Theorem on Syzygies states
that D(R[x]) = D(R)+ 1. See also syzygy.

injective envelope An object E in a cate-
gory C is the injective envelope of an object A
if it has the following three properties: (i.) E

is an injective object, (ii.) there is a monomor-
phism i : A→ E, and (iii.) there is no injective
object properly between A and E. In a gen-
eral category, this means that if j : A → E′
and k : E′ → E are monomorphisms and E′
is injective, then k is actually an isomorphism.
See also injective object, monomorphism, pro-
jective cover.

In most familiar categories, objects are sets
with structure (for example, groups, topological
spaces, etc.), morphisms are particular kinds of
functions (for example, group homomorphisms,
continuous functions, etc.), and monomor-
phisms are one-to-one functions of a particu-
lar kind. In these categories, property (iii.) can
be phrased in terms of ordinary set containment.
For example, in the category of topological
spaces and continuous functions, property (iii.)
reduces to the assertion that there is no injective
topological space containing A as a topological
subspace, and contained in E as a topological
subspace, except for E itself.

injective mapping See injection.

injective module An injective object in the
category of left R modules and left R module
homomorphisms, where R is a ring with unit.
Symmetrically, an injective object in the cate-
gory of right R modules and right R module
homomorphisms. See injective object. See also
flat module, projective module, projective ob-
ject.

In the important case where the ring R is a
principal ideal domain, the injective R modules
are just the divisible ones. (An R module M is
divisible if for each element m ∈ M and each
r ∈ R, there exists mr ∈ R such that rmr = m.)
Thus, for example, the rational numbers, Q, are
an injective Z module, where Z is the ring of
integers. See also flat module, injective object,
projective module, projective object.

injective object An object I in a category C
satisfying the following mapping property: If i :
B → C is a monomorphism in the category, and
f : B → I is a morphism in the category, then
there exists a (usually not unique) morphism g :
C → I in the category such that g ◦ i = f .
This is summarized in the following “universal
mapping diagram”:

B
i−→ C

f ↘ ↙ ∃g
I

See also injective module, monomorphism, pro-
jective module, projective object.

In most familiar categories, objects are sets
with structure (for example, groups, Banach
spaces, etc.), and morphisms are particular
kinds of functions (for example group homo-
morphisms, bounded linear transformations of
norm ≤ 1, etc.), so monomorphisms are one-
to-one functions (injections) of particular kinds.
Here are two examples of injective objects in
specific categories: (1) In the category of Abel-
ian groups and group homomorphisms, the in-
jective objects are just those Abelian groups
which are divisible. (An Abelian group G is
divisible if for each g ∈ G and each integer
n, there exists a group element gn ∈ G such
that ngn = g.) Thus, for example, the rational
numbers Q are an injective object in this cat-
egory. (2) The Hahn-Banach Theorem asserts
that the field of complex numbers, thought of as
a one-dimensional complex Banach space, is an
injective object in the category of complex Ba-
nach spaces and bounded linear transformations
of norm ≤ 1.

injective resolution Let B be a left R mod-
ule, where R is a ring with unit. An injective
resolution of B is an exact sequence,

0 −→ B
φ0−→ E0

φ1−→ E1
φ2−→ · · · ,

where every Ei is an injective left R module.
There is a companion notion for right R mod-
ules. Injective resolutions are extremely impor-
tant in homological algebra and enter into the
dimension theory of rings and modules. See
also flat resolution, injective dimension, injec-
tive module, projective resolution.
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An exact sequence is a sequence of left R
modules, such as the one above, where every
φi is a left R module homomorphism (the φi are
called “connecting homomorphisms”), such that
Im(φi) = Ker(φi+1). Here Im(φi) is the image
of φi , and Ker(φi+1) is the kernel of φi+1. In
the particular case above, because the sequence
begins with 0, it is understood that the kernel
of φ0 is 0, that is φ0 is one-to-one. There is a
companion notion for right R modules.

inner automorphism A group automor-
phism of the form φa(g) = aga−1. In more
detail, an automorphism of a group G is a one-
to-one mapping ofG onto itself which preserves
the group operation, φ(g1g2) = φ(g1)φ(g2) for
all g1 and g2 in G. If a is a fixed element of G,
the mapping φa defined above is easily seen to
be an automorphism. Automorphisms of this
form are rather special and form a group under
composition called the group of inner automor-
phisms of G.

inner derivation A derivation of the form
Da(x) = xa − ax. In more detail, a deriva-
tion is a linear mapping D of a (possibly non-
associative) algebra A into itself, satisfying the
familiar product rule for derivatives, D(xy) =
D(x)y + xD(y). Thus, derivations are alge-
braic generalizations of the derivatives of calcu-
lus. Now let A be associative. If a is a fixed
element of A, the mapping Da defined above is
easily seen to be a derivation. Derivations of
this form are rather special, and are called inner
derivations.

The concept extends to Lie algebras, but in
this case inner derivations are derivations of the
formDa(x) = [x a], where [x a] is the Lie prod-
uct.

inner topology The topology of a Lie sub-
group H , as a submanifold of a Lie group G.
This topology need not be the relative topol-
ogy of H , viewed as a subspace of a topological
space G.

inseparable element An element of an ex-
tension field with an inseparable minimal poly-
nomial. In more detail, let G be an extension
of a field F . (This means that G is a field and
G ⊇ F .) Let α be an algebraic element of G

over F . (This means that α satisfies a polyno-
mial equation P(α) = 0 with coefficients in F .)
Among all polynomials P with coefficients in
F such that P(α) = 0, there is one of smallest
positive degree, called the minimal polynomial
of α. The algebraic element α is inseparable if
its minimal polynomial is inseparable. See also
inseparable polynomial. Antonym: separable
element.

Inseparable elements can only occur if the
field F has characteristic n �= 0. In particular,
inseparable elements can never occur if F is the
field of rational numbers, or an extension of the
rationals. See also inseparable extension.

inseparable extension An algebraic exten-
sion field containing an inseparable element.
See inseparable element. Antonym: separable
extension.

inseparable polynomial An irreducible poly-
nomial with coefficients in a field which factors
over its splitting field with repeated factors or,
more generally, a polynomial which has an in-
separable polynomial among its irreducible fac-
tors.

In more detail, let F be a field and let P be a
polynomial of positive degree with coefficients
inF . P may or may not factor into linear factors
over F (for example, x2−2 does not factor over
the rationals), but there always exists a smallest
extension field of F over which P does factor
(for example, x2−2 factors as (x−√2)(x+√2)
over the field G formed by adjoining

√
2 to the

rationals). This smallest extension field is called
the splitting field for P .

Let F [x] denote the ring of polynomials with
coefficients in F . Suppose first that P is irre-
ducible in F [x], that is P does not factor into
two or more polynomials in F [x] of positive de-
gree. P is called separable if its factorization
over its splitting field has no repeated factors. In
the general case where P is not irreducible, P
is called separable if each irreducible factor is
separable. Finally, P is called inseparable if it
is not separable. Antonym: separable polyno-
mial.

integer (1) Intuitively, an integer is one of the
signed whole numbers 0,±1,±2,±3, . . . , and
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a natural number is one of the counting num-
bers, 1, 2, 3, . . . .

(2) Semi-formally, the ring of integers is the
set Z consisting of the signed whole numbers,
together with the ordinary operations of addi-
tion, +, and multiplication, ·. The ring of in-
tegers forms the motivating example for many
of the concepts of mathematics. For example,
the ring of integers, (Z,+, ·), satisfies the fol-
lowing properties for all x, y, and z ∈ Z: (1)
x + y ∈ Z. (2) x + (y + z) = (x + y) + z.
(3) x + 0 = 0 + x, (4) given x, there exists an
element −x such that x + −x = −x + x = 0.
These are precisely the axioms for a group, so
the integers under addition, (Z,+), form the first
example of a group. Furthermore, addition is
commutative, (5) x + y = y + x. Properties
(1) through (5) are precisely the axioms for an
Abelian group, so the integers under addition
form the first example of an Abelian group. In
addition, the integers satisfy the following ad-
ditional properties for all x, y, and z ∈ Z: (6)
x · y ∈ Z. (7) x · (y + z) = x · y + x · z,
and (y + z) · x = y · x + z · z. Properties (1)
through (7) are precisely the axioms for a ring,
so the ring of integers, (Z,+, ·), form the first,
and one of the best, examples of a ring. Further-
more, the integers satisfy (8) 1 · x = x · 1 = x.
The number 1 is called a unit element because
it satisfies this identity, so the ring of integers
forms one of the best examples of a ring with
unit element, or ring with unit for short. In ad-
dition, the ring of integers satisfies the commu-
tative law, (9) x · y = y · x, so it forms one of
the best examples of a commutative ring.

The ring of integers has a far richer structure
than described above. For example, the ring of
integers is an integral domain, or domain for
short, because it satisfies property (10) x ·y = 0
implies x = 0 or y = 0 (or both). Thus, the
ring of integers satisfies the familiar cancella-
tion law: If we know x · y = x · z for x �= 0,
then we know y = z. Finally, the integers form
one of the best examples of a Euclidean domain,
and of a principal ideal domain. See also Abel-
ian group, commutative ring, Euclidean domain,
principal ideal domain, ring, unit element.

Many of the most profound open (unsolved)
questions in mathematics revolve around the in-
tegers. For example, a prime number is a (pos-
itive) integer divisible only by itself and 1. Eu-

clid proved centuries ago that there are infinitely
many prime numbers. But it is still unknown
whether there are infinitely many pairs of prime
numbers, pn and pn+1, which differ by 2, i.e.,
pn+1 − pn = 2. The conjecture that there are
infinitely many such pairs of primes is called
the twin prime conjecture. Perhaps the deepest
and most important unsolved question in math-
ematics is the Riemann hypothesis. Although
the Riemann hypothesis is stated in terms of the
behavior of a certain analytic function called the
Riemann zeta function, it too involves the prop-
erties of the integers at its heart. For example, if
the Riemann hypothesis were true, then the twin
prime conjecture (and most of the other great un-
solved conjectures of number theory) would be
true.

(3) Formally, an integer is an element of the
ring of integers. The ring of integers is the small-
est ring containing the semi-ring of natural num-
bers. The semi-ring of natural numbers is de-
fined in terms of the set of natural numbers. The
set of natural numbers is any set N, together with
a successor function S carrying N to N, satisfy-
ing the Peano postulates:

(1) There is an element 1 ∈ N.
(2) S : N → N is a function, that is the

following two properties hold: (a) given n ∈ N,
there is only one element S(n), and (b) for each
n ∈ N, S(n) ∈ N.

(3) For each n ∈ N, S(n) �= 1.
(4) S is a one-to-one function, that is if S(m)

= S(n) then m = n.
(5) (The axiom of induction) Suppose I is a

subset of N satisfying the following two prop-
erties: (a) 1 ∈ I , and (b) if i ∈ I then S(i) ∈ I .
Then I = N.

Addition and multiplication,+ and ·, are de-
fined inductively in terms of the successor func-
tion S, so that S(n) = n+ 1, and the semi-ring
of natural numbers is defined to be the set of
natural numbers N, together with the operations
of + and ·.

Mathematical logic shows us that there are
fundamentally different models of the natural
numbers, and thus of the ring of integers. (A
model of the natural numbers is simply a par-
ticular set N and successor function S satisfying
the Peano postulates.) For example, if we begin
by believing we understand a particular model of
the natural numbers, and call this object (N, S),
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then it is possible to construct out of our pre-
existing (N, S) a new object (N∗, S∗) with the
following remarkable properties:

(1) (N∗, S∗) also satisfies the Peano postu-
lates, and thus equally deserves to be called “the
natural numbers.”

(2) Every n ∈ N also belongs to N∗.
(3) If n ∈ N, then S∗(n) = S(n).
(4) There exist elements of N∗ larger than any

element of N. (These elements of N∗ are called
“infinite elements” of N∗.)

Warning to the reader: One also has to rede-
fine what one means by set and subset for this
to work. Otherwise, (4) could not be true and
(N∗, S∗) would simply equal (N, S).

This construction forms the basis of Abra-
ham Robinson’s non-standard analysis, and re-
lated constructions lie at the heart of the Gödel
undecideability theorem.

(4) Other usage: In algebraic number theory,
algebraic integers are frequently called integers,
and then ordinary integers are called rational
integers. An algebraic integer is an element α
of an extension field of the rationals which is
integral over the rational integers. See integral
element.

integer programming The general linear
programming problem asks for the maximum
value of a linear function L of n variables, sub-
ject to linear constraints. In other words, the
problem is to maximize L(x1, x2, . . . , xn) sub-
ject to the conditions AX ≤ B, where X is the
column vector formed from x1, . . . , xn, B is a
column vector, and A is a matrix. The general
integer programming problem is the same, ex-
cept the solution (x1, . . . , xn) is to consist of
integers.

Integer programming problems frequently
arise in applications, and many important com-
binatorial problems, such as the travelling sales-
man problem, are equivalent to integer pro-
gramming problems. The formal statement of
this equivalence is that integer programming
is one of a class of hardest possible problems
solvable quickly by inspired guessing; in other
words, integer programming is NP complete.
(Technically, the NP complete problem is the
one of determining whether an integer vector
(x1, . . . , xn) exists, subject to the constraints
and making L(x1, . . . , xn) > a predetermined

constant K .) There are several efficient solu-
tion methods for particular classes of integer
programming problems, but it is unlikely that
there is an efficient solution method for all in-
teger programming problems, since this would
imply NP = P , a conjecture widely believed
to be false.

integrable family of unitary representations
Let G be a topological group. A unitary rep-
resentation of G is a group homomorphism L

from G into the group of unitary operators on
a Hilbert space H , which is continuous in the
following sense: For each fixed h1 and h2 in H ,
the function g )→ (L(g)h1, h2) is continuous.
Here, (L(g)h1, h2) denotes the inner product of
L(g)h1 and h2 in the Hilbert space H . (In other
words, L is a continuous map from G into the
set of unitary operators endowed with the weak
operator topology.) See unitary representation.

In the theory of unitary representations, it is
frequently desirable to express a given unitary
representation L as a direct integral or integral
direct sum of simpler unitary representations,

L =
∫
X

l(x) dµ(x)

where X is a set and µ is a measure on X, or,
more precisely, where X is a set, B is a σ -field
of subsets of X, and µ is a measure on B. See
integral direct sum. Here, l(x) is a unitary rep-
resentation ofG for each x ∈ X. IfL′ is another
unitary representation of G, and if L′ can also
be represented as a direct integral,

L′ =
∫
X

l′(x) dµ(x) ,

and if l′(x) is unitarily equivalent to l(x) except
possibly on a set of µ measure 0, then L′ is uni-
tarily equivalent to L. In other words, direct
integrals preserve the relation of unitary equiv-
alence. See unitary equivalence.

This leads to the consideration of functions
from X into the set E of unitary equivalence
classes of unitary representations of G. (Here,
two representations are equivalent if they are
unitarily equivalent.) Such a function L is said
to be an integrable family of unitary represen-
tations, or an integrable unitary representation
for short, if the following holds: There is a func-
tion l defined on X such that (1) l(x) is a unitary

c© 2001 by CRC Press LLC



representation in the equivalence class L(x) for
each x ∈ X, and (2) for each pair of elements
h1 and h2 in the Hilbert space H , and group ele-
ment g ∈ G, the function x )→ 〈l(x)(g)h1, h2〉
is µ measurable.

An integrable family of unitary representa-
tions, L, and any of its associated functions, l,
are exactly what is needed to form a new unitary
representation via the direct integral,

L =
∫
X

l(x) dµ(x) .

Because of the aforementioned preservation of
unitary equivalence, one may write

L =
∫
X

L dµ(x)

instead.

integrable unitary representation See inte-
grable family of unitary representations.

integral (1) Of or pertaining to the integers,
as in such phrases as “integral exponent,” i.e.,
an exponent which is an integer.

(2) In calculus, the anti-derivative of a con-
tinuous, real-valued function. In more detail, let
f be a continuous real-valued function defined
on the closed interval [a, b]. Let F be a func-
tion defined on [a, b] such that F ′(x) = f (x)

for all x in the interval [a, b]. F is called an
anti-derivative of f , or an indefinite integral of
f , and is denoted by

∫
f (x) dx. The number

F(b)− F(a) is called the definite integral of f
over the interval [a, b], or the definite integral
of f from a to b, and is denoted by

∫ b

a
f (x) dx.

By the Fundamental Theorem of Calculus, if
f (x) ≥ 0 for all x in [a, b], the definite integral
of f over the interval [a, b] is equal to the area
under the curve y = f (x), a ≤ x ≤ b.

There is a sequence of rigorous and increas-
ingly general definitions of the integral. In order
of increasing generality, they are

(i.) The Riemann integral. Let a = x0 ≤
x1 ≤ · · · ≤ xn = b be a partition of [a, b].
Choose intermediate points t1, t2, . . . , tn so that
x0 ≤ t1 ≤ x1, x1 ≤ t2 ≤ x2, . . . , xn−1 ≤ tn ≤
xn. The sum,

∑n
1 f (ti)(xi − xi−1) is called a

Riemann sum. The Riemann integral of f over

the interval [a, b] is defined to be

∫ b

a

f (x) dx = lim|xi−xi−1|→0

n∑
i=1

f (ti)

(xi − xi−1) ;
in other words, the Riemann integral is defined
as the limit of Riemann sums. It is non-trivial to
prove that the limit exists and is independent of
the particular choice of intermediate points ti .

(ii.) There are several variants of this defini-
tion. In the most common one, f (ti) is replaced
by the supremum (least upper bound) of f on
the interval [xi−1, xi] to obtain the upper sum
U(f,P), and by the infimum (greatest lower
bound) of f on [xi−1, xi] to obtain the lower
sum L(f,P). (Here, P refers to the partition
a = x0 ≤ x1 ≤ . . . ≤ xn = b.) The upper and
lower integrals of f are

∫ b

a

f (x) dx = inf
P

U(f,P)

and ∫ b

a

f (x) dx = sup
P

L(f,P) .

(Here, inf stands for infimum and sup for supre-
mum. See infimum, supremum.) The function
f is defined to be Riemann integrable if the up-
per and lower integrals of f are equal, and their
common value is called the Riemann integral
of f over the interval [a, b]. It is a theorem
that all continuous functions are Riemann inte-
grable. This definition has the advantage that
it extends the class of integrable functions be-
yond the continuous ones. It is a theorem that
a bounded function f is Riemann integrable if
and only if it is continuous almost everywhere.

(iii.) Definitions (i.) and (ii.) generalize
from intervals [a, b] to suitable regions in higher
dimensions.

(iv.) The Stieltjes integral. Everything is as in
(ii.), except that xi−xi−1 is replaced by α(xi)−
α(xi−1) in the definition of upper and lower
sums, where α is a monotone increasing (and
possible discontinuous) function. The Stieltjes
integral of f is denoted by

∫ b

a
f (x) dα(x). The

Stieltjes integral is more general than the Rie-
mann integral, not in that the class of integrable
functions is enlarged, but rather in that the class
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of things we can integrate against (the functions
α) is enlarged.

(v.) The Lebesgue integral. Letµ be a count-
ably additive set function on a σ -field of sets.
The set function µ is called a measure. See
sigma field, measure. Examples are:

(a) X is a finite set, and if A is a subset of X,
then µ(A) = the number of elements in A. µ is
called counting measure on X.

(b) X is any set, finite or infinite. The σ -field
of sets is the set of all subsets of X. Let a be
a fixed point of X. If A is a subset of X, then
µ(A) = 1 if a ∈ A, and µ(A) = 0 otherwise.
µ is called a point mass at a, or the Dirac delta
measure at a.

(c)X is the interval [a, b]. The σ -field of sets
is the set of Borel subsets of X. (The Borel sets
include all subintervals, whether open or closed,
of [a, b], and many other sets besides.) If I is
an interval, then µ(I) is the length of I . µ is
called Lebesgue measure on [a, b].

(d) X and the σ -field are as in (c). Let α be
a monotone increasing function on [a, b], and
for convenience suppose it is continuous from
the right. If I = (x1, x2] is a right half closed
subinterval ofX, thenµ(I) = α(x2)−α(x1). µ
is called a Lebesgue-Stieltjes measure on [a, b].

(e) X is an open subset of n-dimensional Eu-
clidean space, Rn. The σ -field is the σ -field of
Borel subsets of X. If C is a small n-dimen-
sional cube contained in X, then µ(C) is the
n-dimensional volume of C. (In the familiar
case n = 2, an n-dimensional cube is simply a
square, and the n-dimensional volume is simply
the area of the square. In the equally familiar
case n = 3, an n-dimensional cube is an ordi-
nary 3-dimensional cube, and then-dimensional
volume is the ordinary 3-dimensional volume of
the cube.)

A simple function on X is a function which
takes only finitely many values. If g is a sim-
ple function taking values c1, . . . , cn on the sets
A1, . . . , An (so c1, . . . , cn exhaust the finite
set of values of taken by g) and Ai = {x ∈
X, g(x) = ci}, then

∫
X

g(x) dµ(x) =
n∑

i=1

ciµ (Ai) .

(This assumes, of course, that the Ai belong to
the σ -field, i.e., that theµ(Ai) are defined. Such

a simple function is called measurable.) Now
suppose f is a bounded function on X. Define
the upper integral of f on X as

∫
X

f (x) dµ(x) = inf
g∈G

∫
X

g(x) dµ(x) ,

where G equals the set of measurable simple
functions g such that g ≥ f . Define the lower
integral of f on X similarly,∫

X

f (x) dµ(x) = sup
h∈H

∫
X

h(x) dx ,

where H equals the set of measurable simple
functions h such that h ≤ f . The bounded
function f is Lebesgue integrable, or simply in-
tegrable, if the upper and lower integrals agree,
and then their common value is called the
Lebesgue integral of f with respect to the mea-
sure µ, or simply the integral of f with respect
to the measure µ, and is denoted by

∫
X
f (x) dx.

The Lebesgue integral extends both the class
of integrable functions (all the way to bounded
measurable functions), and the class of things
we can integrate against (arbitrary measures).
The theory extends to unbounded functions as
well.

(vi.) The Denjoy integral. Similar to the
Lebesgue integral, except that the upper inte-
gral is defined as the infimum of the integrals of
an appropriate family of lower semi-continuous
functions, and the lower integral is defined as the
supremum of a family of upper semi-continuous
functions. See also lower semi-continuous func-
tion, upper semi-continuous function.

The Denjoy integral requires extra structure
on X, X must be a topological space, and the
measure µ must be a Radon measure. However,
the Denjoy integral is particularly well suited for
dealing with certain technical difficulties con-
nected with the integration of functions taking
values in a non-separable topological vector
space.

(vii.) Definition (i.) of the Riemann integral
easily extends to continuous vector valued func-
tions f taking values in a complete topological
vector space. The analogous definition for the
Stieltjes integral also extends to this setting. See
also topological vector space.

(viii.) The Pettis integral, also called the
Dunford Pettis integral. Letf be a vector valued
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function, and let µ be a measure on a space X,
as in (v.) or (vi.). Suppose f takes values in a
locally convex topological vector space V . The
Pettis integral of f is defined by the conditions,

(∫
X

f (x) dµ(x), λ

)
=

∫
X

(f (x), λ) dµ(x) ,

for all λ ∈ V ∗. Here, V ∗ is the dual of V ,
consisting of all continuous linear functionals on
V . Of course, this presupposes that the scalar
valued functions (f (x), λ) are integrable, and
that the infinite system of equations,

(e, λ) =
∫
X

(f (x), λ) dµ(x), λ ∈ E∗ ,

has a solution e ∈ V . See also locally convex
topological space.

(ix.) The definition of the Stieltjes integral
extends to vector valued measures and scalar
valued functions, and even to operator valued
measures and vector valued functions. The Spec-
tral Theorem is phrased in terms of such an in-
tegral. See also Spectral Theorem.

(x.) Recently, a seemingly minor variant of
the classical Riemann integral has been discov-
ered which has all the power of the Lebesgue
integral and more. This new integral is variously
named the Henstock integral, the Kurzweil-
Henstock integral, or the generalized Riemann
integral. The Henstock integral is defined in
terms of gauges. Define a gauge to be a func-
tion γ which assigns to each point x of the in-
terval [a, b] a neighborhood of x. (The neigh-
borhood may be an open interval containing x,
half open if x is one of the endpoints a or b.)
Let a = x0 < x1 < · · · < xn = b be a partition
of [a, b] with intermediate points t1, t2, . . . , tn,
as in the definition of the classical Riemann in-
tegral. Refer to such a partition as a tagged
partition, with the intermediate points ti as the
tags. Define a tagged partition to be γ fine if
[xi−1, xi] ⊆ γ (ti) for each i. If f is a real
valued function on [a, b], define the Henstock
integral of f to be the (necessarily unique) real
number L such that for each ε > 0, there is a
gauge γ such that

∣∣∣L−∑
f (ti) (xi − xi−1)

∣∣∣ < ε ,

for eachgamma fine tagged partition. Of course,
the Henstock integral of f is still denoted by

∫ b

a

f (x) dx .

If f is positive, then Henstock integrabil-
ity and Lebesgue integrability coincide, and the
Henstock integral of f equals the Lebesgue in-
tegral of f . But if f varies in sign, and |f |
is not Henstock (and thus not Lebesgue) inte-
grable, then the Henstock integral of f may still
exist, even though the Lebesgue integral of f

cannot exist under these circumstances. Thus,
the Henstock integral is more general than the
Lebesgue integral. The Henstock integral ob-
tains its added power because it captures cancel-
lation phenomena related to improper integrals
that the Lebesgue integral cannot.

The Henstock integral extends to a Henstock-
Stieltjes integral in a rather simple way. Hen-
stock integration also extends to functions of
several variables. However, Henstock integra-
tion on subsets of n-dimensional space, Rn, is
still an open area of investigation, as is the exten-
sion of the Henstock integral to abstract settings
similar to measure spaces.

integral character In number theory, a char-
acter which takes on only integral values.

integral closure Let S be a commutative ring
with unit, and let R be a subring of S. The
integral closure ofR inS is the set of all elements
of S which are integral over R. See integral
element. R is integrally closed in S if R equals
its integral closure in S.

integral dependence LetS be a commutative
ring with unit, and let R be a subring of S. An
element α ∈ S is integrally dependent over R if
α is integral over R. See also integral element.

integral direct sum (1) A representation of
a Hilbert space as an L2 space of vector val-
ued functions. In more detail, let (X,F, µ)

be a measure space. Here, X is a set, F is
a σ -field of subsets of X, and µ is a measure
on F . (See Hilbert space, integral, measure,
sigma field.) Let H(x), x ∈ X, be a fam-
ily of Hilbert spaces indexed by X, and let H
be the union of the sets H(x), x ∈ X. Let L
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be a set of functions f defined on X such that
(a) f (x) ∈ H(x) for all x ∈ X; (b) the func-
tion x )→ ‖f (x)‖ is measurable; (c) there ex-
ists a countable family f1, f2, f3, . . . ∈ L such
that the set {f1(x), f2(x), f3(x), . . . } is dense
in H(x) for each x ∈ X. Assume also the fol-
lowing closure property for L, (d) if g satisfies
property (a) and the function x )→ (f (x), g(x))

is measurable for each f ∈ L, then g ∈ L.
Here, ‖f (x)‖ denotes the Hilbert space norm of
f (x) and (f (x), g(x)) the Hilbert space inner
product in the Hilbert space H(x).

Let

L2(L, dµ)

=
{
f ∈ L :

∫
X

‖f (x)‖2 dµ(x) <∞
}

.

The Hilbert space L2(L, dµ) is called an inte-
gral direct sum, or a direct integral, and is fre-
quently denoted by∫

X

H(x) dµ(x) .

(2) The corresponding representation of a lin-
ear transformationT between two integral direct
sums,∫

X

H1(x) dµ(x) and
∫
X

H2(x) dµ(x) ,

as an integral of bounded linear transformations
t (x). In more detail, let H1(x) and H2(x), x ∈
X, be two families of Hilbert spaces indexed by
X as in (1) above, and let t (x), x ∈ X be a family
of linear transformations from H1(x) to H2(x)

indexed by X. If f lies in
∫
X
H1(x) dµ(x), de-

fine T (f ) by T (f )(x) = t (x)(f (x)), except
possibly on a set ofµmeasure 0. (Of course, the
domain of T will be all of

∫
X
H1(x) dµ(x), that

is, T (f ) will lie in
∫
X
H2(x) dµ(x), only when

the family t (x), x ∈ X is uniformly bounded,
except possibly on a set of µ measure 0, that is
only when there is a constantK independent of x
such that the norm ‖t (x)‖ ≤ K , except possibly
on a set of µ measure 0. In this case, the oper-
ator T will be bounded, with norm ≤ K .) The
linear transformation T is called the integral di-
rect sum, or a direct integral of the family t (x),
x ∈ X, and is frequently denoted by∫

X

t(x) dµ(x) .

integral divisor (1) In elementary algebra
and arithmetic, a factor or divisor which is an
integer, as in, for example, 3 is an integral divisor
of 12.

(2) In algebraic geometry, a divisor with pos-
itive coefficients. In more detail, let X be an
algebraic variety. (This simply means that X is
the solution set to a system of polynomial equa-
tions. See algebraic variety.) A divisor onX is a
formal sum D = a1C1+ · · · + akCk , where the
ai are integers and the Ci are distinct irreducible
subvarieties of X of codimension 1. (Codimen-
sion 1 means the dimension ofCi is one less than
the dimension of X. Irreducible means Ci is not
the union of two proper [i.e., strictly smaller]
subvarieties. In the simplest case where X is
an algebraic curve, the Ci are just points of X.)
The divisor D is integral if all the coefficients
ai are positive. Integral divisors are also called
positive divisors or effective divisors.

The notions of divisor and integral divisor
extend to various related and/or more general
contexts, for example to the situation where X

is an analytic variety. See analytic variety.
Perhaps the clearest examples of integral di-

visors occur in elementary algebra and elemen-
tary complex analysis. Consider a polynomial
or analytic function f defined in the complex
plane. Let C1, C2, C3, . . . be a listing of the
zeros of f . The corresponding integral divisor
D = a1C1 + a2C2 + a3C3 + · · · describes the
zeros of f , counting multiplicity, and one con-
siders such divisors repeatedly in these subjects,
for example in the statement that a polynomial
of degree n has exactly n zeroes counting multi-
plicity. In elementary algebra and complex anal-
ysis, integral divisors are often called “sets with
multiplicity,” and one thinks of the coefficient
ak as meaning that the point Ck is to be counted
as belonging to the set ak times.

integral domain A commutative ringR with
the property that ab = 0 implies a = 0 or b = 0.
Here, a and b are elements of R. For example,
the ring of integers is an integral domain.

integral element Let S be a commutative
ring with unit, and let R be a subring of S. An
element α ∈ S is integral over R if α is the
solution to a polynomial equation P(α) = 0,
where the polynomial P has coefficients in R
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and leading coefficient 1. (Such a polynomial is
called a monic polynomial. For example, x2+5
is monic, but 2x2 + 5 is not monic.)

The most important application of the con-
cept of an integral element lies in algebraic num-
ber theory, where an element of an extension
field of the rational numbers which is integral
over the ring of integers is called an algebraic
integer, or often just an integer. In this case,
ordinary integers are often called rational inte-
gers.

If bothR and S are fields, an integral element
is called an algebraic element.

integral equivalence (1) For modules, Z-
equivalence. Here Z is the ring of integers. See
R-equivalence, Z-equivalence.

(2) For matrices, two matrices M1 and M2
are integrally equivalent if there is an invertible
matrixP , such that bothP andP−1 have integer
entries andM2 = P tM1P . Here,P t denotes the
transpose of P .

(3) For quadratic forms, two quadratic forms
Q1(x) = xtM1x and Q2(x) = xtM2x are in-
tegrally equivalent if the matrices M1 and M2
are integrally equivalent. In other words, Q1
and Q2 are integrally equivalent if each can be
transformed to the other by a matrix with integer
entries.

integral extension A commutative ring S

with unit and containing a subring R is an in-
tegral extension of R if every element of S is
integral over R. See integral element.

In the important special case where R and
S are fields, an integral extension is called an
algebraic extension.

The classic example of an integral extension
is the ring S of algebraic integers in some al-
gebraic extension field of the rational numbers.
Here, the ring R is the ring of ordinary (i.e., ra-
tional) integers. See algebraic integer, integral
element.

If S is an integral domain, there is an im-
portant relationship between being an integral
extension and possessing certain finiteness con-
ditions. Specifically, an integral domain is an
integral extension of a subring R if and only if
S is module finite over R. Module finite sim-
ply means that S is finitely generated as an R

module. See also integral domain.

integral form (1) A form, usually a bilinear,
sesquilinear, or quadratic form, with integral co-
efficients. For example, the form 2x2−xy+3y2

is integral.
(2) A form, usually a bilinear, sesquilinear, or

quadratic form, expressed by means of integrals.
For example, the inner product on the Hilbert
space L2 of square integrable functions,

(f, g) =
∫
X

f (t)g(t) dµ(t) ,

is an integral (sesquilinear) form.

integral ideal A non-zero ideal of the ring R

of algebraic integers in an algebraic number field
F . See algebraic integer, algebraic extension,
ideal. See also integer, integral element, integral
extension. In the elementary case where F is
the field of rational numbers and R is the ring
of ordinary integers, an integral ideal is simply
a non-zero ideal of the ring of integers.

In algebraic number theory, a distinction is
drawn between fractional ideals and integral
ideals. An integral ideal is as defined above.
By contrast, a fractional ideal is an R module
lying in the algebraic number field F .

integrally closed Let A be a subring of a
ring C. Then the set of elements of C which are
integral over A is called the integral closure of
A in C. If A is equal to its integral closure, then
A is said to be integrally closed.

integral quotient In elementary arithmetic,
a quotient in which both the numerator and the
denominator are integers. For example, 3/4 is
an integral quotient, whereas 3.5/4.5 is not, even
though the latter represents (equals) the rational
number 7/9.

integral representation (1) A representation
of a group G is a homomorphism φ from G into
a group Mn of n× n matrices. The representa-
tion is integral if each matrix φ(g) has integer
entries.

(2) Any representation of a quantity by means
of integrals. See integral.

integral ringed space A ringed space is a
topological space X together with a sheaf of
rings OX on X. This means that to each open
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set U of X, there is associated a ring OX(U).
(The remaining properties of sheaves need not
concern us here.) The ringed space (X,OX)

is integral if each ring OX(U) is an integral do-
main. For example, ifX is an open subset of Cn,
complex n-space, or a complex analytic mani-
fold, and OX(U) is the ring of analytic functions
defined on U , then (X,OX) is an integral ringed
space. See integral domain.

integral scheme A scheme is a particular
sort of ringed space. See scheme. An integral
scheme is a scheme which is an integral ringed
space. See integral ringed space.

intermediate field LetF ,G, andH be fields,
with F ⊆ G ⊆ H . G is called an intermediate
field.

internal product Let G1 and G2 be Abel-
ian groups, and let R be a commutative ring. A
group homomorphism π : G1⊗G2 → (R,+),
where (R,+) is the underlying additive group
of R, is an internal product if it satisfies π(g1⊗
g2) = π(g1) · π(g2), where · is the multiplica-
tion in the ring R. Here, G1 ⊗G2 is the tensor
product of G1 and G2. The notion is most fre-
quently used in homological algebra, in which
caseπ becomes a homomorphism of chain com-
plexes of groups, and the relation π(g1⊗ g2) =
π(g1) ·π(g2) only has to hold for cycles (or co-
cycles). See also chain complex, cocycle, cycle,
tensor product.

internal symmetry A symmetry that is an
invertible mapping of a set onto itself. If the set
has additional structure, then the mapping and
its inverse must preserve that structure. For ex-
ample, if the set is in addition a differentiable
manifold, then the mapping (and automatically
its inverse) must be differentiable. If the set is
in addition a topological space, then the map-
ping and its inverse must both be continuous.
If the set is in addition a metric space, then the
mapping (and automatically its inverse) must be
an isometry. See also inverse function, inverse
mapping.

interpolating subset Let H be a set of func-
tions from a set X to a set Y . Let a1, a2, a3, . . .

be a finite or infinite sequence of elements of

X, and let y1, y2, y3, . . . be a finite or infi-
nite sequence of elements of Y . The set A =
{a1, a2, a3, . . . } is an H interpolating subset
for the sequence y1, y2, y3, . . . if there exists
a function h ∈ H such that h(a1) = y1 for
i = 1, 2, 3, . . . . In this case, the sequence
a1, a2, a3, . . . is called an H interpolating se-
quence for y1, y2, y3, . . . .

The classic examples of interpolating se-
quences occur in the case where X is the field
of complex numbers and H is the set of all
polynomials with complex coefficients. The La-
grange interpolation theorem asserts that any fi-
nite sequence of complex numbers, a1, . . . , an,
all terms of which are different, is an H inter-
polating sequence for any sequence y1, . . . , yn
of complex numbers with the same number of
terms.

Although the notion of an interpolating sub-
set is usually reserved for discrete sets A as
above, it makes sense in greater generality. Let
A be an arbitrary subset of X, and let f be a
function from A to Y . Then A is an H interpo-
lating subset for the function f if there exists a
function h ∈ H such that h(a) = f (a) for all
a ∈ A.

intersection multiplicity A variety V is the
set of common zeros of a set I of polynomials.
In other words, V = {(x1, . . . , xn) : P(x1, . . . ,

xn) = 0 for all P ∈ I }. Intuitively, the inter-
section multiplicity of varieties V1, . . . , Vn at a
point x = (x1, . . . , xn) where they intersect is
the degree of tangency (or order of contact) of
the intersection at x plus 1. For example, the
parabolas

x2 − x2
1 = 0 and x2 − x2

1 − x1 = 0

have intersection multiplicity 1 at (x1, x2) =
(0, 0) because they intersect transversally (are
not tangent to each other) there. However,

x2 − x2
1 = 0 and x2 − 5x2

1 = 0

have intersection multiplicity 2 at (x1, x2) =
(0, 0) because they intersect tangentially to first
order there. One must also include the possibil-
ity of x being a multiple point, in which case the
intersection multiplicity should be ≥ the order
of the multiple point.

Rigorously, if D1, . . . , Dn are effective divi-
sors on a smooth n-dimensional variety X and
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are in general position at a point x ∈ X, then the
intersection multiplicity of D1, . . . , Dn at x is

(D1, . . . , Dn)x = dim (Ox/ (f1, . . . , fn)) .

Here is what all this means: X is smooth if it has
no singular points. A divisor on X is a formal
sumD = a1C1+· · ·+akCk , where the ai are in-
tegers and the Ci are distinct irreducible subva-
rieties of X of codimension n− 1. (Irreducible
means Ci is not the union of two proper [i.e.,
strictly smaller] subvarieties. In the simplest
case where X is an algebraic curve, the Ci are
just points ofX.) The divisorD is effective (also
called integral or positive) if all the coefficients
ai are positive. Ox is the local ring of X at x.
The local ring of X at x consists of quotients of
polynomial functions, f/g, defined at and near x
(i.e., on an open subset ofX containing x) where
g(x) �= 0, and two such functions are identified
if they agree on an open subset containing x. (In
other words, Ox is the ring of terms of regular
functions at x.) Locally, each divisor Di is the
divisor of a function fi , and that is where the fi
come from. (f1, . . . , fn) is the ideal in Ox gen-
erated by f1, . . . , fn (by their terms actually).
The quotient ring Ox/(f1, . . . , fn) is not only a
ring but also a finite dimensional vector space.
The intersection multiplicity (D1, . . . , Dn) is
the dimension of this vector space. See general
position, term, integral divisor, quotient ring.

The intersection multiplicity of effective di-
visors not in general position at x is defined in
terms of the intersection multiplicity of equiva-
lent divisors which are in general position. The
intersection multiplicity of fewer than n effec-
tive divisors, say D1, . . . , Dk , is defined in
terms of module length rather than the less gen-
eral concept of vector space dimension. Let C
be one of the irreducible components of the va-
riety

⋂
Ci,j , where Di =∑

ai,jCi,j . Then the
intersection multiplicity of D1, . . . , Dk in the
component C is

(D1, . . . , Dk)C = G (OC/ (f1, . . . , fk))

where G(OC/(f1, . . . , fk)) is the module length
of the OC module OC/(f1, . . . , fk) and OC is
the local ring of the irreducible subvariety C.
See also local ring, module of finite length.

intersection number A varietyV is the set of
common zeros of a set I of polynomials. In other

words, V = {(x1, . . . , xn) : P(x1, . . . , xn) = 0
for all P ∈ I }. Intuitively, the intersection
number of varieties V1, . . . , Vn is the number
of points of intersection, counting multiplicity.
Rigorously, if D1, . . . , Dn are effective divisors
on a smooth n-dimensional variety X (see in-
tersection multiplicity for brief definitions of
these terms), then the intersection number of
D1, . . . , Dn is

(D1, . . . , Dn) =
∑
x∈S

(D1, . . . , Dn)x ,

in other words, it is the sum of the intersection
multiplicities over the finitely many points of
intersection of the divisors D1, . . . , Dn. Here,
S =⋂n

i=1 Si , Si =
⋃

j Ci,j , and Di =∑
j ai,j

Cj .
It is also possible to define intersection num-

bers for fewer than n divisors, say D1, . . . , Dk .
However, this definition is the culmination of an
entire theory.

intersection product (1) Let i(A,B;C) be
the intersection multiplicity of two irreducible
subvarieties A and B of an irreducible variety
V , along a proper component C of A ∩ B. The
intersection product of A and B is

A · B =
∑
n

i(A,B;Cn)Cn

where the sum is taken over all the proper com-
ponents Cn of A ∩ B. If X = ∑

α aαAα and
Y = ∑

β bβBβ are two cycles on V such that
each component Aα of X intersects properly
with each component Bβ of Y , then the inter-
section product is

X · Y =
∑
α

∑
β

aαbβ
(
Aα · Bβ

)
.

(2) If M is an oriented n-dimensional mani-
fold and a and b are members of the homology
groups Hp(M) and Hq(M), then the intersec-
tion product of Lefschetz is a · b = D−1a I

b = D(D−1a J D−1b) ∈ Hp+q−n where D is
the Poincaré-Lefschetz duality. See also inter-
section multiplicity, cup product, cap product,
Poincaré-Lefschetz duality.

intransitive permutation group A permu-
tation groupG is a group of one-to-one and onto
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functions from a set X to itself. The group oper-
ation is understood to be a composition of func-
tions, τσ (x) = τ ◦ σ(x) = τ(σ (x)). Usually,
but not always, the set X is finite. The permu-
tation group G is intransitive if for some (and
hence for all) x ∈ X, the set O(x) = {σ(x) :
σ ∈ G} is not equal to all of X. The set O(x) is
called the orbit of x, so we can say the permu-
tation group G is intransitive if the orbit of any
element x ∈ X fails to be all of X. Synonym:
intransitive transformation group. Antonyms:
transitive permutation group, transitive trans-
formation group.

invariance As in ordinary non-technical En-
glish, the property of being unchanged with re-
spect to some action or set of actions.

invariant (1) Let L be a set. Let G be an-
other set which acts on L. This means that there
is a binary operation · so that g · l is an element
of L for each g ∈ G and l ∈ L. Usually, but not
always, G is a group. An element l ∈ L is in-
variant under the action of G, or a G invariant,
if g · l = l for each g ∈ G.

Here are some examples:
Example (a): Let G be a group of functions

from a set X to itself. Each g ∈ G is assumed to
be one-to-one and onto, and the group operation
is a composition of functions, g1g2(x) = g1 ◦
g2(x) = g1(g2(x)). Let L be a set of functions
from X to some set Y . The action of G on L is
defined via a composition of functions: g · l =
l ◦ g, i.e. g · l(x) = l(g(x)).

Example (b): Let G equal the symmetric
group on n letters. In other words, G is the
permutation group of all permutations (one-to-
one and onto functions) of the set {1, . . . , n}.
The group operation is a composition of func-
tions. Let L be the ring of all polynomials in n

variables, x1, . . . , xn. If g ∈ G, and l is a mono-
mial xk1

1 · · · xknn , then g · l = x
k1
g(1) · · · xkng(n). In

other words, g · l is formed from l by rearrang-
ing the variables. If l is an arbitrary polynomial,
then l is a sum of monomials, l = ∑

aili . De-
fine g · l by linearity, g · l = ∑

aig · li . The
polynomials which are invariant under the ac-
tion of g are called symmetric functions. Thus,
the symmetric functions are those polynomials
which remain unchanged after rearranging their
variables. It is a theorem that each symmet-

ric function is a sum of elementary symmetric
functions, p1 = 1, p2 = the sum of all pairs of
variables, p2 = x2

1 + x1x2 + · · · + x1xn+ x2
2 +

x2x3 + . . .+ x2xn + · · · + x2
n , p3 = the sum of

all triples of variables, pn = x1x2 · · · xn.

Example (c): this is an important special case
of example (a). G is a group of conformal trans-
formations of the unit disk (in the complex plane)
into itself. (Thus, G is a group of linear frac-
tional transformations.) X is the unit disk, and
L is the set of analytic functions defined on the
unit disk. A function in L which is invariant
under the action of G is called an automorphic
function. See conformal transformation, linear
fractional transformation.

Example (d): LetG be an Abelian group. Let
K be a field and KG the group algebra over K .
Let L be a left KG module. Define the action
of G by module multiplication, g · l = gl. In
the theory of group representations, the set of all
l ∈ L which are invariant under the action of G
are called the G-invariants of L. The set of all
G-invariants ofL forms a leftKG submodule of
L which plays a key role in the theory of group
representations. See also group algebra.

(2) Let G and L be as in (1). A subset V of
L is invariant under the action of G if g ·v ∈ V

for all v ∈ V . Here is an important example:
Let T be a bounded linear operator on a Hilbert
space H . Let G = {T }, the set consisting of
T alone. Let L = H . Define the action of
G on L by operator application, T · l = T (l).
A subspace of L which is invariant under the
action of G is called an invariant subspace for
T . A famous unsolved problem is the invari-
ant subspace problem, often called the invariant
subspace conjecture: Does every bounded lin-
ear operator on an infinite dimensional complex
Hilbert space H have a proper (not {0}, not all
of H ) closed invariant subspace?

(3) A bilinear form f on a Lie algebra L is
called an invariant form if f ([a c], b) +
f (a, [b c]) = 0. Here, [a c] is the Lie algebra
product of a and c.

(4) A quantity which is left unchanged un-
der the action of a prescribed class of functions
between sets is also called an invariant. For ex-
ample, the Euler characteristic is a topological
invariant because it is preserved under topolog-
ical homeomorphisms. (A one-to-one and onto
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function from one topological space to another
is called a homeomorphism if both it and its in-
verse are continuous.)

(5) Let X be a set and let E be an equivalence
relation on the set X. Let f : X → Y be a
function from X to another set Y . If f (x1) =
f (x2) whenever (x1, x2) ∈ E, that is whenever
x1 is equivalent to x2 modulo the equivalence
relation E, then f is called an invariant of E.
The function f is called a complete invariant of
E if (x1, x2) ∈ E if and only if f (x1) = f (x2).
Finally, a finite or infinite set F of functions on
X is called a complete system of invariants for
E if (x1, x2) ∈ E if and only if f (x1) = f (x2)

for all functions f ∈ F .
Here is a well-known example: Let X be the

set of all m × n matrices with coefficients in a
field F . Define two such matrices M1 and M2
to be equivalent if there exist invertible square
matrices P and Q such that M1 = PM2Q, and
let E be the resulting equivalence relation. It
is a theorem of linear algebra that the rank of a
matrix M is a complete invariant for E, that is
m×n matrices M1 and M2 are equivalent under
the above definition if and only if they have the
same rank.

invariant derivation Let D be a derivation
on the function field K(A) of an Abelian variety
A, whereK is the universal domain ofA. Let Ta
be translation by an element a ∈ A. If (Df ) ◦
Ta = D(f ◦ Ta), for every f ∈ K(A), then D

is called an invariant derivation on A.

invariant element Let T : X → X be a
function or mapping. If x ∈ X has the property
that T (x) = x, then x is called an invariant
element of the operator T . This concept arises
in analysis, topology, algebra, and many other
branches of mathematics.

invariant element Let T : X → X be a
function or mapping. If x ∈ X has the property
that T (x) = x, then x is called an invariant
element of the operator T . This concept arises
in analysis, topology, algebra, and many other
branches of mathematics.

invariant factor Let A be an n × n matrix
with distinct eigenvalues λi, , i = 1, 2, . . . , k,
and Jordan normal form J . Consider the ma-

trix B1, obtained from J by taking the direct
sum of k Jordan blocks, one for each distinct
eigenvalue λi , having maximal order among all
Jordan blocks corresponding to λi . Next con-
sider B2, obtained similarly to B1, but from the
remaining Jordan blocks in J . Continue in this
manner until all Jordan blocks of J have been
used, thus obtaining a sequence B1, B2, . . . , Bs

of matrices whose sizes are non-increasing and
whose direct sum is by construction permuta-
tionally similar to J .

The characteristic polynomials of the matri-
ces Bj , j = 1, 2, . . . , s are known as the in-
variant factors of A. It is worth noting that for
each j = 1, 2, . . . , s, by construction, the char-
acteristic polynomial of Bj coincides with the
minimal polynomial of Bj . In particular, the
minimal polynomial of B1 is the minimal poly-
nomial of A. It follows that two matrices are
similar if and only if they have the same invari-
ant factors.

invariant field Let G be a group of field au-
tomorphisms of a field F . A subfield H of F
is invariant for G, or G-invariant, if g(h) = h

for all g ∈ G and h ∈ H ; in other words, the
subfieldH isG-invariant ifG fixes the elements
of H . Synonym: fixed field.

invariant form (1) A bilinear or quadratic
form which is invariant under the action of a set
of transformations. See invariant.

(2) A bilinear form f on a Lie algebraL such
that f ([a c], b) + f (a, [b c]) = 0. Here, [a c]
is the Lie algebra product of a and c.

invariant of group Let G be a finite Abelian
group. By the Fundamental Theorem of Abelian
Groups,

G = σ (m1)⊕ σ(m2)⊕ · · · ⊕ σ(ms) ,

where σ(mi) is a cyclic group of order mi and
mi dividesmi+1. The numbersm1,m2, . . . , ms

are uniquely determined by G, are invariant un-
der group isomorphism, and are called the in-
variants of the group G.

invariant of weight w Let R be a ring and let
L be a left R module. Let G be a set which acts
on L. This means there is a binary operation ·
so that g · l is an element of L for each g ∈ G
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and l ∈ L. Usually, G is a group. Let w be a
function from G to R. An element l ∈ L is an
invariant of weight w under the action of G, or
a G invariant of weight w, if g · l = w(g)l for
each g ∈ G.

Here is an example: Let L be the set of all
analytic functions in the upper half plane of the
complex plane. Let G be the modular group.
The modular group is the group of all linear
fractional transformations

g(z) = az+ b

cz+ d
,

where a, b, c, and d are integers and the determi-
nant ad − bc = 1. G acts on L by composition
of functions,

g · l(z) = l ◦ g(z) = l(g(z)) = l

(
az+ b

cz+ d

)
.

A modular form of weight k is a G invariant of
weight w, where w(g) = (cz + d)k . In other
words, l is a modular form of weight k if l ∈ L

and

l

(
az+ b

cz+ d

)
= (cz+ d)kl(z) ,

whenever a, b, c, and d are integers and ad −
bc = 1.

There is a companion notion of weight for
right R modules. Furthermore, the notion of a
G invariant of weight w extends to the situation
where R and L are simply sets, and R acts on
L.

inverse LetG be a set with a binary operation
· and an identity e. This means g1 · g2 ∈ G

whenever g1 and g2 belong to G, and g · e =
e · g = g for all g ∈ G. The element h ∈ G is
an inverse of g ∈ G if g · h = e and h · g = e.

Often g is an element of a group G. What is
very special about this case is that (a) either of
the conditions gh = e and hg = e implies the
other, and (b) the inverse of g always exists and
is uniquely determined by g. The inverse of g is
frequently denoted by g−1. See group. See also
inverse function, inverse morphism.

inverse element An element of a setGwhich
is the inverse of another element of G. See in-
verse.

inverse function Let f be a function from a
set X to a set Y . Diagrammatically, f : X →
Y . The inverse function to f , if it exists, is the
function g : Y → X such that f ◦ g = iY and
g ◦ f = iX. (Here, iX and iY are the identity
maps on X and Y , and ◦ denotes composition
of functions.) In other words, f (g(y)) = y

for all y ∈ Y , and g(f (x)) = x for all x ∈
X. The function f has an inverse if and only if
f is one-to-one and onto, and the inverse g is
defined by g(y) = the unique element x such
that f (x) = y. The inverse function to f is
frequently denoted by f−1. See also identity
map, inverse mapping, inverse morphism.

Example: Let f (x) = 10x , for x real. The
inverse function to f is g(x) = log10 x, for x >

0.

inverse limit Suppose {Gµ}µ∈I is an indexed
family of Abelian groups, where I is a pre-
ordered set. Suppose that there is also a family
of homomorphisms ϕµν : Gµ → Gν , defined
for all µ < ν, such that if µ < ν < κ , then
ϕνκ ◦ ϕµν = ϕµκ . Consider the direct product
of the groups Gµ and define πµ to be the pro-
jection onto the µth factor in this direct product.
Then the inverse limit is defined to be the sub-
group G∞ = {x : µ < ν implies πµ(x) =
ϕνµ ◦ πν(x)}. See also preordered set.

inverse mapping See inverse function.

inverse matrix The matrix B, if it exists,
such that AB = BA = I . In more detail, let A
be a square n× n matrix, and let I be the n× n

identity matrix, that is the n×n matrix with en-
try 1 in each diagonal position and 0 elsewhere.
An n×n matrix B is the inverse of A if AB = I

andBA = I . Either condition implies the other.
The inverse of A, if it exists, is uniquely deter-
mined by A and is denoted by A−1. It is a the-
orem of linear algebra that a matrix is invertible
(i.e., has an inverse) if and only if its determi-
nant is non-zero. There is a determinantal (in-
volving determinants) formula for the inverse of
A, A−1 = det(A)−1adj(A), where det(A) is the
determinant of A and adj(A) is the classical ad-
joint of A, that is the transpose of the matrix of
cofactors. See cofactor, determinant, transpose.
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inverse morphism Let C be a category, let A
and B be objects in C, and let f : A→ B be a
morphism in C. (A morphism is a generalization
of a function or mapping.) A morphism g :
B → A is the inverse morphism of f if f ◦ g
is the identity morphism on object B, and g ◦
f is the identity morphism on object A. The
inverse morphism of f , if it exists, is uniquely
determined by f .

There are also notions of left and right in-
verse morphisms. Morphism g is a left inverse
morphism of f if g ◦f is the identity morphism
on object A, and is a right inverse morphism of
f if f ◦ g is the identity morphism on B. See
also identity morphism, inverse function.

inverse operation See inverse function.

inverse proportion Quantity a is inversely
proportional to quantity b, or varies inversely
with quantity b, if there is a constant k different
from 0 such that a = k/b. For example, New-
ton’s law of universal gravitation, “The grav-
itational force between two masses is directly
proportional to the product of the masses and
inversely proportional to the square of the dis-
tance between them,” is given by the formula
F = GmM/r2, where G is a constant of nature
called the gravitational constant.

inverse ratio (1) The inverse ratio to a/b is
b/a.

(2) Inverse ratio also means inverse propor-
tion, as in “a varies in inverse ratio to b.” See
inverse proportion.

inverse relation The relation formed by re-
versing the ordered pairs in a given relation. In
more detail, a relation R is a subset of the Carte-
sian product X × Y , where X and Y are sets.
(The Cartesian product X × Y of X and Y is
simply the set of all ordered pairs (x, y), where
x ∈ X and y ∈ Y .) The inverse relation to R is
the relation {(y, x) : (x, y) ∈ R}. The inverse
relation to R is usually denoted by R−1. Note
that if the relation R is a subset of the Cartesian
productX×Y , then the inverse relationR−1 is a
subset of Y ×X. Example: An inverse function
is a special sort of inverse relation. See inverse
function.

inverse transformation See inverse func-
tion.

inverse trigonometric function The inverse
functions to the trigonometric functions sin, cos,
tan, cot, sec, and csc; that is, the arcsin, the arc-
cosine, the arctangent, the arccotangent, the arc-
secant, and the arccosecant, respectively. They
are denoted by arcsin, arccos, arctan, arccot,
arcsec, and arccsc, or by sin−1, cos−1, tan−1,
cot−1, sec−1, and csc−1. Note that, in formulas
involving trigonometric functions and inverse
trigonometric functions, sin−1(x) is not equal
to the number 1/ sin(x), but rather to the value
of the arcsin of x. Similar comments apply to
cos−1(x), etc.

Because the trigonometric functions sin, cos,
etc. are not one-to-one, the inverse trigonometric
functions are really inverse relations, although
they may be thought of as multiple valued func-
tions. Thus arcsin(x) is any angle y such that
sin(y) = x, and similarly with arccos
(x), etc. To make the inverse trigonometric
functions into single valued functions, one must
specify a branch or, equivalently, an interval in
which the trigonometric function is one-to-one.
For example, the principal branch of the arcsin
is the inverse of sin(x) restricted to the inter-
val −π

2 ≤ y ≤ π
2 ; it is denoted by Arcsin or

Sin−1, with a capital letter. Thus Arcsin(x) is
the unique angle y in the interval −π

2 ≤ y ≤ π
2

such that sin(y) = x. The principal branches
of the other inverse trigonometric functions are
also denoted by capital letters, Arccos = Cos−1,
Arctan = Tan−1, etc. The principal branch
of the arctan takes values in the same interval
as the principal branch of the arcsin, namely
−π

2 ≤ y ≤ π
2 , but the principal branch of the

arccos takes values in the interval 0 ≤ y ≤ π .

inverse variation See inverse proportion.

inversion The act of computing the inverse.
See inverse.

inversion formula Any of a number of for-
mulas for computing the inverse of a quantity.
The two most celebrated probably are:
(i.) the inversion formula for computing the in-
verse of a matrix, A−1 = det(A)−1adj(A),
where det(A) is the determinant ofA and adj(A)
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is the classical adjoint of A, that is the transpose
of the matrix of cofactors. See inverse matrix.
(ii.) The Fourier inversion formula,

f (x) =
1

2π

∫ +∞
−∞

[∫ +∞
−∞ f (λ)ei(x−λ)µ dλ

]
dµ .

The Fourier inversion formula is really a state-
ment that if f has Fourier transform,

F(µ) = 1√
2π

∫ +∞

−∞
f (λ)e−iλµ dλ ,

then the inverse Fourier transform is given by
the inversion formula,

f (x) = 1√
2π

∫ +∞

−∞
F(µ)eiµx dµ .

(There have to be hypotheses on f , say f ∈
L1 ∩ L2, for this to work.)

invertible element (1) An element with an
inverse element. See inverse, inverse element.

(2) Let R be a ring with unit e. An element
r of R, for which there exists another element
a in R such that ar = e and ra = e, is called
an invertible element of R. This is, of course,
a special case of (1) above. The element a, if
it exists, is uniquely determined by r , and is
denoted by r−1. See unit.

If only the condition ar = e holds, then r is
said to be left invertible. Similarly, if only the
condition ra = e holds, then r is said to be right
invertible.

invertible function A function f : S → T

such that there is a function g : T → S with
f ◦ g = idT and g ◦ f = idS . Often the word
“function” is used to specify that T is a field.

invertible map A function f : S → T such
that there is a function g : T → S with f ◦ g =
idT and g ◦ f = idS . Often the word “map” is
used to specify that T is not a field of scalars.

invertible sheaf A locally free sheaf of rank
1. In more detail, a ringed space is a topological
space X together with a sheaf of rings OX on X.
This means that to each open setU ofX, there is
associated a ring OX(U). (The remaining prop-
erties of sheaves need not concern us here.) A

sheaf of OX modules is defined similarly, except
that to each open subset U of X, there is asso-
ciated an OX module F(U). A sheaf F of OX

modules is locally free of rank 1, or invertible,
if X can be covered by open sets Uα , α ∈ A,
such that F(Uα) is isomorphic to OX(Uα). See
also ringed space, sheaf.

involution (1) A function φ from a set X
to itself, such that φ2 = φ. Here, φ2(x) =
φ ◦ φ(x) = φ(φ(x)).

(2) Let A be an algebra over the complex
numbers. A function φ from A to itself is an
involution if it satisfies the following four prop-
erties for all x and y in A and all complex num-
bers λ: (i.) φ(x + y) = φ(x) + φ(y), (ii.)
φ(λx) = λ̄φ(x), (iii.) φ(xy) = φ(y)φ(x), (iv.)
φ((φ(x)) = x.

φ(x) is frequently denoted by x∗, and then
the four properties take the more familiar form:
(i.) (x+y)∗ = x∗+y∗, (ii.) (λx)∗ = λ̄x∗, (iii.)
(xy)∗ = y∗x∗, (iv.) x∗∗ = x.

Examples: (i.) A is the complex numbers.
x∗ = x̄, the complex conjugate of x. (ii.) A

is the algebra of bounded linear operators on a
Hilbert space. T ∗ is the adjoint of T .

irrational equation An equation with irra-
tional coefficients. See also irrational number.

irrational exponent An exponent which is
irrational. For example, the expressions 2π and
eπ involve irrational exponents. See also irra-
tional number.

irrational expression An expression involv-
ing irrational numbers. See also irrational num-
ber. Although the word expression is often used
loosely in elementary mathematics without a
rigorous definition, it is possible to define ex-
pression rigorously by specifying the rules of a
formal grammar.

irrational number A real number r which
cannot be expressed in the form p/q, where p

and q are integers. Equivalently, a real num-
ber which is not a rational number. It was the
great discovery of the ancient Greek mathemati-
cian and philosopher Pythagoras that

√
2 is irra-

tional. The numbers e and π are also irrational.
These last two are irrational in a very strong
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sense, they are transcendental, but it took until
the nineteenth century to prove this. See also
transcendental number.

irreducible algebraic curve An algebraic
curve is a variety of dimension 1 in 2-
dimensional affine or projective space. (A vari-
ety is the solution set to a system of polynomial
equations.) An algebraic curve is irreducible
if it is not the union of two proper (strictly
smaller) subvarieties. For example, the parabola
y−x2 = 0 is an irreducible algebraic curve, but
the pair of lines x2 − y2 = 0 is a reducible
algebraic curve because it can be decomposed
into the union of the two lines x − y = 0 and
x + y = 0.

irreducible R-module Let R be a ring and
let M be a module over R. We say that M is
irreducible over R if R has no submodules. In
some contexts, we say that M is irreducible if
M cannot be written as a direct sum of proper
sub-modules. These are also sometimes called
simple modules.

irreducible character A character of a finite
group which is not a sum of characters different
from itself. Every character of a finite group is a
sum of irreducible characters. See also character
of group.

irreducible co-algebra A co-algebra in
which any two non-zero subco-algebras have
non-zero intersection. A co-algebra C is irre-
ducible if and only if C has a unique simple
subco-algebra.

irreducible component (1) In algebraic ge-
ometry, a variety is the solution set of a system
of polynomial equations, usually in more than
one variable. A variety is irreducible if it is not
the union of two proper (strictly smaller) subva-
rieties. An irreducible component of a variety
is a maximal irreducible subvariety. That is, a
subvariety W ⊆ V is an irreducible component
of a variety V if (i.) W is irreducible, and (ii.)
there is no irreducible variety W ′ properly be-
tween W and V (W ⊂ W ′ ⊂ V , W �= W ′,
W ′ �= V ). Every variety is the finite union
of its irreducible components. Example: V =
{(x, y) : x2 − y2 = 0}. The irreducible com-

ponents of V are the two lines x − y = 0 and
x + y = 0.

The notion of an irreducible component ex-
tends to varieties in other contexts, for example
to analytic varieties.

(2) In combinatorial group theory, every Cox-
eter group can be written as the direct sum of
(possibly infinitely many) irreducible Coxeter
groups, called the irreducible components of
the Coxeter group. See also irreducible Cox-
eter group.

irreducible constituent Let Z denote the
rational integers and Q the rational field. Let T
be a Z-representation of a finite group G. If T
is Q-irreducible, then T is called an irreducible
constituent of the group G.

irreducible constituent Let Z denote the ra-
tional integers and Q the rational field. Let T
be a Z-representation of a finite group G. If T
is Q-irreducible, then T is called an irreducible
constituent of the group G.

irreducible Coxeter complex A Coxeter
complex for which the associated Coxeter group
is an irreducible Coxeter group. In more detail,
let (W, S) be a Coxeter group. For now, it suf-
fices that W is a (possibly infinite) group and
S is a set of generators for W . Define a spe-
cial coset to be a coset of the form w〈S′〉, where
w ∈ W , S′ ⊆ S, and 〈S′〉 is the group gener-
ated by S′. The Coxeter complex Q associated
with (W, S) is the partially ordered set of special
cosets, ordered by reverse inclusion: B ≤ A if
and only if B ⊇ A. Q is an irreducible Cox-
eter complex if its Coxeter group (W, S) is an
irreducible Coxeter group. See also irreducible
Coxeter group.

Although Coxeter complexes are abstractly
defined, there is a rich geometry associated with
them, resembling the geometry of simplicial
complexes.

irreducible Coxeter group A Coxeter group
which cannot be written as the direct sum of two
other Coxeter groups. In more detail, Coxeter
groups are generalizations of finite reflection
groups. Let W be a (possibly infinite) group,
and let S be a set of generators for W . The pair
(W, S) is called a Coxeter group if two things are
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true: (i.) Each element of S has order 2 (s2 = s

if s ∈ S), and (ii.) W is defined by the system of
generators and relations: set of generators = S;
set of relations = {(st)m(s,t) = 1}, where m(s, t)

is the order of the element st in the group W ,
and there is one relation for each pair (s, t) with
s and t in S and m(s, t) <∞.

A Coxeter group is irreducible if it cannot
be written as the direct sum of two other Cox-
eter groups. In other words, the Coxeter group
(W, S) is irreducible if it cannot be written as
(W, S) = (W ′ ×W ′′, S′ ∪ S′′), where (W ′, S′)
and (W ′′, S′′) are themselves Coxeter groups.
(Equivalently, a Coxeter group is irreducible if
its Coxeter diagram is connected.) Every Cox-
eter group can be written as the direct sum of
(possibly infinitely many) irreducible Coxeter
groups, called the irreducible components of the
group. See also Coxeter diagram, irreducible
Coxeter complex.

irreducible decomposition Informally, a de-
composition of an object into irreducible com-
ponents or elements. See irreducible compo-
nent, irreducible element.

irreducible element (1) An element a of a
ring R with no proper factors in the ring. This
means that there do not exist elements b and
c in R, different from 1 and a, such that a =
bc. Example: If R is the ring of integers, the
irreducible elements are the prime numbers. See
also prime number.

(2) A join or meet irreducible element of a
lattice. See join irreducible element, meet irre-
ducible element.

irreducible equation A polynomial equa-
tion P(x) = 0, where the polynomial P is irre-
ducible. See also irreducible polynomial.

irreducible fraction A fraction a/b, where
the integers a and b have no common factors
other than 1 and −1. In other words, a fraction
reduced to lowest terms.

irreducible homogeneous Siegel domain
Siegel domains are special kinds of domains in
complex N space, CN . An easy way to con-
struct new Siegel domains is to take the Carte-
sian product of two given Siegel domains. Thus

if S1 and S2 are Siegel domains, S = S1×S2 =
{s = (s1, s2) : s1 ∈ S1, s2 ∈ S2} will also
be a Siegel domain. A Siegel domain is irre-
ducible if it is not the Cartesian product of two
other Siegel domains. A Siegel domain is ho-
mogeneous if it has a transitive group of analytic
(holomorphic) automorphisms. An irreducible
homogeneous Siegel domain is a homogeneous
Siegel domain which is not the Cartesian prod-
uct of two other homogeneous Siegel domains.
See homogeneous domain, Siegel domain.

irreducible linear system A system of linear
equations where no equation is a linear com-
bination of the others. It is a theorem that a
system of n linear equations in n unknowns is
irreducible if and only if the determinant of the
matrix of coefficients is not 0. The methods of
row and column reduction provide computation-
ally efficient tests for irreducibility. Synonym:
linearly independent system of linear equations.
See also linear combination, linearly indepen-
dent elements.

irreducible matrix See Frobenius normal
form.

irreducible module The module analog of a
simple group. Specifically, an R module,
where R is a ring, is an irreducible module if
it contains no proper R submodules. For ex-
ample, Zp, the integers modulo a prime number
p, is an irreducible Z module. (Here, Z is the
ring of integers.) In the case where the ring R

is not commutative, the notion of irreducibility
extends to left and right R modules.

irreducible polynomial A polynomial with
no proper factors. In greater detail, if R is a ring
and R[x] denotes the ring of polynomials with
coefficients inR, then a polynomialP inR[x] is
irreducible if it is an irreducible element of the
ringR[x]. See irreducible element. Example: If
R is the field of real numbers and C is the field
of complex numbers, the polynomial P(x) =
x2 + 1 is irreducible in R[x] but reducible (it
factors as (x + i)(x − i)) in C[x].

irreducible projective representation A
projective representation of a group G is a func-
tionT fromG into the group GL(V )of invertible
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linear transformations on a vector space V , sat-
isfying two additional axioms. (See projective
representation.) T is irreducible if there does
not exist a proper (�= 0, �= V ) subspace W of
V such that T (g)(w) ∈ W for all g ∈ G and
w ∈ W . See also irreducible representation,
irreducible unitary representation.

irreducible representation A representa-
tion of a group G is a homomorphism T from G

into the group GL(V ) of invertible linear trans-
formations on a vector space V . T is an irre-
ducible representation if there does not exist a
proper ( �= 0, �= V ) subspace W of V such that
T (g)(w) ∈ W for all g ∈ G and w ∈ W .

The notion extends to other contexts. For ex-
ample, V may be a Hilbert space and GL(V )

may be replaced by the topological group of in-
vertible bounded linear operators on V . In this
case, the homomorphismT is required to be con-
tinuous, and the subspaces W are required to be
closed. See also irreducible unitary representa-
tion.

irreducible R-module Let R be a ring and
let M be a module over R. We say that M is
irreducible over R if R has no submodules. In
some contexts, we say that M is irreducible if
M cannot be written as a direct sum of proper
sub-modules. These are also sometimes called
simple modules.

irreducible scheme A scheme whose under-
lying topological space is irreducible. In more
detail, a scheme is a particular type of ringed
space, (X,OX). Here, X is a topological space
and OX is a sheaf of rings on X. The scheme
(X,OX) is irreducible if X is not the union of
two proper ( �= ∅, �= X) closed subsets. See also
ringed space, scheme.

irreducible Siegel domain Siegel domains
are special kinds of domains in complexN space,
CN . An easy way to construct new Siegel do-
mains is to take the Cartesian product of two
given Siegel domains. Thus if S1 and S2 are
Siegel domains, S = S1 × S2 = {s = (s1, s2) :
s1 ∈ S1, s2 ∈ S2} will also be a Siegel domain.
A Siegel domain is irreducible if it is not the
Cartesian product of two other Siegel domains.

See Siegel domain. See also irreducible homo-
geneous Siegel domain.

irreducible tensor An element of the tensor
product V ⊗ W of two vector spaces, which
cannot be written as v ⊗w, for v ∈ V and w ∈
W . Also called irreducible tensor operators or
spherical tensor operators.

Classically, let [a, b] = ab − ba and let
jx, jy, jz be the x-, y-, and z- components of
the angular momentum j. An irreducible ten-
sor of rank k is a dynamical quantity T k

q , where
q = k, k − 1, . . . ,−k, that satisfies the follow-
ing commutation relations:[

jz, T
k
q

]
= qT k

q

[
jx ± ijy

] = √
(k ∓ q)(k ± q + 1)T k

q∓1 .

irreducible unitary representation A uni-
tary representation of a (topological) group G

is a (continuous) homomorphism T from G into
the groupU(H) of unitary operators on a Hilbert
spaceH . T is an irreducible unitary representa-
tion if there does not exist a proper (�= 0, �= H )
closed subspace W of H such that T (g)(w) ∈
W for all g ∈ G and w ∈ W . See also irre-
ducible representation.

irreducible variety A variety is the solution
set of a system of polynomial equations (usu-
ally in several variables). An irreducible vari-
ety is a variety V which is not the union of two
proper (�= ∅, �= V ) subvarieties. For example,
the parabola y−x2 = 0 is an irreducible variety,
but the variety x2−y2 = 0 is reducible because
it can be decomposed into the union of the two
lines x − y = 0 and x + y = 0.

irredundant In a lattice L, a representation
of an element a as a join a = a1 ∨ · · · ∨ an
is irredundant if omitting any of the elements
ai from the join produces an element b strictly
smaller than a. There is a dual notion for meets:
A representation of an element a as a meet a =
a1∧· · ·∧an is irredundant if omitting any of the
elements ai from the meet produces an element
b strictly larger than a. See join, lattice, meet.

Example: R is a Noetherian ring (a commu-
tative ring satisfying the ascending chain condi-
tion). L is the lattice of ideals of R, ordered
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by inclusion. It is a theorem of ring theory,
the Lasker-Noether Theorem, that every ideal
in R has an irredundant representation as an in-
tersection of primary ideals. This theorem al-
most completely describes the ideal theory of
Noetherian rings, including such rings as the
ring of polynomials in several variables with co-
efficients in a field, and the ring of terms of holo-
morphic (analytic) functions in several complex
variables. See also Noether, Noetherian ring.

irregularity In algebraic geometry, the di-
mension of the Picard variety of a non-singular
projective algebraic variety. See also Picard va-
riety.

irregular prime A prime number p which
divides the numerator of one or more of the
Bernoulli numbers B2, B3, . . . , Bp−3. A prime
number which is not irregular is called a regular
prime. Irregular primes were of interest because
they were the class of exceptional primes for
which Kummer’s proof of Fermat’s Last Theo-
rem does not work. Wiles’ recent proof of Fer-
mat’s Last Theorem probably makes the distinc-
tion between regular and irregular primes unin-
teresting, but one never knows. See Bernoulli
number, Fermat’s Last Theorem.

irregular variety A non-singular projective
algebraic variety with non-zero irregularity. A
variety of zero regularity is called a regular va-
riety. See also irregularity.

isogenous Abelian varieties A pair of Abel-
ian varieties of equal dimension, for which there
is a rational group homomorphism from one va-
riety onto the other. In more detail, an Abelian
variety is, among other things, an algebraic va-
riety which is also an Abelian group. A rational
group homomorphism from one Abelian variety
to another is a rational map which is also a group
homomorphism. See also rational map.

isogenous groups A pair of topological
groups (usually Lie groups) for which there is an
isogeny from one to the other. See also isogeny.

isogeny (1) A Lie group map (a continuous,
differentiable group homomorphism) φ : G→
H , where G and H are Lie groups, which is

a covering space map of the underlying mani-
folds. The map φ is a covering space map if
it is continuous and, for each h ∈ H , there ex-
ists a neighborhood U of h such that φ−1(U)

is a disjoint union of open sets in G mapping
homeomorphically to U under φ.

(2) A topological group homomorphism (a
continuous group homomorphism)φ : G→ H ,
where G and H are topological groups, which
is a covering space map of the underlying topo-
logical spaces.

(3) An epimorphism φ : G → H of group
schemes (over a ground scheme S) such that the
kernel of φ is a flat, finite group scheme over S.
See also epimorphism, scheme.

isolated component Let I be an ideal in a
commutative ring R, and let I = Q1 ∩ · · · ∩Qk

be a short representation of I as an intersection
of primary ideals. (See short representation.)
Let P1, . . . , Pk be the prime ideals belonging
to Q1, . . . ,Qk . (The easiest way to specify
Pi is to note that Pi is the radical of Qi , i.e.,
Pi = {p ∈ R : pn ∈ Qi for some integer n}.)
Renumbering the primary idealsQi if necessary,
an ideal J = Q1 ∩ · · · ∩Qr (with 1 ≤ r ≤ k) is
an isolated component of I if none of the prime
ideals P1, . . . , Pr contains a prime ideal Pj not
in the set {P1, . . . , Pr}.

Isolated components are of interest because
they introduce uniqueness into the representa-
tion theory of ideals in commutative Noetherian
rings. Although there are often many different
short representations of an ideal I , the isolated
components of I are uniquely determined. See
also isolated primary component, Noetherian
ring, primary ideal, prime ideal, radical, short
representation.

isolated primary component An isolated
component J of an ideal I in a commutative
ring, such that J is a primary ideal. Isolated
primary components are of interest because they
must occur among the primary ideals of every
short representation of I . See also isolated com-
ponent, short representation.

isomorphic Two groups G and H are iso-
morphic if there is an isomorphism φ : G→ H

between them. Isomorphic groups are regarded
as being “abstractly identical,” or different re-
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alizations of the same abstract group. The no-
tion extends to other algebraic structures such as
rings, to the completely general algebraic struc-
tures defined in universal algebra, and even to
the theory of categories. See also isomorphism.

isomorphism (1) In group theory, a map-
ping φ : G → H between two groups, G and
H , which is one-to-one (injective), onto (sur-
jective), and which preserves the group opera-
tion, that is φ(g1 · g2) = φ(g1) · φ(g2). The
notion extends to rings, where φ is required to
preserve the ring addition and multiplication, to
vector spaces, where φ is required to preserve
vector addition and scalar multiplication (i.e.,
φ(λ1v1 + λ2v2) = λ1φ(v1)+ λ2φ(v2)), and to
completely general algebraic contexts (see (2)
below).

(2) In universal algebra, a mapping φ : G →
H between two (universal) algebras G and H,
which is one-to-one (injective), onto (surjec-
tive), and which preserves the operations of G
and H. In more detail, G = (G, FG) and H =
(H, FH), where G is a set and FG is a set of
functions from finite Cartesian products of G

with itself toG (FG is called the set of operations
on G), and similarly for H. Thus the functions
in FG are G-valued functions f (g1, . . . , gn) of
n G-valued variables, and the value of n may
vary with the function f . To be an isomor-
phism, φ is required to be a one-to-one and onto
function from the set G to the set H , and for
every function f ∈ FG , there must be a func-
tion h ∈ FH, such that φ(f (g1, . . . , gn)) =
h(φ(g1), . . . , φ((gn)), and vice-versa. (This is
what is meant by “preserving the operations of
G and H.”)

In the special case where G and H are groups,
FG equals the singleton set containing the group
operation of G (the group multiplication), and
similarly for FH. We thus recapture the moti-
vating case of group isomorphisms.

(3) In category theory, a morphism φ : A→
B between two objects of a category with an
inverse morphism. In other words, for φ to be
an isomorphism, there must also be a morphism
ψ : B → A (the inverse of φ) such that ψ ◦φ =
ιA and φ ◦ ψ = ιB . Here, ιA and ιB are the
identity morphisms on A and B, respectively.

The category theoretic definition captures all
of cases (1) and (2) above, and also includes

such examples as isomorphisms of topological
groups, where it is required that an isomorphism
φ be a group isomorphism and thatφ andφ−1 be
continuous. See also category, homomorphism,
morphism, identity morphism.

Isomorphism Theorem of Class Field Theory
Let k be an algebraic number field. Let I (m) be
the multiplicative group of all fractional ideals
of k which are relatively prime to a given integral
divisor m of k. The Galois group of a class field
K/k for an ideal group H(m) is isomorphic to
I (m)/H(m). Therefore, every class field K/k

is an Abelian extension of k.

isomorphism theorems of groups The three
standard theorems describing the relationship
between homomorphisms, quotient groups, and
normal subgroups. Let G and H be groups, and
let φ : G → H be a homomorphism with ker-
nel K . (The kernel of φ is the set K = {g ∈
G : φ(g) = e}, where e is the group identity el-
ement in H .) The First Isomorphism Theorem
states that K is a normal subgroup of G (i.e.,
gK = Kg for every g ∈ G), and the quotient
group (factor group) G/K is isomorphic to the
image ofφ. LetS andT be subgroups ofG, with
T normal. The Second Isomorphism Theorem
states that S ∩ T is normal in S, and S/(S ∩ T )

is isomorphic to T S/T . Let K ⊂ H ⊂ G,
with both K and H normal in G. The Third
Isomorphism Theorem states that H/K is a nor-
mal subgroup of G/K , and (G/K)/(H/K) is
isomorphic to G/H .

There is an additional theorem which is some-
times called the Fourth Isomorphism Theorem,
but is more commonly called Zassenhaus’s
Lemma. Let A0, A1, B0, and B1 be subgroups
of G. Suppose A0 is normal in A1, and B0
is normal in B1. Zassenhaus’s Lemma states
that A0(A1 ∩ B0) is normal in A0(A1 ∩ B1),
B0(A0 ∩ B1) is normal in B0(A1 ∩ B1), and
A0(A1 ∩ B1)/A0(A1 ∩ B0) is isomorphic to
B0(A1 ∩ B1)/B0(A0 ∩ B1). See also factor
group, normal subgroup.

isotropic (1) In physics and other sciences,
a material or substance which responds the
same way to physical forces in all directions is
isotropic. Antonym: anisotropic.
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(2) Let V be a vector space equipped with
a bilinear form ( , ). A subspace W of V is
isotropic (sometimes called totally isotropic or
an isotropy subspace) if W ⊆ W⊥, where W⊥
is defined in the usual way, W⊥ = {v ∈ V :
(v,w) = 0 for allw ∈ W }. For example, ifV =
R2, 2-dimensional real space, and ( , ) is the
Lorentz form, ((x1, t1), (x2, t2)) = x1x2 − t1t2,
then each of the lines forming the edge of the
light cone, {(x, t) : x2− t2 = 0}, is an isotropic
subspace.

(3) If a differentiable manifoldM has enough
additional structure so that its tangent space
comes equipped with a bilinear form, for exam-
ple if M is a symplectic manifold, then a sub-
manifold S of M is isotropically embedded if at
each point s ∈ S, T Ss is an isotropic subspace
of TMs . Here, T Ss is the tangent space of S at
s, and similarly for TMs . See also symplectic
manifold, tangent space.

isotropy subgroup A group of transforma-
tions leaving a given point fixed. In more detail,
let G be a group of transformations acting on a
setX, and let x0 ∈ X. The subgroup of transfor-
mations T ∈ G leaving x0 fixed (T (x0) = x0)
is called the isotropy subgroup of G at the point
x0. The isotropy subgroup is also called the sta-
bilizer of x0 with respect to G.

isotropy subspace See isotropic.

iteration (1) Repetition; step-by-step repeti-
tion of a mathematical operation or construction.

(2) The use of loops as opposed to recursion
in computer algorithms or programs.

iteration function In numerical analysis, a
function φ, used to compute successive approx-
imations x1, x2, x3, . . . , to a quantity x, accord-
ing to the formula xn = φ(xn−1). For example,
if we choose φ(x) = x−f (x)/f ′(x) as an iter-
ation function and then select a suitable start-
ing point x0, we obtain the Newton-Raphson
method for approximating a zero of the func-
tion f (approximating a solution to the equation
f (x) = 0). See also Newton-Raphson method
of solving algebraic equations.

iteration matrix In numerical analysis, a ma-
trix M used to compute successive approxima-

tions x1, x2, x3, . . . to a vector x, according to
the formula xk = Mxk−1 + c. (Of course, one
must have a conveniently chosen starting vec-
tor x0.) For example, suppose we wish to solve
the equation Ax = b approximately, where A

is an n × n square matrix, and x and b are n-
dimensional column vectors. Write A = L +
D + U , where L is lower triangular, D is diag-
onal, and U is upper triangular. If we choose
the iteration matrix M = −D−1(L + U) and
c = D−1b, we obtain the Jacobi method for
solving linear equations. On the other hand, if
we choose the iteration matrixM = −(L+D)U

and c = (L + D)−1b, we obtain the Gauss-
Seidel method for solving linear equations. See
also iteration function, Gauss-Seidel method for
solving linear equations, Jacobi method for solv-
ing linear equations.

iterative calculation A calculation which
proceeds by means of iteration. See iteration.

iterative improvement (1) Any one of the
many algorithms for the approximate numerical
solution of problems which proceed by obtain-
ing a better approximation at each step.

(2) See iterative refinement.

iterative method An algorithm or calcula-
tional process which uses iteration. A classic ex-
ample is the Newton-Raphson method for com-
puting the roots of an equation. Another classic
example is the Gauss-Seidel iteration method for
solving systems of linear equations. See iter-
ation, iteration function, Gauss-Seidel method
for solving linear equations, Newton-Raphson
method of solving algebraic equations.

iterative process See iterative method.

iterative refinement (1) See iterative im-
provement (1).

(2) In numerical analysis, a process for solv-
ing systems of linear equations which begins
by obtaining a first solution using elimination
(Gaussian elimination or row reduction) which
is somewhat inaccurate due to roundoff errors,
and then improves the accuracy of the solution
using one of many iterative methods.
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Iwahori subgroup If G is a reductive group
defined over a local field, then in addition to
the standard BN-pair structure G has a second
BN-pair structure whose associated building is
Euclidean. In this case, the subgroups conjugate
to B are called Iwahori subgroups.

Iwasawa decomposition (1) A decomposi-
tion of a semisimple Lie algebra g over the field
of real numbers as g = k + a + n, where k

is a maximal compact subalgebra of g, a is an
Abelian subalgebra of g, a+ n is a solvable Lie
algebra, and n is a nilpotent Lie algebra.

(2) A decomposition of a connected Lie
group G as G = KAN , where K is an (essen-
tially) maximal compact subgroup,A is an Abel-
ian subgroup, and N is a nilpotent subgroup.
Here, G has Lie algebra g which is semisimple,
g = k + a + n is the Iwasawa decomposition
of g as in (1) above, K , A, and N are analytic
subgroups of G with Lie algebras k, a, and n,
and the mapping (x, y, z) )→ xyz is an analytic
diffeomorphism of K×A×N onto G. Further-
more, the groupsA andN are simply connected.

The classic example of an Iwasawa decompo-
sition is provided by the group G = SL(m,C),
the group of m × m matrices with determinant
1 over the complex numbers. In this case, K =
SU(m), the group of m×m unitary matrices of
determinant 1, A = the group ofm×m diagonal
matrices of determinant 1 with positive entries
on the diagonal, andN = the group ofm×m up-
per triangular matrices with 1 in every diagonal
entry. See Lie algebra, Lie group, semisimple
Lie algebra, semisimple Lie group.

Iwasawa invariants The integers λ, µ, and
ν defined by the relation

∣∣Cl (kn)p
∣∣ = pen

where e + n = λn+ µpn+ν , for all sufficiently
large n. Here, p is a prime, k is an algebraic
number field; k∞ is a Zp extension field of k (an
extension field with Galois group isomorphic to
Zp, the integers modulo p); kn is an intermedi-
ate field of degree pn over k, Cl(kn)p is the pth
component of the ideal class group of the field
kn, and |Cl(kn)p| is the number of elements in
Cl(kn)p. For cyclotomic Zp extensions, the in-
variant µ = 0.

Iwasawa’s Main Conjecture (1) A conjec-
ture relating the characteristic polynomials of
particular Galois modules top-adicL-functions.
The conjecture is an attempt to extend a classic
theorem of Weil, which states that the character-
istic polynomial of the Frobenius automorphism
of a particular type of curve is the numerator of
the zeta function of the curve. The conjecture
was originally written over the field Q, although
it has been reformulated as a conjecture over
any totally real field. It has been proved for real
Abelian extensions of Q and odd primes p by
Mazur and Wiles. Some work has also been
done in the general case.

(2) A conjecture in number theory, relating
certain Galois actions to p-adic L-functions.
The conjecture asserts: f̃χ (T ) = gχ(T ). Iwa-
sawa’s Theorem, which describes the behavior
of the p-part of the class number in a Zp-exten-
sion, can be regarded as a local version of the
Main Conjecture.

Iwasawa’s Theorem The characteristic p �=
0 case of the Ado-Iwasawa Theorem: Every
finite dimensional Lie algebra (over a field of
characteristicp) has a faithful finite dimensional
representation. The characteristicp = 0 case of
this is Ado’s Theorem. See Lie algebra.
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