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K3 surface A class of algebraic surface in
abstract algebraic geometry, defined in a pro-
jective space over an algebraically closed field.
In projective 3-space they can be regarded as de-
formations of quartic surfaces. A K3 surface is
characterized as a nonsingular, nonrational sur-
face, in several ways including:

(i.) irregularity, Kodaira dimension, and the
canonical divisor are zero;

(ii.) irregularity is zero and the arithmetic,
geometric, and first plurigenus are all one;

(iii.) as a compact complex analytic surface,
the first Chern class is zero and it has Betti num-
bers b0 = 1, b1 = 0, b2 = 22, b3 = 0, b4 = 1.

The space of one-dimensional differential
forms on a K3 surface is zero. An example of a
K3 surface is any smooth surface of order four
in projective three-dimensional space.

K3 surfaces were early examples of surfaces
satisfying Weil’s conjecture concerning the ana-
log of the Riemann Hypothesis for algebraic va-
rieties.

Kakeya-Eneström Theorem Let f be a
polynomial with real coefficients, say

f (x) = anx
n + an−1x

n−1 + · · · + a0 ,

for each real number x. Suppose

an ≥ an−1 ≥ · · · ≥ a0 > 0 .

Let r be any root of the polynomial. Then |r| ≤
1.

Kaplansky’s Density Theorem A funda-
mental theorem from the theory of von Neu-
mann algebras proved by Kaplansky in 1951.

The closureM with respect to the weak oper-
ator topology of a C∗-subalgebraA of the set of
bounded linear operators on a separable Hilbert
space is a von Neumann algebra. Furthermore,
if A1 is the set of elements of A with norm ≤ 1
in A (unit ball of A) and M1 is the set of ele-
ments of M with norm ≤ 1 (unit ball of M),

then M1 is the closure of A1 with respect to the
weak operator topology.

The theorem remains true if restated using
the strong operator topology instead of the weak
operator topology. Sometimes, the statement of
the theorem includes the following additional
information. The set of self-adjoint elements of
A1 is strongly dense in the set of self-adjoint
elements of M1, the set of positive elements of
A1 is strongly dense inM1, and if A contains 1,
the unitary group of A is strongly dense in the
unitary group of M .

k-compact group A connected algebraic
group defined over a perfect field k whose k-
Borel subgroups are reduced to the identity
group. The name k-anisotropic group is used
also. See also k-isotropic group.

k-complete scheme Let f : X −→ Y be a
morphism of schemesX, Y . Whenf has a prop-
erty, it is customary to say that X has the prop-
erty over Y , or that X is a Y -(property) scheme.
The property of being complete is connected
with the property of being proper. A morphism
f : X −→ Y is proper if it is separated, of fi-
nite type, and is universally closed. Then X is
called proper over Y . See separated morphism,
morphism of finite type.

Now, let k be an algebraically closed field.
LetX be a scheme of finite type over k which is
reduced (i.e., for any element x the local ring at
x has no nilpotent elements) and is irreducible
(i.e., the underlying topological space is not the
union of proper closed subsets). If X is proper
over k (actually over the spectrum of k), then X
is called a k-complete scheme.

kernel (1) In algebra, where a homomor-
phism f is defined between two algebraic sys-
tems A and B, if the group identity of B is de-
noted by e, then the kernel of f is

ker(f ) = {x ∈ A : f (x) = e} .
Alternately, ker(f ) may be denoted f−1({e}).

The kernel is a subset of A that usually has
special properties. If A and B are groups, then
the kernel of a homomorphism is a normal sub-
group of A. If A and B are R-modules over a
ringR, the kernel is a submodule ofA. IfA and
B are topological linear spaces, then the kernel
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of a continuous linear operator is a closed linear
subspace. The kernel of a semi-group homo-
morphism is the smallest two-sided ideal in the
semi-group. Similar remarks hold for kernels of
homomorphisms or morphisms in category the-
ory, sheaf theory, and kernels of linear operators
between spaces.

(2) In topology, for a nonempty set S in a
topological space, the kernel of S is the largest
subset T of S such that every element of T is an
accumulation or cluster point of T .

(3) The word kernel is used in various other
areas of mathematics to denote a function. In
the study of integral equations, for example, the
function K in the integral∫ b

a

K(x, y)f (y) dy

is called a kernel.

k-form (1) In linear algebraic group theory, a
k-form of an algebraic group G defined over an
extension fieldK of a field k is another algebraic
group H defined over k that is K-isomorphic
to G. Much work has been done in classify-
ing the “k-forms” of various types of algebraic
groups defined over K (e.g., semisimple alge-
braic groups or almost simple algebraic groups).

(2) More generally, ifG is an algebraic group
defined over k andK/k is a finite Galois exten-
sion, an algebraic groupG1 is said to be aK/k-
form of G if there is a K-isomorphism from G

onto G1. For example, let k be a field and �
a universal domain containing k. Let T be an
n-dimensional algebraic k-torus with splitting
field K . Then since T is K-isomorphic to the
direct product of n copies of GL(1) (the multi-
plicative group of non-zero elements of�), T is
a K/k-form of the n-dimensional K-split torus
GL(1)n.

See also quadratic form.

Killing form In Lie algebra theory, a sym-
metric bilinear form associated with the adjoint
representation of a Lie algebra. Specifically, if
g is a Lie algebra over a commutative ring K
with 1, ρ is the adjoint (linear) representation
of g and Tr denotes the trace operator, the sym-
metric bilinear form B : g × g −→ K given
byB(x, y) = Tr(ρ(x)ρ(y)) is called the Killing
form.

It is named after W. Killing who studied it in
1888. The Killing form is fundamental in the
study of Killing-Cartan classification of semi-
simple Lie algebras over fields of characteristic
0.

k-isomorphism (1) Let k be a field and
K,L extension fields of k. An isomorphism
σ : K −→ L such that σ(x) = x for all
x ∈ k is called a k-isomorphism. Alternately,
a k-isomorphism from K onto L is an isomor-
phism of the k-algebra K onto the k-algebra L.

(2) For other algebraic structures over a field
k, a k-isomorphism is essentially an isomor-
phism (a bijective map that preserves the bi-
nary operations) and a “regular” mapping (pre-
serving the particular structure on the sets).
For example, for linear algebraic groups a k-
isomorphism is an isomorphism that is also a bi-
rational mapping. For homogeneous k-spaces,
a k-isomorphism is an isomorphism that is an
everywhere defined pre-k-mapping.

k-isotropic group A connected algebraic
group, defined over a perfect field k, whose k-
Borel subgroups are nontrivial. For a reductive
k-group G defined over an arbitrary field k, G
is k-isotropic if the k-rank of G is greater than
zero. See k-compact group. See also k-rank.

Kleinian group A subgroup G of the group
of linear fractional functions defined on the ex-
tended complex plane Ĉ such that there is an
element x in Ĉ which has a neighborhood U
such that g(U) ∩ U = ∅, for each nontrivial
g ∈ G. Such groups were first studied by Klein
and Poincaré in the 19th century and were named
by Poincaré. See linear fractional function.

KMS condition A condition originally con-
cerning finite-volume Gibbs states and later pro-
posed for time evolution and the equilibrium
states in quantum lattice systems in statistical
mechanics (mathematically, within the frame-
work of C∗-dynamical systems and a one-
parameter group of automorphisms that describe
the time evolution of the system). The condition
was first noted by the physicists R. Kubo in 1957
and C. Martin and J. Schwinger in 1959. The
letters K, M, and S are derived from their names.
The equilibrium states are called KMS states.
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Let M be a von Neumann algebra. Let φ
be a faithful normal positive linear functional
on M . Let {σt } be a strongly continuous one-
parameter group of ∗-automorphisms ofM . Let
S be the closed strip in the complex plane {z :
0 ≤ �(z) ≤ 1}. Then the group {σt } will be said
to satisfy the KMS condition if for any x, y ∈ M ,
there is F : S −→ C such that F is bounded
and continuous on S, analytic in the interior of
S, and satisfies the conditions

F(t) = φ (σt (x)y) and

F(t + i) = φ (yσt (x)) .

The theory of Tomita-Takesaki shows the exis-
tence of such a group {σt } and also that such
groups are characterized by the condition. The
KMS condition is a very important concept in the
construction of type-III von Neumann algebras.
See type-III von Neumann algebra.

Kostant’s formula A formula (named after
B. Kostant) that gives the multiplicities of the
weights of a finite dimensional irreducible rep-
resentation constructed from a root system of a
complex semisimple Lie algebra. It is a con-
sequence of the Weyl character formula. See
Weyl’s character formula. In order to under-
stand the (very explicit) formula, some defini-
tions are in order. Let g be a complex semisim-
ple Lie algebra. Let V be a C-module and ρ
a linear irreducible representation of g over V .
Let)+ be the set of positive roots. Let δ be the
half sum of the positive roots (δ = 1

2

∑
α∈)+ α).

LetW be the Weyl group of the root system. Let
- be the highest weight of ρ. Let P be a non-
negative integer valued function (called the par-
tition function) defined on the lattice of weights.
For each weight µ, P(µ) is the number of ways
µ can be expressed as a sum of positive roots.
Letm-(λ) denote the multiplicity of a weight λ
of ρ. Then Kostant’s formula is

m-(λ) =
∑
w∈W

det(w)P (w(-+ δ)− (λ+ δ)) .

This sum is very difficult to compute in practice
and is thus of more theoretical than computa-
tional use. See also positive root, Weyl group.

k-rank Let K be an algebraically closed
field, k an arbitrary subfield of K , and G a re-
ductive linear algebraic group defined over k.

(See reductive; examples of reductive groups are
semisimple groups, any torus, and the general
linear group.) Let T be a k-split torus in G of
largest possible dimension. The dimension of
T is called the k-rank of G. The k-rank is 0 if
and only if G is anisotropic.

The nonzero weights of the adjoint of T are
called k-roots. In case T is a maximal torus,
k-roots are the usual roots of G with respect to
T .

Let Z denote the centralizer of T in G; i.e.,

Z =
⋂
y∈T

{x ∈ G : xy = y} .

Let N denote the normalizer of T in G; i.e.,

N =
{
x ∈ G : xT x−1 = T

}
.

Then the finite quotient group Z/N is called
the k-Weyl group. The group is named after the
German mathematician H. Weyl (1885–1955).

k-rational divisor (1) Let K be the alge-
braic closure (Galois extension) of a finite field
k (with q elements) and let X be an algebraic
curve defined over k. Then the automorphism
σ : k −→ k defined by σ(x) = xq defines an
automorphism σ : X −→ X defined by

σ (x1, x2, . . . , xn) = (
x
q

1 , x
q

2 , . . . , x
q
n

)
that leaves all k-rational points inX fixed (called
the Frobenius automorphism). Let

d =
∑
x∈X

axx

be a divisor in X. (Recall that all ak ∈ Z (inte-
gers) and all except at most a finite number are
zero.) Then d is a member of the free Abelian
group of divisors with base X, called Div(X).
The divisor d is a k-rational divisor if

d = σ(d) =
∑
x∈X

axσ(x) .

The set of k-rational divisors is a subgroup of
Div(X).

(2) Another use of the term k-rational divi-
sor involves a finite extension k of the field of
rational numbers Q. A divisor d = ∑n

i=1 Pi
is a k-rational divisor if all rational symmetric
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functions of the coordinates of the pointsPi with
coefficients in Q are elements of the field k.

k-rational point The term k-rational point
occurs in several areas of algebraic geometry,
algebraic varieties, and linear algebraic groups.
Examples of how the term is used follow.

(1) LetK be an algebraically closed field and
k a subfield of K . Let A2 be the set of pairs
(a, b) of elements a, b ∈ K (the affine plane).
Let f be a polynomial from A2 into K with
coefficients from K . Recall that a plane alge-
braic curve is {(x, y) ∈ A2 : f (x, y) = 0}.
Then P = (x, y) ∈ A2 is a k-rational point if
x, y ∈ k. If K = C and k = Q, then a point
(x, y) is a k-rational point if both coordinates
are rational numbers.

(2) IfK is the finite field consisting ofpr ele-
ments (p a prime number) andK is the algebraic
closure, then the set of k-rational points of a
curve with coefficients in k coincides with the set
of solutions of f (x, y) = 0, x, y ∈ k. If r = 1,
so that k is a prime number field, then the set of
k-rational points is equivalent to the set of solu-
tions of the congruence f (x, y) ≡ 0 (mod p).

(3) More generally, let k be a subfield of an
arbitrary field K . Let x = (x1, . . . , xn) ∈ An.
Then x is a k-rational point if each xi ∈ k,
i = 1, . . . , n. Next, let x = (x1, . . . , xn) ∈ Pn

(projective space). Then x is a k-rational point
if there is a (n + 1)-tuple of homogeneous co-
ordinates (λx0, λx1, . . . , λxn), λ �= 0 such that
λxi ∈ k, for each i = 0, 1, . . . , n. If xi �= 0, this
is equivalent to xj /xi ∈ k,∀ j = 0, 1, . . . , n.

(4) LetG be a linear algebraic group defined
over a field k. An element p that has all of its
coordinates in k is called a k-rational point.

(5) If X is a scheme over k, a point p of X
is called a k-rational point of X if the residue
class field (with respect to the inclusion map of
k into X at p) is k.

(6) If K is an algebraically closed transcen-
dental extension of k; V is an algebraic variety
defined over k; and k′ is a subfield of K , then
a k′-rational point of V is an element of V that
has all of its coordinates in k′.

Krieger’s factor The study of von Neumann
algebras is carried out by studying the factors
which are of type I, II, or III, with subtypes for
each. (See factor.) Krieger’s factor is a crossed

product of a commutative von Neumann alge-
bra with one ∗-automorphism. A Krieger’s fac-
tor can be identified with approximately finite
dimensional von Neumann algebras (over sepa-
rable Hilbert spaces) of type III0. Krieger’s fac-
tor was named after W. Krieger who has studied
them extensively.

Kronecker delta A symbol, denoted by δi,j ,
defined by

δi,j =
{

1 if i = j

0 if i �= j .

It is a special type of characteristic function de-
fined on the Cartesian product of a set with itself.
Specifically, let S be a set. Let D = {(x, x) :
x ∈ S}. The value of the characteristic function
of D is 1 if (x, y) ∈ D (meaning that x = y)
and is 0 otherwise.

Kronecker limit formula (1) If ζ is the ana-
lytic continuation of the Riemann ζ -function to
the complex plane C, then

lim
s→1

[
ζ(s)− 1

s − 1

]
=

lim
n→∞

[
n−1∑
m=1

1

m+ 1
+ 1 − log(n)

]
= γ

where γ is called Euler’s constant. This can be
expressed by saying that “near s = 1”

ζ(s) = 1

s − 1
+ γ +O(s − 1) .

This last formula is called the Kronecker limit
formula.

(2) In the theory of elliptic integrals, modular
forms, and theta functions, the function E(z, s)
(with z = x+ iy) defined by the Eisenstein type
series ∑

m,n

ys

|m(z)+ n|2s
(where x ∈ R, y > 0, the summation is over
all pairs (m, n) �= (0, 0), and �(s) > 1) can
be extended to a meromorphic function on C
whose only pole is at s = 1. The Kronecker
limit formula for E(z, s) is

π

s − 1
+2π(γ−log(2))−4π log |η(z)|+O(s−1)
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where

η(z) = eπiz/12
∞∏
n=1

(
1 − e2πizn

)
.

The formula can be generalized to arbitrary num-
ber fields. More general Eisenstein type series
lead to similar (but more complicated) limit for-
mulas.

Kronecker product (1) Let A = (aij ) de-
note an m × n matrix of complex numbers and
B = (bij ) an r × s matrix of complex numbers.
Then the Kronecker product of the matrices A
andB is defined as themr×ns matrix described
by the mn blocks Cij given by

Cij = aijB, 1 ≤ i ≤ m, 1 ≤ j ≤ n .

Sometimes other permutations of the mnrs el-
ements arranged in mr rows and ns columns is
called the Kronecker product. This product is
used, for example, in studying modulii spaces
of Abelian varieties with endomorphism struc-
ture.

(2) Let V and W be finite dimensional vec-
tor spaces over a field k with bases {x1, . . . , xn}
and {y1, . . . , yr} for V andW , respectively. Let
L be a linear transformation on V and M a lin-
ear transformation on W . Let A be an n × n

matrix associated with L and B an r × r ma-
trix associated withM , determined by using the
stated ordering of the basis elements. If lexico-
graphic ordering is used for the tensor products
of the basis elements in determining a basis for
the tensor product of V and W , then the ten-
sor product V ⊗W of the linear transformations
has the nr × nr Kronecker product matrix de-
scribed in (1) as its matrix representation. See
lexicographic linear ordering.

(3) Now let V and W be arbitrary vector
spaces over a field k. Let U be a vector space
whose basis vectors are elements of the Carte-
sian product of V and W , i.e., let the elements
of U be finite sums of the form

n∑
ν=1

αν (xν, yν) .

Let N be the subspace of U such that

n∑
ν=1

ανL (xν)M (yν) = 0 ,

for each linear functionalL : V −→ k and each
linear functional M : W −→ k. Define the
Kronecker product of V and W with respect to
k as the quotient space U/N . If V and W are
rings with unity instead, and multiplication inU
is defined componentwise, then N becomes an
ideal of U and the Kronecker product becomes
a residue class ring.

(4) Sometimes, the tensor product of algebras
is referred to as their Kronecker product.

Kronecker’s Theorem Several theorems in
several fields of mathematics honor L. Kronecker
(1823–1891).

(1) If f is a monic irreducible element of k[x]
over a field k, there is an extension field L of k
containing a root c of f such that L = k(c).
Sometimes such an L is called a star field. For
example, the polynomial x2 + 1 over the real
number field has the field of complex numbers
as a star field. Further, if f has degree n, there is
an extension field of k in which f factors into n
linear factors, so f has exactly n roots (counting
multiplicities).

(2) A field extension of the field of rational
numbers which has an Abelian Galois group is
a subfield of a cyclotomic field.

(3) Kronecker was among several mathemati-
cians who studied the structure of subgroups and
quotient groups ofRn generated by a finite num-
ber of elements. The following theorem was
proved by him in 1884 and is also called Kro-
necker’s Theorem. Let m, n be integers ≥ 1. In
the following i will denote an integer between 1
and m while j will denote an integer between 1
and n. Let ai = (ai1, ai2, . . . , aim) be m points
of Rn and b = (b1, b2, . . . , bm) ∈ Rn. For ev-
ery ε > 0 there are m integers qi and n integers
pj such that for each j∣∣∣∣∣

m∑
i=1

qi aij − pj − bj

∣∣∣∣∣ < ε

if and only if for every choice of n integers
rj such that

∑n
l=1 ailrl is an integer, the sum∑n

l=1 blrl is an integer.
This theorem involves the closure of the sub-

group of the torus T n generated by a finite num-
ber of elements. Generalizations of the theorem
have been studied in the theory of topological
groups.

c© 2001 by CRC Press LLC



Kronecker symbol (1) An alternate name
for the Kronecker delta. See Kronecker delta.

(2) In number theory, a generalization of the
Legendre symbol, used in solving quadratic con-
gruences

ax2 + bx + c ≡ 0 (mod m)

where a, b, c are integers (members of Z) and
m is a positive integer (m ∈ Z+).

Let d ∈ Z, d not a perfect square, d ≡
0 or 1 (mod 4) and m ∈ Z+. For the following,
recall that d is a quadratic residue of m if x2 =
d (modm) is solvable. Then the Kronecker sym-
bol for d with respect tom, denoted by ( d

m
), is a

mapping from {d}×Z+ onto {0,+1,−1} defined
by: (

d

1

)
= 1 ,

(
d

2

)
=




0 if d is even
+1 if d ≡ 1 (mod 8)
−1 d ≡ 5 (mod 8)

if m is an odd prime and m|d , then(
d

m

)
= 0 ,

if m is an odd prime and m � |d , then

(
d

m

)
=




+1 if d is a quadratic
residue of m

−1 if d is not a quadratic
residue of m

if m is the product of primes p1, p2, . . . , pr ,
then(

d

m

)
=

(
d

p1

)
·
(
d

p2

)
· · · · ·

(
d

pr

)
.

The Kronecker symbol is used to determine the
Legendre symbol, which in turn is used to find
quadratic residues. For certain values of d and
m the Kronecker symbol can be used to count
the number of quadratic residues.

(3) The Kronecker symbol has uses and gen-
eralizations in more advanced areas of number
theory as well; e.g., quadratic field theory and
class field theory.

k-root See k-rank.

Krull-Akizuki Theorem LetR be a Noethe-
rian integral domain, k its field of quotients, and
K a finite algebraic extension of k. Let A be a
subring ofK containing R. Assume every non-
zero prime ideal of R is maximal (i.e., assume
R has Krull dimension 1). Then A is a Noethe-
rian ring of Krull dimension 1. Also, for any
ideal g �= (0) of A, A/g is a finitely generated
A-module.

Here, the integral closure of a Noetherian
domain of dimension one is Noetherian. This
remains true for a two-dimensional Noetherian
domain but not for dimension three or higher.

Krull-Azumaya Lemma Let R be a com-
mutative ring with unit, M �= 0 a finite R-
module, andN anR-submodule ofM . Let J be
the Jacobson radical of R. The Krull-Azumaya
Lemma is a name given to any of the following
statements:

(i.) If MJ +N = M , then N = M;

(ii.) M �= MJ ;

(iii.) If M/MJ is spanned by a finite set
{xi +MJ }, then M is spanned by {xi}.

This lemma is also known by the name
Nakayama’s Lemma and by the name Azumaya-
Krull-Jacobson’s Lemma. It is a basic tool in the
study of non-semiprimitive rings.

Krull dimension The supremum of the
lengths of chains of distinct prime ideals of a
ring R. It is sometimes called the altitude of R.
The definition was first proposed by W. Krull in
1937 and is now considered to be the “correct”
definition not only for Noetherian rings but also
for arbitrary rings.

With this definition any field κ has dimension
zero and the polynomial ring κ[x] has dimension
one.

One reason for the acceptance of this def-
inition for rings comes from a comparison to
the situation in finite dimensional vector spaces.
In a vector space of dimension n over a field
κ , the largest chain of proper vector subspaces
has length n. The corresponding polynomial
ring κ[x1, . . . , xn] has a decreasing sequence (of
length or height n) of distinct prime ideals

(x1, . . . , xn) , . . . , (x1) , (0)
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where the notation (x1, . . . , xn)denotes the ideal
generated by the elements x1, . . . , xn. This se-
quence is of maximal length.

Krull Intersection Theorem Let R be a
Noetherian ring, I an ideal ofR, andM a finitely
generated R-module. Then

(i.) there is an element a ∈ I such that

(1 − a)


 ∞⋂
j=1

I jM


 = 0 .

(ii.) If 0 is a prime ideal or ifR is a local ring,
and if I is a proper ideal of R, then

∞⋂
j=1

I j = 0 .

In some formulations, part (i.) is given as:

∞⋂
j=1

I jM =

{x ∈ M : (1 − a)x = 0, for some x ∈ I } .
The theorem is important for the theory of
Noetherian rings and is an application of the
Artin-Rees Lemma concerning stable ring fil-
trations. See Artin-Rees Lemma.

Krull-Remak-Schmidt Theorem The the-
orem arises in various branches of algebra and
addresses the common length and isomorphisms
between elements of the decomposition of an al-
gebraic structure.

(1) In group theory. Suppose a groupG satis-
fies the descending or ascending chain condition
for normal subgroups. If G1 ×G2 × · · · ×Gn
andH1×H2×· · ·×Hm are two decompositions
ofG consisting of indecomposable normal sub-
groups, then n = m and each Gi is isomorphic
to some Hj .

(2) In ring theory. LetA = A1×A2×· · ·×An
and B = B1 × B2 × · · · × Bn be Artinian and
Noetherian modules where each Ai and Bj are
indecomposable modules. Then m = n and
each Ai is isomorphic to some Bj .

(3) The theorem may be formulated for other
algebraic structures, e.g., for local endomor-
phism modules or for modular lattices.

Combinations of the names W. Krull, R.
Remak, O. Schmidt, J.H.M. Wedderburn, and
G. Azumaya are used to refer to this theorem.
Wedderburn first stated the theorem for groups,
Remak gave a proof for finite groups, Schmidt
gave a proof for groups with an arbitrary sys-
tem of operators, Krull extended the theorem
to rings, and Azumaya found extensions of the
theorem to other algebraic structures.

Krull ring A commutative integral domainA
for which there exists a family {νi}i∈I of discrete
valuations on the field of fractions K of A such
that the intersection of all the valuation rings of
the {νi}i∈I isA and νi(x) = 0 for all nonzerox ∈
K and for all except (possibly) a finite number
of indices i ∈ I . A Krull ring is also called a
Krull domain. Every discrete valuation ring is
a Krull ring as is a factorial ring and a principal
ideal domain.

Krull rings were studied by W. Krull. They
represent an attempt to get around the problem
that the integral closure of a Noetherian domain
is (generally) not finite. Since the valuations
described above may be identified with the set
of prime ideals of height one, a Krull ring may be
defined alternately using prime ideal of height
one.

Krull’s Altitude Theorem Also called
Krull’s Principal Ideal Theorem. This theorem
has several forms and characterizations.

(1) Let R be a Noetherian ring, let x ∈ R

and let P be minimal among prime ideals of
R containing x. Then the height of P (or the
codimension or the altitude of P ) is ≤ 1. See
Krull dimension.

(2) Let R be a Noetherian ring containing
x1, . . . , xn. Let P be minimal among prime
ideals of R containing x1, x2, . . . , xn. Then the
height of P ≤ n.

(3) Let R be a Noetherian local ring with
maximal ideal m. Then the dimension of R is
the minimal number n such that there exist n
elements x1, x2, . . . , xn not all contained in any
prime ideal other than m.

Consequences of the theorem include the fact
that the prime ideals in a Noetherian ring sat-
isfy the descending chain condition so that the
number of generators of a prime ideal P bounds
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the length of a chain of prime ideals descending
from P .

Krull topology A topology that makes the
Galois groupG(L/K) (for the Galois extension
of the fieldL over the fieldK) into a topological
group. A fundamental system of neighborhoods
of the field unity element of L is obtained by
taking the set of all groups of the formG(L/M)

where M is both a subfield of L and a finite
Galois extension of K .

The Krull topology is discrete if L is a finite
extension of K . This topology is named after
W. Krull, who extended Galois theory to infinite
algebraic extensions and laid the foundations for
Galois cohomology theory.

k-split A term used in several parts of linear
algebraic group theory and homology theory.

(1) Let k be an arbitrary field. Let� denote a
universal domain containing k, that is, an alge-
braically closed field that has infinite transcen-
dence degree over k. Let Ga denote the alge-
braic group determined by the additive group of
� and let Gm denote the algebraic group deter-
mined by the multiplicative group of non-zero
elements of �. Let G be a connected, solvable
k-group. Then G is k-split if it has a composi-
tion series

G = G0 ⊃ G1 ⊃ · · · ⊃ Gn = {0}

composed of connected k-subgroups with the
property that each Gi/Gi+1 is k-isomorphic to
Gm or Ga .

(2) If a k-torus T of dimension n is k-isomor-
phic to the direct product of n copies of Gm, then
T is said to be k-split. For a k-torus, definitions
(1) and (2) are equivalent.

(3) Let A be a k-set, G be a k-group, M
be a principal homogeneous k-space for G, and
HX/k be the set of k-generic elements of the k-
components of any k-setX. For any k-mapping
h from A into G, let δh denote the k-mapping
from A× A into G defined by

δh(x, y) = h(x)−1h(y),

for all (x, y) ∈ HA2/k .

Recall that a one-dimensional k-cocycle f is a
k-mapping from A× A into G such that

f (x, z) = f (x, y)f (y, z),

for all (x, y, z) ∈ HA3/k .

If f is a one-dimensional k-cocycle such that
there exists a k-mapping h from A× A into M
such that f = δh, then f is said to k-split inM .
This definition is used in k-cohomology.

(4) There is a similar definition used in the co-
homolgy of k-algebras involving the k-splitting
of singular extensions of k-algebras bi-modules.

(5) If G is a connected semisimple linear al-
gebraic group defined over a field k, then G is
called k-split if there is a maximal k-split torus
in G. Such a G is also said to be of Chevalley
type.

Kummer extension Any splitting field F of
a polynomial(

xn − a1
) (
xn − a2

)
. . .

(
xn − ar

)
,

where for each i = 1, 2, . . . , r the ai are ele-
ments of a field k that contains a primitive nth
root of unity. A Kummer extension is character-
ized by the property of being a normal extension
having an Abelian Galois group and the fact that
the least common multiple of the orders of ele-
ments of the Galois group is a divisor of n.

Kummer’s criterion The German mathe-
matician E. Kummer’s attempts in the mid-19th
century to prove Fermat’s Last Theorem gave
rise to the theory of ideals and the theory of cy-
clotomic fields and led to many other theories
which are now of fundamental importance in
several areas of mathematics. Among his many
contributions to the mathematics that was devel-
oped to prove (or disprove) Fermat’s Last The-
orem, Kummer obtained congruences

Bn

[
dl−2n log(x + evy)

dvl−2n

]
v=0

≡ 0 (mod l)

for n = 1, 2, . . . , l−3
2 where Bn is the nth

Bernoulli number. The congruences are called
Kummer’s criterion in his honor. In 1905 the
mathematician D. Mirimanoff established the
equivalence of these congruences to the condi-
tions (which also are called Kummer’s criterion)
of the following theorem.
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Let x, y, z be nonzero integers. Let l be a
prime> 3. Suppose x, y, z are relatively prime
to each other and to l. If {x, y, z} is a solution
to the Fermat problem

xl + yl = zl ,

then
Bnfl−2n(t) ≡ 0 (mod l) ,

for all t ∈ {− x
y
,− y

x
,− y

z
,− z

y
,− x

z
,− z

x
} and for

n = 1, 2, . . . , l−3
2 where

fm(t) =
l−1∑
i=1

im−1t i ,

for m > 1, and Bernoulli number Bn.

Kummer surface A class of K3 surface
in abstract algebraic geometry first studied by
E. Kummer in 1864. It is a quartic surface which
has the maximum number (16) of double points
possible for a quartic surface in projective three-
dimensional space. It can be described as the
quotient variety of a two-dimensional Abelian
variety by the automorphism subgroup gener-
ated by the sign-change automorphism s(x) =
−x. See also K3 surface.

In projective three-dimensional space, the
surface given by

x4 + y4 + z4 + w4 = 0

is a Kummer surface.

Künneth’s formula See Künneth Theorem.

Künneth Theorem The theorem is formu-
lated for several different areas of mathemat-
ics. Occurring in the statement of the theorem
are one or more formulas concerning exact se-
quences known as Künneth formulas. The theo-
rem itself is sometimes called Künneth formula.
All Künneth-type formulas are related to study-
ing the theory of products (e.g., tensor products)
in homology and cohomology for various math-
ematical objects and structures. Examples fol-
low.

(1) The first Künneth Theorem exhibits the
Künneth formula for complexes. LetA be a ring
with identity,L a complex of leftA-modules and
R a complex of right A-modules. Assume that
for each n the boundary modules Bn(R) and cy-
cle modules Cn(R) are flat. Then for each n
there is a homomorphism β such that the se-
quence

0 →
∑

m+q=n
Hm(R)⊗Hq(L) α→ Hn(R⊗L) β→

β→
∑

m+q=n−1

Tor1(Hm(R)⊗Hq(L)) → 0

is exact.
(2) The next Künneth Theorem exhibits the

isomorphism. LetA be a ring with identity. Let
L be a complex of left A-modules and R be
a complex of right A-modules. Assume that
for each n the homology modules Hn(R) and
cycle modulesCn(R) are projective (in this case
Tor1(Hm(R) ⊗ Hq(L)) = 0). Then for each n
there is an isomorphismα such that the sequence∑

m+q=n
Hm(R)⊗Hq(L) ∼= Hn(R ⊗ L) .

(3) LetG be an Abelian group. For simplicial
complexesL andR and Cartesian productL×R,
the homology group Hn(L × R;G) splits into
the direct sum

Hn(L× R;G) ∼=
∑

m+q=n
Hm(L)⊗Hq(R)

⊕
∑

m+q=n−1

Tor
(
Hm(L)⊗Hq(R)

)
.

(4) Similar Künneth formulas and Künneth
Theorems generalized (e.g., to spectral se-
quences) or stated with other criteria on
the groups (e.g., torsion free groups) have been
studied.

k-Weyl group See k-rank.
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