
L
l-adic coordinate system Let A be an Abel-
ian variety of dimension n over a field k of char-
acteristicp ≥ 0. Let l be a prime number, Ql the
l-adic number field, Zl the group of l-adic inte-
gers, andPl the direct product of the 2n quotient
groups of Ql/Zl . Let Bl(A) denote the group
of points of A whose order is a power of l. If
l �= p, then Pl is isomorphic to Bl(A). The iso-
morphism yields the l-adic coordinate system of
Bl(A).

l-adic representation Let A,B be Abelian
varieties of dimensions n and m, respectively,
over a field k of characteristic p ≥ 0. Let l be a
prime number different from p and λ : A→ B

a rational homomorphism. Let Bl(A), Bl(B)
denote the group of points of A, respectively B,
whose order is a power of l and γ : Bl(A) →
Bl(B) the homomorphism induced by λ. Then
the 2m×2nmatrix representation (with respect
to the l-adic coordinate system) of γ is called
the l-adic representation of λ.

Lagrange multiplier To find the extrema of
a function f of several variables, subject to the
constraint g = 0, one sets ∇f = λ · ∇g. The
scalar λ is called a Lagrange multiplier.

Lagrange resolvent Let k be a field of char-
acteristicp containing thenth roots of unity such
that p does not divide n. Let k(�) be an exten-
sion field of degree n over k with cyclic Galois
group. Let σ be a generator of the Galois group.
Let ζ be an nth root of unity. Then the Lagrange
resolvent, denoted by (ζ,�) is defined by

(ζ,�) = �0 + ζ�1 + · · · + ζ n−1�n−1

where�j = σ j�, for each j = 1, 2, . . . , n−1
and �n = σn� = �0 = �.

Since σ�j = �j+1, for each j , the La-
grange resolvent has the property that σ(ζ,�)
= ζ−1(ζ,�). This implies that σ(ζ,�)n =
(ζ,�)n, meaning that (ζ,�)n ∈ K . The �j
can be determined from the equations

∑
ζ ζ

−j

(ζ,�) = n�j , since p does not divide n. So,
k(�) is generated by (ζ,�).

Lagrangian density It is customary in the
fields of mathematical physics and quantum me-
chanics to honor the Italian mathematician
J.L. Lagrange (1736–1813) by using his name
or the letter L to name a certain expression (in-
volving functions of space and time variables
and their derivatives) used as integrands in varia-
tional principles describing equations of motion
and numerous field equations describing phys-
ical phenomena. Thus, a “Lagrangian” occurs
in the statements of the “principle of least ac-
tion” (first formulated by Euler and Lagrange for
conservative fields and by Hamilton for noncon-
servative fields), as well as in Maxwell’s equa-
tions of electromagnetic fields, relativity theory,
electron and meson fields, gravitation fields, etc.
In such systems, field equations are regarded as
sets of elements describing a mechanical system
with infinitely many degrees of freedom.

Specifically, let � ⊂ Rm, [t0, t1) denote a
time interval, and f = (f 1, f 2, . . . , f n) : [t0,
t1) −→ Rn denote a vector valued function.
Let L be an algebraic expression featuring sums,
differences, products, and quotients of the func-
tions of f and their time and space derivatives.
L may include some distributions. Define

L(t) =
∫
�

L dx ,

where x = (x1, x2, . . . , xm) and

V (f) =
∫ t1

t0

L(t) dt .

Field equations are derived from considering
variational problems for V (f). In such a setup,
L is called the Lagrangian and L the Lagrangian
density.

Lanczos method of finding roots A proce-
dure (or attitude) used in the numerical solu-
tion (especially manual) of algebraic equations
whose principal purpose is to find a first ap-
proximation of a root. Then methods (espe-
cially Newton’s method) are used to improve
accuracy (by iteration). For equations with real
roots, the basic idea is to transform the equation
into one which has a root between 0 and 1; then
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reduce the order of the equation by using an ap-
proximating function (e.g., a Chebychev poly-
nomial); solve the reduced associated equation
exactly for a root between 0 and 1 and convert
the root found back to a root of the original equa-
tion by using the transformation functions. For
complex roots the procedure is similar but finds
a root of largest modulus.

As an explicit use of the ideas consider a
cubic equation with real coefficients a, b, c, d
(with ad �= 0)

ax3 + bx2 + cx + d = 0 .

First change the polynomial to a monic polyno-
mial

x3 + b1x
2 + c1x + d1 = 0

where b1 = b/a, c1 = c/a, d1 = d/a. If
d1 > 0, transform the equation by replacing x
everywhere by −x obtaining

x3 + b2x
2 + c2x − d2 = 0 ,

with d2 > 0, where b2 = −b1, c2 = c1, d2 =
d1. Now, by dividing by d2 and setting y =
x/ 3
√
d2, b3 = b2/

3
√
d2, c3 = c2/(

3
√
d2)

2, one
gets the equation

y3 + b3y
2 + c3y − 1 = 0 .

Now f (0) < 0. Also, for large positive y,
f (y) > 0. If f (1) > 0, there is a root be-
tween 0 and 1. If f (1) < 0, there is a root > 1.
In this case substitute t = 1/y into the equation
obtaining

t3 − c3t
2 − b3t − 1 = 0 .

In either case, substitute for t3 or y3 the quadrat-
ic term of the Chebychev polynomial

t3 = (1/32)
(

48t2 − 18t + 1
)

and solve the resulting quadratic equation ex-
actly. Discard any negative root and use the
remaining root. Convert it back to the origi-
nal equation using all the conversions. This is
the Lanczos method for cubic equations. There
are Lanczos methods for fourth and higher de-
gree equations with real coefficients and ones
for complex coefficients.

Lanczos method of matrix transformation
In the numerical solution of eigenvalue prob-
lems of linear differential and integral operators,
matrix transformations play a fundamental role.
Lanczos’ method, named after C. Lanczos who
introduced it in 1950, was developed as an iter-
ative method for a nonsymmetric matrix A and
involves a series of similarity transformations
to reduce the matrix A to a tri-diagonal matrix
T with the same (but more easily calculable)
eigenvalues as A.

Specifically, given an n × n matrix A, a tri-
diagonal matrix T is constructed so that T =
S−1AS. Assume that the n columns of S are
denoted by x1, x2, . . . , xn which will be deter-
mined so as to be linearly independent. Assume
that the main diagonal of matrix T = {tij } is de-
noted by tii = bi for i = 1, 2, . . . , n; the super-
diagonal tii+1 = ci for i = 1, 2, . . . , n− 1; and
the subdiagonal tii−1 = di , for i = 2, 3, . . . , n.
In this method the di will all be 1. The method
consists of constructing a sequence {yi} of vec-
tors such that yTi xi = 0, if i �= j .

Let x0, y0, c0 be zero vectors and let x1 and
y1 be chosen arbitrarily. Define {xk} and {yk}
recursively, by

xk+1 = Axk − bkxk − ck−1xk−1 ,

yk+1 = AT yk − bkyk − ck−1yk−1 ,

with

bk = yTk Axk

yTk xk

and

ck−1 =
yTk−1Axk

yTk−1xk−1
.

Assuming that yRj xj �= 0 for each j , it can be

shown that yTi xj = 0 if i �= j , the {xi} are
linearly independent, and that if the recursions
are used for k = n, that the resulting xn+1 = 0.
These results lead to the equations

Ax1 = x2 + b1x1

Axk = xk+1 + bkxk + ck−1xk−1 ,

for k = 2, 3, . . . , n− 1 and

Axn = bnxn + cn−1xn−1

which yield the desired tri-diagonal matrix T .
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Problems with the method involve a judicious
choice of x1 and y1 so that yTj xj �= 0 for each
j = 1, 2, . . . , n−1. Numerically, the weakness
of the method is due to a possible breakdown in
this biorthogonalization of the sequences {xi}
and {yi} even when the matrix A is well condi-
tioned. The numerical procedure is likely to be
unstable, for example, when yTi xi is small.

For symmetric matrices with x1 = y1 the
sequences {xi} and {yi} are identical. In this case
the numerical stability is comparable to either
Givens’ or Householder’s methods resulting in
the same tri-diagonal matrix — but with more
cost in deriving it.

Theoretically, the indicated algorithm occurs
in the conjugate-gradient method for solving a
linear system of equations, in least square poly-
nomial approximations to experimental data, and
as one way to develop the Jordan canonical form.

Lanczos method is sometimes called the
method of minimized iterations.

Laplace Expansion Theorem A theorem
concerning the finite sum of certain products of
determinants of submatrices of a given square
matrix. The theorem delineates which products
yield a sum equal to the determinant of the whole
matrix, so the expansions described are com-
monly used to evaluate determinants.

Let A be an n × n matrix with elements
from a commutative ring, where it can be as-
sumed that n > 1. Let A have elements ai j
where i denotes the row and j the column. Let
1 ≤ r < n. Suppose r rows of A, denoted by
i1, i2, . . . , ir are chosen where it is assumed (al-
ways) that i1 < i2 < · · · < ir (lexicographic
ordering). See lexicographic linear ordering.
Let R denote this lexicographically ordered r-
tuple (i1, i2, . . . , ir ). Suppose also that r col-
umns j1, j2, . . . , jr are chosen (lexicographi-
cally ordered). Let C be this lexicographically
ordered r-tuple (j1, j2, . . . , jr ). By choosing el-
ements ofA from the chosen rows and columns,
an r × r submatrix ARC = (bmn) = (aim jn)

is determined. If R′ denotes the lexicograph-
ically ordered (n − r)-tuple ir+1, ir+2, . . . , in
consisting of the rows of A not chosen and
C′ the columns not chosen, then AR′ C′ is an
(n − r) × (n − r) submatrix. Let λRC =
i1 + i2 + · · · + ir + j1 + j2 + · · · + jr . Finally,
let S be any lexicographically ordered r-tuple

chosen from the n numbers 1, 2, . . . , n. Then
the Laplace Expansion Theorem says:
∑
C

(−1)λR C det (ARC) det (AS′ C′) = det(A)

if R = S (and = 0, if R �= S), where the sum is
taken over the

(
n
r

)
selection of columnsC. Also,

∑
R

(−1)λR C det (ARC) det (AR′ S′) = det(A)

if R = S (and = 0, if R �= S), where the
sum is taken over the

(
n
r

)
selection of rows R.

The summations resulting in the sum det(A) are
called Laplace expansions of the determinant. If
r = 1, the “usual” expansion of a determinant
is obtained.

large semigroup algebra Let R be a com-
mutative ring, S a semigroup, and RS the set
of sequences of elements of R where in each
sequence only a finite number of elements is
different from zero. Then RS is the direct sum
of isomorphic copies of R using S as the index
set. A canonical basis of RS consists of {bi}i ∈S
where for a given i ∈ S, bi has the component
indexed by i equal to 1 and the rest of the com-
ponents equal to 0. The product

bi bj = bij for all i, j ∈ S
determines the multiplication in RS and makes
RS into an algebra called a semigroup algebra
of S over R. Now suppose S has the property
that for any s ∈ S there are only a finite number
of pairs {i, j} of elements of S such that s = ij .
If one defines multiplication of sequences α =
{αi} and β = {βj } of RS to be γ = {γk} where

γk =
∑
k=ij

αiβj , k ∈ S ,

then the resulting algebra is called a large semi-
group algebra and contains RS as a subalgebra.

largest nilpotent ideal The nilpotent ideal
which is the union of all nilpotent ideals of a Lie
algebra defined on a commutative ring with unit.
In a left Artinian ring, the radical is nilpotent and
is the largest nilpotent ideal. In a left Noetherian
ring, the prime radical is the largest nilpotent
left ideal. For a ring which has the property
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that every nonempty set of left ideals contains a
minimal element (with respect to inclusion), the
Jacobson radical is the largest nilpotent ideal.

lattice (1) A system consisting of a set S
together with a partial ordering ≤ on S and two
binary operations ∧ and ∨ defined on S such
that, for all a, b, c ∈ S,

a ∨ b ≤ c if and only if (a ≤ c and b ≤ c) ,
and

c ≤ a ∧ b if and only if (c ≤ a and c ≤ b) .

The element a ∨ b is called the supremum
of a and b and the element a ∧ b is called the
infimum of a and b.

The set of all subsets of a nonempty set S
ordered by the subset relation together with the
operations of set union and set intersection form
a lattice. The whole numbers, ordered by the
relation divides, together with the operations of
greatest common divisor and least common mul-
tiple, form a lattice. The real numbers, ordered
by the relation less than or equal to, together
with the operations of maximum and minimum,
form a lattice.

(2) Let Rn denote the set of all n-tuples of
real numbers. Let Rn be endowed with the
(usual) Euclidean metric space structure. Call
this metric space En. Let V n denote the (usual)
n-dimensional real vector space defined over R
by adding componentwise and multiplying by
scalars componentwise. Let Z denote the set of
integers. Let σ denote the mapping betweenEn

and V n that identifies points in En with vectors
in V n. Let L be the set of points


P ∈ En : σ(P ) =

n∑
j=1

αjvj , αj ∈ Z


 ,

for some basis {v1, v2, . . . , vn} of V n. Then L
is called an n-dimensional homogeneous lattice
in En.

lattice constant LetLdenote the lattice group
of an n-dimensional crystallographic group de-
fined on n-dimensional Euclidean space. Then
L is generated by n translations. Each inner
product of two of the generating translations is
called a Lattice constant. See lattice group.

lattice group (1) The subgroup of transla-
tions of the n-dimensional crystallographic
group C defined on n-dimensional Euclidean
space En. The lattice group is a commutative
normal subgroup ofC. Recall thatC is a discrete
subgroup of the group of motions on En that con-
tains exactlyn linearly independent translations.
The lattice group is generated by these transla-
tions. In applied areas of crystallography, the
group of motions is called a space group. Then
the lattice group is called the lattice of the space
group.

(2) Let L be an n-dimensional homogeneous
lattice in En. (See lattice.) Then

{
v ∈ V n : v = σ(P ), for some P ∈ L}

is called the lattice group of L. This lattice
group is a free module generated by the basis
{v1, v2, . . . , vn}.
lattice ordered group A lattice which is also
an ordered group. See lattice.

law A property, statement, rule, or theorem in
a mathematical theory usually considered to be
fundamental or intrinsic to the theory or govern-
ing the objects of the theory. Elementary exam-
ples include commutative, associative, distribu-
tive, and trichotomy laws of arithmetic,
DeMorgan’s laws in mathematical logic or set
theory, and laws of sines, cosines, or tangents in
trigonometry.

Law of Quadrants Also called rule of spe-
cies. In spherical trigonometry, ifABC is a right
spherical triangle, with right angle C and sides
a, b, and c (measured in terms of the angle at
the center of the sphere subtended by the side),
then: (i.) if a and A are both acute or both ob-
tuse angles (said to be of like species), then so
are b and B; (ii.) if c < 90◦, then a and b are of
like species; (iii.) if c > 90◦, then a and b are
of unlike species.

This law is used whenever one has a formula
which gives two possible values for the sine of
the side or angle, since it indicates whether the
side or angle is acute or obtuse.

Law of Signs In arithmetic, a rule for sim-
plifying expressions where two (or more) plus
(“+”) or minus (“−”) signs appear together. The
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rule is to change two occurrences of the same
sign to a “+” and to change two occurrences of
opposite signs to a “−.”

In using the Law of Signs, one is ignoring the
different usages of the minus sign; namely, for
subtraction, for additive inverse, and to denote
“negative.” The same is true for the plus sign;
namely, for addition and to denote “positive.”

Thus, x − (−y) or x − −y becomes x + y;
x + (−y) or x + −y becomes x − y; 4 − −3
becomes 4+3; 4+−3 becomes 4−3; x+ (+y)
or x ++y becomes x + y, etc.

Law of Tangents In plane trigonometry, a ra-
tio relationship between the lengths of sides of
a triangle and tangents of its angles. For a trian-
gle ABC, where A,B, and C represent vertices
(and angles) and a, b, and c represent, respec-
tively, the sides opposite the angles,

a − b
a + b =

tan 1
2 (A− B)

tan 1
2 (A+ B)

.

Laws of Cosines In plane and spherical trigo-
nometry, relationships between the lengths of
sides of a triangle and cosines of its angles. For
a triangle ABC in plane trigonometry, where
A,B, and C represent vertices (and angles) and
a, b, and c represent, respectively, the sides op-
posite the angles,

c2 = a2 + b2 − 2 a b cos(C) .

Here, the length of a side is determined by the
lengths of the other two sides and the cosine of
the angle included between those sides.

In spherical trigonometry, using the above
designations for the angles and for the sides
(measured in terms of the angle at the center
of the sphere subtended by the side), there are
two relationships:

cos(C) =− cos(A) cos(B)

+ sin(A) sin(B) cos(c)

and

cos(c) = cos(a) cos(b)+ sin(a) sin(b) cos(C) .

Laws of Sines In plane and spherical trigo-
nometry, the ratio relationship between the

lengths of sides of a triangle and sines of its
angles. For a triangle ABC in plane trigonom-
etry, where A,B, and C represent vertices (and
angles) and a, b, and c represent, respectively,
the sides opposite the angles,

a

sin(A)
= b

sin(B)
= c

sin(C)
.

In spherical trigonometry, using the same
designations for the angles and for the sides
(measured in terms of the angle at the center
of the sphere subtended by the side),

sin(a)

sin(A)
= sin(b)

sin(B)
= sin(c)

sin(C)
.

leading coefficient The nonzero coefficient
of the highest order term of a polynomial in a
polynomial ring. In the expression

anx
n + an−1x

n−1 + · · · + a1x + a0 ,

an is the leading coefficient. There are situations
when it is appropriate to consider an expression
when the leading coefficient is zero. In this case,
such a coefficient is called a formal leading co-
efficient.

least common denominator In arithmetic,
the least common multiple of the denominators
of a set of rational numbers. See least common
multiple.

least common multiple (1) In number the-
ory, if a and b are two integers, a least common
multiple of a and b, denoted by lcm{a, b}, is a
positive integer c such that a and b are each di-
visors of c (which makes c a common multiple
of a and b), and such that c divides any other
common multiple of a and b. The product of
the least common multiple and positive greatest
common divisor of two positive integers a and
b is equal to the product of a and b.

The concept can be extended to a set of more
than two nonzero integers. Also, the definition
can be extended to a ring where a least common
multiple of a finite set of nonzero elements of the
ring is an element of the ring which is a common
multiple of elements in the set and which is also
a factor of any other common multiple.
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(2) In ring theory, the ideal generated by the
intersection of two ideals is known as the least
common multiple of the ideals.

In a polynomial ring k[x1, . . . , xr ]over a field
k, the least common multiple of two monomials
x
m1
1 · · · · · xmrr and xn1

1 · · · · · xnrr is defined as

x
max(m1,n1)
1 · · · · · xmax(mr ,nr )

r .

least upper bound See supremum.

Lefschetz Duality Theorem LetX be a com-
pact n-dimensional manifold with boundary Ẋ
and orientation U over the ring R. For all R-
modules G and non-negative integers q there
exist isomorphisms

Hq(X;G)← Hq(X \ Ẋ;G)→ Hn−q(X, Ẋ;G)

and

Hq(X, Ẋ;G)→ Hn−q(X\Ẋ;G)← Hn−q(X;G) .

[Here j : X \ Ẋ ⊂ X.]

Lefschetz fixed-point formula One of the
main properties of the l-adic cohomology. It
counts the number of fixed points for a mor-
phism on an algebraic variety or scheme.

Let X be a smooth and proper scheme of fi-
nite type of dimension n defined over an alge-
braically closed field k of characteristic p ≥ 0.
Let l be a prime number different from p. Let
Ql be the quotient field of the ring of l-adic
integers. For each nonnegative integer i, let
Hi(X,Ql) denote the l-adic cohomology of X.
Let f : X −→ X be a morphism that has iso-
lated fixed points each of multiplicity one. Let
f ∗ be the induced map on the cohomology ofX.
Let Tr be the trace mapping. Then the number
of fixed points of f is equal to

2n∑
i=0

(−1)i Tr
(
f ∗;Hi (X,Ql)

)
.

Lefschetz number (1) A concept applica-
ble in several fields of mathematics, first intro-
duced in 1923 by S. Lefschetz (1884–1972) after
whom it is named. The idea is as follows. Let
X be a topological space. Let f : X → X

be a continuous map. For each nonnegative in-
teger k, f induces a homomorphism fk of the
homology groupHk(X;Q) (with coefficients in
the rational number field Q). If the ranks of the
homology groups (considered as vector spaces
over Q) are finite, then there is a matrix repre-
sentation for each fk and a trace tk of the matrix
which is an invariant of fk . The Lefschetz num-
ber of f , denoted by L(f ), is then given by

L(f ) =
∞∑
k=0

(−1)ktk .

If everything is well defined, thenL(f ) is an in-
teger and, if different from zero, guarantees that
f has a fixed point. Everything will be well de-
fined, for example ifX is a finite complex. Alter-
natives forX include a chain or cochain complex
of free Abelian groups (f an endomorphism of
degree 0) or a finite polyhedron of degree nwith
integral coefficients (f continuous, sum from 0
to n). There is a similar result if X is a closed
orientable manifold. Also, if f is the identity
map, then L(f ) is the Euler characteristic.

(2) For complex normal Abelian varieties, the
difference between the second Betti number and
the Picard number is sometimes called a Lef-
schetz number.

Lefschetz pencil Let X be a smooth com-
plete (thus projective) algebraic variety over an
infinite algebraically closed field k. In the the-
ory of algebraic varieties it can be shown that
there is a birational morphism

π : X̃ −→ X

from a smooth complete (projective) variety X̃
and a mapping

f : X̃ −→ P1
k

that is singular at most a finite number of points.
An inverse image f−1(x) is called a fiber and
contains at most one singular point which, if it
exists, is an ordinary double point. The family
of fibers is called a Lefschetz pencil ofX. Some-
times the map f is called a Lefschetz pencil. In
the theory establishing the existence of X̃, it is
shown that fibers are hyperplane sections of X.
Sometimes it is said that Lefschetz pencils “fiber
a variety.”
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Lefschetz pencils are involved in the proof of
the Weil conjecture. They are named in honor of
S. Lefschetz (1884–1972) who studied, among
many other things, nonsingular projective sur-
faces.

left A-module Let A be a ring. A left A-
module is a commutative groupG, together with
a mapping fromA×G intoG, called scalar mul-
tiplication and denoted here by juxtaposition,
satisfying for all x, y ∈ G and all r, s ∈ A:

1x = x ,

r(x + y) = rx + ry ,
(r + s)x = rx + sx ,

and
(rs)x = r(sx) .

Right A-modules are defined similarly.
Sometimes the term left or right is omitted. If
the ring is denoted by R, then the terminology
is leftR-module. If addition and scalar multipli-
cation are just the ring operations, then the ring
itself can be regarded as a left A-module. If the
ring is a field, then the modules are the vector
spaces over the field.

left annihilator The left annihilator of an
ideal S of an algebra A (over a field k) is a set

{a ∈ A : aS = 0} .
The left annihilator is an ideal of A. Similarly,
the left annihilator of S in R where S is a subset
of an R-moduleM (where R is a ring) is the set

{r ∈ R : rS = 0} .

left Artinian ring A ring having the property
that (considered as a left module over itself) ev-
ery nonempty set of submodules (meaning left
ideals in this context) has a minimal element.
For such a ring, any descending chain of left
ideals is finite. Compare with left Noetherian
ring.

For a left Artinian ring, the radical is the
largest nilpotent ideal. See largest nilpotent
ideal. For a left Artinian ring, any left module
is Artinian if and only if it is Noetherian.

Artinian rings are named after E. Artin (1898–
1962).

left balanced functor Let R1, R2, and R be
rings. Let CR1 , CR2 , and CR be categories of
R1-modules, R2-modules, and R-modules, re-
spectively. Let T : CR1 × CR2 → CR be an
additive functor that is covariant in the first vari-
able and contravariant in the second variable.
Let A ∈ CR1 . Let AT : CR2 −→ CR be the
functor defined by

AT (B) = T (A,B) for all B ∈ CR2 .

Let B ∈ CR2 . Let TB : CR1 −→ CR be the
functor defined by

TB(A) = T (A,B) for all A ∈ CR1 .

Then T is called left balanced if (i.) AT is exact
for each projective moduleA ∈ CR1 and (ii.) TB
is exact for each injective module B ∈ CR2 .

The definition can be extended to additive
functors T of several variables (some of which
are covariant and some contravariant) as fol-
lows. T is called left balanced if: (i.) T be-
comes an exact functor of the remaining vari-
ables whenever any one of the covariant vari-
ables is replaced by a projective module; and (ii.)
T becomes an exact functor of the remaining
variables whenever any one of the contravariant
variables is replaced by an injective module.

left coset Any set, denoted by aS, of all left
multiples as of the elements s of a subgroup S
of a groupG and a fixed element a ofG. Every
left coset of S has the same cardinality as S. For
each subgroup S ofG, the groupG is partitioned
into its left cosets, so that for a finite group the
number of elements in the group (order) is a
multiple of the order of each of its subgroups.

left derived functor Let R1, R2, and R be
rings. Let CR1 , CR2 , and CR be categories ofR1-
modules, R2-modules, and R-modules, respec-
tively. Let T : CR1 × CR2 → CR be an additive
functor that is covariant in the first variable and
contravariant in the second variable. LetX be a
definite projective resolution for each moduleA
of CR1 and let Y be a definite injective resolution
for each module B of CR2 . From homology the-
ory, T (X, Y ) is a well-defined complex which
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can be regarded as being over T (A,B). Also,
because of the homotopies involved, up to natu-
ral isomorphisms, T (X, Y ) is independent of the
chosen resolutionsX andY and depends only on
A andB. Therefore, the nth homology modules
Hn(T (X, Y )) are functions of A and B.

If f : A −→ A′ and g : B ′ −→ B, there
exist chain transformations F : X −→ X′ and
G : Y ′ −→ Y over f and g. Any two such are
homotopic. The induced chain transformation

T (f, g) : T (X, Y ) −→ T (X′, Y ′)

is determined up to homotopy, is independent
of the choice of F and G, and depends only on
f and g. This yields a well-defined homomor-
phism

Hn(T (X, Y )) −→ Hn(T (X
′, Y ′)) .

Define the nth left derived functor LnT :
CR1 × CR2 → CR by

LnT (A,B) = Hn(T (X, Y ))
and let LnT (f, g) be the well-defined homo-
morphism of the last paragraph

LnT (f, g) : LnT (A,B) −→ LnT (A
′, B ′) .

left global dimension For a ringAwith unity,
the supremum of the set of projective (or homo-
logical) dimensions (i.e., the set of minima of
the lengths of left projective resolutions) of el-
ements of the category of left A-modules. It
is also equal to the infimum of the set of in-
jective dimensions of the category. A theorem
of Auslander (1955) shows that the left global
dimension is also the supremum of the set of
projective dimensions of finitely generated left
A-modules. As simple examples of left global
dimension, the left global dimension of the in-
tegers is 1, while the left global dimension of a
field is 0. See projective dimension, homologi-
cal dimension, injective dimension.

left G-set Let G be a group with identity e
and juxtaposition denoting the group operation.
Let S be a set. Let p : G × S → S satisfy, for
each x ∈ S,

p(ab, x) = p(a, p(b, x))

and
p(e, x) = x .

Then S is called a leftG-set andG is said to act
on S from the left. If juxtaposition ax is used
for the value p(a, x), then the two conditions
become (ab)x = a(bx), ex = x.

left hereditary ring A ring in which every
left ideal is projective. Alternately, a ring whose
left global dimension is less than or equal to one.
See left global dimension.

If a ringA is left hereditary, every submodule
of a free A-module is a direct sum of modules
isomorphic to left ideals of A. The converse is
also true.

left ideal A nonempty subset L of a ring R
such that whenever x and y are in L and r is in
R, x−y and rx are inL. For example, ifR is the
ring of n× n real matrices, the matrices whose
first column is identically zero is a left ideal.
Ideals play a role in ring theory analogous to
the role played by normal subgroups in group
theory.

left invariant Used in various fields to indi-
cate not being altered or changed by a transfor-
mation, usually a left translation. For example,
(in linear algebra) a subalgebra S of a linear al-
gebra A is called left invariant if S contains, for
any x ∈ S, all left multiples ax for each a ∈ A.
If the linear algebra A has a unity element, then
the left invariant subalgebra is a left ideal. In Lie
group theory and transformation group theory
there are left invariant measures, left invariant
integrals, left invariant densities, left invariant
tensor fields, etc.

left inverse element Let S be a nonempty set
on which is defined an associative binary oper-
ation, say ∗. Assume that there is a left identity
element e in the set with respect to ∗. Let a de-
note any element of the set S. Then a left inverse
element of a is an element b of S such that

b ∗ a = e .
If every element of the set described above

has a left inverse element, then the set is called
a group. For a group, a left inverse element is
unique and is also a right inverse element. For
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commutative groups, the inverse element of a is
usually denoted by−a. Otherwise, the notation
a−1 is used. An element that has a left inverse
is sometimes called left invertible.

left Noetherian ring A ring having the prop-
erty that (considered as a left module over itself)
every nonempty set of submodules (meaning left
ideals in this context) has a maximal element.
For such a ring, any ascending chain of left ide-
als is finite. Compare with left Artinian ring.

For a left Noetherian ring, the prime radical
is the largest nilpotent ideal. See largest nilpo-
tent ideal. For a left Noetherian ring, any left
module is Artinian if and only if it is Noethe-
rian.

Noetherian rings are named after A.E.
Noether (1882–1935).

left order Let g be an integral domain in
which every ideal is uniquely decomposed into
a product of principal ideals (i.e., a Dedekind
domain). Let F be the field of quotients of g.
Let A be a separable algebra of finite degree
over F . Let L be a g-lattice of A. Then the set
{x ∈ A : xL ⊂ L} is an order of A called a left
order of A. See order. See also ZG-lattice.

left projective resolution A left resolution
X of an A-module M (where A is a ring with
unity) such that each Xn in the exact sequence

· · · → Xn→ Xn−1 → · · · → X0 → M → 0

is a projectiveA-module, and is called a left pro-
jective resolution ofM . See also left resolution.

left regular representation Let R be a ring,
M a left R-module, and HomZ(M,M) the ring
of module endomorphisms (whereM is viewed
as a module over Z). For each r ∈ R, let ρr :
M −→ M be a left translation (i.e., ρr(x) = rx
for all x ∈ M). If the ring homomorphism
ρ : R→HomZ(M,M), given by ρ(r) = ρr for
all r ∈ M is an injection, then ρ is called a left
regular representation of R in HomZ(M,M).
Left (and right) regular representations are very
important tools in ring theory with many appli-
cations throughout the theory.

left resolution Let A be a ring with unit and
M an A-module. If the sequence

· · · → Xn
∂n→ Xn−1

∂n−1→ · · · ∂1→ X0
ε→ M → 0

is exact, where X is a positive chain complex
of A-modules Xk , then the homomorphisms ∂k
have the property that the composition ∂k∂k+1 =
0 for all k, and ε : X → M is a sequence
of homomorphisms εk : Xk → M such that
εk−1∂k = 0 for all k, thenX is called a left reso-
lution of M . This concept is used in homology
theory in the computing of extension groups.

left satellite Let R1 and R be rings. Let
CR1 and CR be categories ofR1-modules andR-
modules, respectively. Let T : CR1 → CR be an
additive functor. A left satellite of T is an ad-
ditive functor defined over the same categories
as T and having the same variance (contra- or
co-). Once one left satellite of T (to be denoted
by S1T ) is determined, a sequence {SnT } of left
satellites may be defined by iteration.

In order to define the functor S1T by describ-
ing its action on modules and homomorphisms,
some background notation and remarks on ho-
mology theory need to be presented. Left satel-
lites may be defined for covariant functors and
contravariant functors. Here, the procedure for
creating a left satellite from a covariant functor
will be described in some detail, with the cor-
responding procedure for contravariant functors
only sketched. There is also a parallel develop-
ment for right satellites.

Let A be an R1-module. From homology
theory, it is always possible to construct an exact
sequence

0 → M
α→ P

β→ A→ 0

with P projective. For what follows, since the
module S1T (A) (to be defined) is only unique
within isomorphism (with respect to the choice
of P ), a particular choice of exact sequence
needs to be prescribed (which can always be
done).

(i.) Suppose T is covariant. Let A ∈ CR1 .
Let T (α) : T (M)→ T (P ). Define S1T (A) to
be Ker(T (α)). Then the sequence

0 → S1T → T (M)→ T (P )
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is exact. Let A,A′ ∈ CR1 . Let g : A → A′.
Then there are exact sequences

0 → M
α→ P

β→ A→ 0
↓ g

0 → M ′ α′→ P ′ β
′
→ A′ → 0

(withP andP ′ projective) and a homomorphism
f : P → P ′ such that gβ = β ′f . f defines
uniquely a homomorphism f ′ : M → M ′ such
that f α = α′f ′. One then gets the commutative
diagram

T (M)
T (α)−→ T (P )

↓ T (f ′) ↓ T (f )
T (M ′) T (α′)−→ T (P ′) .

T (f ′) induces a homomorphism

�(g) : Ker(T (α))→ Ker(T (α′)) .

It can be shown that�(g) is independent of the
choice of f . Define

S1T (g) : S1(A) −→ S1(A
′)

by S1T (g) = �(g). With this definition, S1T

becomes a covariant functor called the left satel-
lite of T .

(ii.) If T is contravariant, the procedure starts
with an exact sequence

0 → A
β→ Q

α→ N → 0 ,

with Q injective. Similar reasoning to the co-
variant case yields S1T (A) = Ker(T (α))where
T (α) : T (N) −→ T (Q) and S1T (g) : S1T (A

′)
−→ S1T (A). Here, S1T is contravariant.

(iii.) The sequence of functionSnT is defined
recursively from the exact sequences

0 → M → P → A→ 0

and
0 → A→ Q→ N → 0 ,

with P projective andQ injective as follows:

S0T = T ,

S1T as given above .

If T is covariant,

Sn+1T (A) = SnT (M)), n ≥ 1 .

If T is contravariant,

Sn+1T (A) = SnT (N)), n ≥ 1 .

Left satellites may also be defined for general
Abelian categories in a similar fashion.

left semihereditary ring A ring in which
every finitely generated left ideal is projective.
Compare with left hereditary ring.

Every regular ring is left semihereditary (and
right semihereditary).

left translation A left translation of a group
G by an element a ofG is a function fa : G→
G defined by

fa(x) = ax ,
for each x ∈ G.

Lehmer’s method of finding roots A meth-
od, developed in 1960 by D.H. Lehmer, for find-
ing numerical approximations to the (real or com-
plex, simple or multiple) roots of a polynomial
using a digital computer. Lehmer’s method pro-
vides a single algorithm for automatic computa-
tion applicable for all polynomials, in contrast to
other methods, the choice of which, for a partic-
ular polynomial, is dependent on human judg-
ment, experience, and intervention.

Lehmer’s method includes a test for deter-
mining whether or not the given polynomial has
a root inside a given circle. The test is applied
at each iteration of the process (to be described
next) on circles of decreasing size.

Assume that zero is not a root. Starting (in
the complex plane) with the circle with center
0 and radius 1 apply the test to look for a root
inside the circle. If one is found, halve the radius
and retest for the smaller circle. If a root is not
found, double the radius and apply the test. In a
finite number of steps, an annulus

{x : R < |z| < 2R}
will be determined (whereR is a power of 2) that
contains a root in the disk of radius 2R but not
in the disk of radius R. Next, cover the annulus
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with 8 overlapping disks of radius 5R/6 and cen-
ters (5R/3) exp(2πi/8), for k = 0, 1, . . . , 7.
Test each of the 8 circles until a root is found
trapped in a new annulus centered at (say) α
with radii R1, 2R1

{x : R1 < |z− α| < 2R1} ,
with R1 = 5R

6(2s ) for some s. The new annulus
is similarly covered by 8 disks and tested. After
(say) k iterations of this process, one gets a circle
of radius≤ 2(5/12)k which contains a root. One
continues until a prescribed accuracy is reached.

The strength of Lehmer’s method is its uni-
versality. The weakness is the rate of conver-
gence of the method which in practice may be
several times slower than less general methods
developed for specific types of roots.

length of module The common number of
quotientsMi/Mi+1 of submodules of a module
M over a ring R in a Jordan-Hölder or compo-
sition series

M = M0 ⊃ M1 ⊃ · · · ⊃ Ms = {0}
of M , if M has such a series. Any such chain
has the same number of terms. A necessary and
sufficient condition that M have such a series
is that it be both Artinian and Noetherian. See
composition series, Artinian module, Noethe-
rian module.

Leopoldt’s conjecture The assertion in the
study of algebraic number fields that the Zp-
rank of the p-adic closure of the group of units
of a number field is the same as the Z-rank of the
group of units. This conjecture is an open ques-
tion in many cases. There are Abelian analogs
of the conjecture and analogs for function fields
of characteristic p. The conjecture is named af-
ter H.W. Leopoldt, an extensive contributor to
the study of p-adic L-functions.

less than See greater than.

less than or equal to See greater than.

level structure A notion occurring in the
study of modulii spaces of Abelian varieties.
Usually a letter intrinsic to the variety discussed
is appended to the term.

(1) LetA be an Abelian variety of dimension
n over a field k of characteristicp ≥ 0. Letm be
a positive integer that is not a multiple of p. An
m-level structure with respect toA is a set of 2n
points on A which form a basis for the abstract
group Bm(A) of points of order m on A.

(2) For polarized complex Abelian varieties,
the concept of a level structure can be consid-
ered as a replacement of all or part of the concept
of a symplectic basis. If the variety is of type
D, then theD-level structure for the variety is a
certain symplectic isomorphism.

There are generalized levelm-structures, or-
thogonal level D structures, etc. The precise
definitions are quite detailed and require consid-
erable background and notational development.
Thus, they will not be given here. The associ-
ated modulii spaces for polarized Abelian vari-
eties with level structures are used in studying
properties of geometry and arithmetic.

Levi decomposition Let g be a finite dimen-
sional Lie algebra over the field of real or com-
plex numbers. Let radg denote the Lie subal-
gebra of g, called the radical of g. (See radi-
cal.) Let l be any subalgebra of g. Then the
direct sum of vector spaces radg and l (radg⊕ l)
forms a Lie subalgebra of g. If l exists such that
radg ⊕ l = g, then the sum radg ⊕ l is called
the Levi decomposition of g. The decomposi-
tion is named after E.E. Levi. The subalgebra
l involved in the splitting is called a Levi sub-
algebra of g. A theorem of Levi (1905) states
that g has such a decomposition and a theorem
by Malcev (1942) establishes the uniqueness of
the decomposition.

There is a similar Levi (product) decompo-
sition in algebraic group theory given by G =
RadG×H whereG is an algebraic group, RadG
is a unipotent radical of G, and H is an alge-
braic subgroup of G called the reductive Levi
subgroup of G. It is useful in reducing many
problems to the study of reductive groups.

Levi subgroup Let G be a Lie group. Let
RadG denote the radical of G. A Lie subgroup
L ofG is called a Levi subgroup ofG if (i.) the
identity imbedding of L into G is a Lie group
homomorphism, (ii.) G = (RadG)L, (iii.) the
dimension of (RadG) ∩ L is zero. If the Lie
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group is connected, there is always a (connected)
Levi subgroup. See Levi decomposition.

lexicographic linear ordering Sometimes
called dictionary order, an ordering which treats
numbers as if they were letters in a dictionary.
Suppose, for example, S is a set of monomials
of degree n in m variables: that is,

S =

x

k1
1 x

k2
2 . . . x

km
m :

m∑
j=1

kj = n

 .

then xk1
1 x

k2
2 . . . x

km
m is less than or equal to (≤)

x
l1
1 x

l2
2 . . . x

lm
m if the first nonzero difference of

corresponding exponents kj − lj satisfies kj −
lj ≤ 0. For example,

x1x2x
2
3x

3
4 ≤ x1x2x

3
3x4 ≤ x2

1x
4
2x3x4 .

A lexicographic ordering for the field of com-
plex numbers C is defined as follows: if z1 =
x1 + y1i, z2 = x2 + y2i ∈ C, then z1 ≤ z2 if
and only if

(x1 ≤ x2) or (x1 = x2 and y1 ≤ y2) .

Since in both of these cases the order ≤ is re-
flexive, antisymmetric, transitive, and satisfies
the trichotomy law, the order is a linear order, so
the order is called a lexicographic linear order.
More generally, if O1,O2, . . . , Om are ordered
sets, the product set p = ∏m

j=1Oj is given a
lexicographic ordering < as follows: if a =
(a1, a2, . . . , am) and b = (b1, b2, . . . , bm) ∈
p, then a < b if and only if the first non-zero
difference of corresponding coordinates aj −
bj < 0. When each Oj is linearly ordered, so
is p.

L-function Generally, a function of a com-
plex variable that generalizes the Riemann ζ -
function. L-functions are meromorphic on the
complex numbers C, exhibit both a Dirichlet se-
ries expansion and a Euler product expansion,
and satisfy similar functional equations. Some
generalizations of the ζ -function retain the ζ
identifier instead of an L. L-functions are im-
portant in the analytic study of the arithmetic
of objects in their corresponding mathematical
structures, including rational number fields, al-
gebraic number fields, algebraic varieties over

finite fields, representations of Galois groups,
p-adic number fields, etc.

(1) The most direct generalization of the Rie-
mann ζ -function is the DirichletL-function. Let
Z denote the integers. Let m ∈ Z with m > 0.
Let χ : Z −→ C be a Dirichlet character mod-
ulo m (i.e., χ �= 0, χ(a) = 0 if a and m are
not relatively prime, χ(ab) = χ(a)χ(b), and
χ(a +m) = χ(a)). Let s ∈ C with Re(s) > 1.
Define L(s) as

L(s) =
∞∑
n=1

χ(n)

ns
.

The definition exhibits the Dirichlet series ex-
pansion which converges absolutely and makes
L a holomorphic function for #(s) > 1. It is
equal to the Euler product

∏
p

1

1− χ(p)
ps

over primes p. It can be extended as a mero-
morphic function over C. If χ is defined to be
identically 1, the Riemann ζ -function itself is
obtained. The two functions have many sim-
ilar properties. For example, the study of the
location of zeroes of the L-function leads to a
generalized Riemann hypothesis.

(2) HeckeL-functions and HeckeL-functions
with grössencharakters are generalizations of
the Dirichlet L-functions to algebraic number
fields. OtherL-functions that can be considered
generalizations of these include those of Artin
and Weil involving Galois extensions of an al-
gebraic number field. There are L-functions as-
sociated with algebraic varieties defined over fi-
nite fields, p-adic L-functions defined over the
p-adic number field Qp, and automorphic L-
functions defined both for the general linear
group and for arbitrary reductive matrix groups.
See Hecke L-function, Artin L-function, Weil
L-function.

(3) A separate meaning of L-function occurs
in the area of mathematical analysis where an
L-function is defined as a continuous function
f : [a.b]×Kn −→ Kn (where [a, b] is a closed
real interval andKn denotes complex Euclidean
n-space) that is uniformly Lipschitzian in the
second variable, i.e., there is a constant L, the
Lipschitz constant of f , such that, for all t ∈
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[a, b], x ∈ Kn, y ∈ Kn we have

‖f (t, x)− f (t, y)‖ ≤ L‖x − y‖ .
In such a circumstance, the initial value problem

dx

dt
= f (t, x), x(a) = c

has a unique solution for all c ∈ Kn.

Lie algebra A theory named after the Norwe-
gian mathematician M.S. Lie (1842–1899) who
pioneered the study of what are now called Lie
Groups.

Over a commutative ring with unit K , a Lie
algebra is aK-module together with aK-module
homomorphism x ⊗ y → [x, y] of L⊗ L into
L such that, for all x, y, z ∈ L,

[x, x] = 0

and

[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 .

The product [x, y] is called a bracket product
and is an alternating bilinear function. The sec-
ond equation is called the Jacobi identity.

An example of a Lie Algebra is obtained for
an associative algebra L over K by defining

[x, y] = xy − yx .

Lie algebra of Lie group There are three
Lie algebras that are called a Lie algebra of a
Lie group G. (See Lie algebra.)

(1) The Lie algebra of all left invariant deriva-
tions on G with the bracket product [D1,D2]
defined for two derivations D!,D2 as D1D2 −
D2D1.

(2) The Lie algebra of all left invariant vector
fields on G with the bracket product of two left
invariant vector fieldsX and Y defined using the
natural isomorphism between the vector space
of left invariant vector fields and the vector space
of left derivations of G.

(3) The Lie algebra of all tangent vectors to
G at e with the bracket product between tangent
vectors defined using the natural isomorphism
between the space of left invariant vector fields
ofG and the space of tangent vectors ofG at e.

The fact that the three Lie algebras defined
above are isomorphic allows some flexibility in
applications of the theory.

Lie group A groupG, together with the struc-
ture of a differentiable manifold over the real or
complex number field, such that the functions
f : G × G → G and g : G → G defined
by f (x, y) = xy and g(x) = x−1 are differen-
tiable.

The additive groups of the fields of real or
complex numbers are Lie groups. The group of
invertiblen×nmatrices over the real or complex
number fields is a Lie group.

In addition to providing a thriving branch of
mathematics, Lie groups are used in many mod-
ern physical theories including that of gravita-
tion and quantum mechanics.

Lie-Kolchin Theorem Let V be a finite di-
mensional vector space over a field k. Let G
be a connected solvable linear algebraic group.
Let GL(V ) be the general linear group. Let
f : G → GL(V ) be a linear representation.
Then f (G) can be put into triangular form.

Alternate conclusions in the literature include
the following: (i.) Then f (G) leaves a flag in
V invariant. (ii.) Then there exists a basis in
V in which elements of f (G) can be written as
triangular matrices.

This theorem has been generalized by
Mal’tsev.

Lie’s Theorem There are several theorems
which bear the name and honor the Norwe-
gian mathematician M.S. Lie (1842–1899) who,
among other things, founded the theory of Lie
groups. For solvable Lie algebras, the follow-
ing version of Lie’s Theorem is considered an
important tool.

The irreducible representations of a finite di-
mensional, solvable Lie algebra over an algebra-
ically closed field of characteristic zero all are
one-dimensional.

Lie subalgebra LetK be a commutative ring
with unit. A Lie subalgebra is a subalgebra of
a Lie algebra (meaning a K-submodule that is
closed under the bracket product of the Lie al-
gebra). A Lie subalgebra is a Lie algebra. See
Lie algebra.
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Lie subgroup A subset of a Lie group G
which is both a subgroup of G and a submani-
fold ofG (with both structures being induced by
those of G). (See Lie group.) As an example,
an open subset which is also a subgroup of a Lie
group is a Lie subgroup.

like terms In an algebraic expression in sev-
eral variables, terms with identical factors raised
to identical powers (excluding values of coeffi-
cients). Like terms are usually collected and
combined using rules of arithmetic and associa-
tive, commutative, and distributive laws.

3x2y5z and − 2x2y5z

are like terms.

limit ordinal In the theory of ordinal num-
bers, a non-zero ordinal which does not have a
predecessor.

line (1) In classical Greek geometry, a line is
an undefined term characterized by axioms and
understood by intuition. A line is considered to
be straight and to extend without bound. In ev-
eryday usage, the words line and straight line are
used interchangeably, and although in this con-
text the word straight is somewhat redundant, it
is still universally used. (An archaic synonym
is right line.) Curves that can be drawn without
interruption are sometimes called lines.

(2) In plane analytic geometry, the graph or
set of points described by a linear equation in
two variables x and y, given by ax + by = c

(where a, b, c are real numbers) is a line. This
equation, or alternatelyax+by+c = 0, is called
the general equation of a line. The graph of a
real valued function f of a real variable, given
(for real numbers a, b) by f (x) = ax + b, for
each real number x, is a non-vertical line. The
number a is called the slope of the line. With
b = 0, there is a one-to-one correspondence
between non-vertical lines and slopes. For a
curve, the word slope is used more generally at
a point on the curve as the slope of the tangent
line to the curve at the point (if it exists). In this
context, a line can be described as a curve with
a constant slope.

The line passing through the two points (x1,

y1) and (x2, y2) in the Euclidean plane is de-

scribed as the set of all points (x, y) such that

x = x1 if x2 = x1

and

y − y1 = y2 − y1

x2 − x1
(x − x1) if x2 �= x1 .

The equation is called the two point form of the
equation of a line. Also, a line has a parametric
representation as the set of pairs (x, y) such that,
for each real number t ,

(x, y) = (1− t) (x1, y1) + t (x2, y2) .

(3) In affine geometry, where V is a finite
dimensional vector space over a field k, a line
is a one-dimensional affine space. If a, b are
distinct points, the line joining a and b can be
described as the set of all points of the form

(1− t)a + tb, for t ∈ k .
(4) In projective geometry, a line is a one-

dimensional projective space.
(5) Many areas of mathematics endow a line

with properties, resulting in such concepts as
parallel lines, half line, the real line, broken line,
tangent line, secant line, line of curvature, long
line, extended line, normal line, perpendicular
line, orthogonal line, line method (in numerical
analysis), etc.

linear (1) Like or resembling a line. One
of the most used terms in mathematics. Many
fields of mathematics are separated into linear
and non-linear subfields; e.g., the field of dif-
ferential equations. The adjective is also used
to specify a subfield of investigation; e.g., linear
algebra, linear topological space, linear (or vec-
tor) space, linear algebraic group, general lin-
ear group, etc. Also, the term is used to specify
a special subtype of object; e.g., linear combi-
nation, linear equation, linear function, linear
order, linear form, etc. See the nouns modified
for further explanation.

(2) If V,W are vector (linear) spaces over a
field k, a mappingL : V −→ W is called linear
ifL is additive and homogeneous. Equivalently,
L is linear if, for each α, β ∈ k and x, y ∈ V ,

L(αx + βy) = αL(x)+ βL(y) .
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(Note that the same symbolism for the vector
space operations was used for both vector spaces.)

linear algebra (1) A set L which is a finite
dimensional vector (or linear) space over a field
F such that for each a, b ∈ F and eachα, β, γ ∈
L,

α(βγ ) = (αβ)γ (associative law)

α(aβ + bγ ) = a(αβ)+ b(αγ ) (bilinearity)

(aα + bβ)γ = a(αγ )+ b(βγ ) .
(2) A mathematical theory of “linear alge-

bras.” University mathematics departments usu-
ally offer an undergraduate course where the lin-
ear algebras of matrices and linear transforma-
tions are studied.

linear algebraic group An abstract group
G, together with the structure of an affine alge-
braic variety, such that the product and inverse
mappings given by

µ : G×G→ G, (x, y) '→ xy

i : G→ G, x '→ x−1

are morphisms of affine algebraic varieties. Al-
ternately, such an algebraic group is called an
affine algebraic group. The ground field K is
assumed to be an arbitrary infinite field.

Probably the most important example of a lin-
ear algebraic group is the general linear group
GLn(K) or GLn(U), where U is a finite di-
mensional vector space over K . Since GLn(K)
is an open subset (with respect to the Zariski
topology) of the algebra on n× nmatrices over
K , it inherits the affine variety structure. Also,
polynomials on GLn(K) are realized as rational
functions in matrix elements with denominators
being powers of determinants. It follows that the
product and inverse mappings are morphisms of
affine algebraic varieties.

Another definition of a linear algebraic group
is a subgroup of the general linear group GLn
(U) which is closed in the Zariski topology,
where U is an algebraically closed field that
has infinite transcendence degree over the prime
field K . Since this subgroup is an algebraic
group, it can be called an algebraic linear group
as well. Now, there is an isomorphism between

a group defined by the first definition and one
defined by the second. So, the distinction is
only important when the word linear or affine
is omitted from the first definition, as is some-
times done in textbooks.

linear combination Let x1, x2, . . . , xn be el-
ements of a vector space V over a fieldF . A lin-
ear combination of the elements x1, x2, . . . , xn
over F is an element of the form

a1x1 + a2x2 + · · · + anxn
where a1, a2, . . . , an ∈ F .

Linear combination is a fundamental concept
in the theory of vector spaces and is used, among
other things, to define concepts of linear inde-
pendence of vectors, basis, linear span, and the
dimension of the vector space.

linear difference equation An equation of
the form

a0xn + a1xn−1 + · · · + akxn−k = bn
where a0, a1, . . . , ak are scalars and a0ak �= 0,
is called a linear difference equation of order
k. The equation is called non-homogeneous if
bn �= 0 and homogeneous if bn = 0. Such re-
cursive equations are important in many fields
of numerical analysis; e.g., in finding zeros of
polynomials and in determining numerical so-
lutions of ordinary and partial differential equa-
tions. Writing the above difference equation in
terms of the operator Dxn = xn − xn−1 and its
powers, one can exploit the analogy with linear
differential equations.

linear disjoint extension fields Two fields,
K and L, that are extensions of another field, k,
and are themselves contained in a common ex-
tension field are called linearly disjoint if every
subset of L that is linearly independent over k
is also linearly independent over K .

linear equation Let k be a commutative ring.
Let a, b ∈ k. Then an expression of the form

ax + b = 0

is called a linear equation in one variable x.
Let m ≥ 1. Let k[x1, . . . , xm] be a polyno-

mial ring over k. A linear equation is formed
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by setting a linear form equal to zero. In other
words, a linear equation in m variables is given
by an equation

a0 + a1x1 + · · · + amxm = 0 ,

where a1, . . . , am ∈ k.
In analytic geometry, where k is the real num-

ber field, a linear equation in m variables de-
scribes a line if m = 2, a plane if m = 3, and a
hyperplane if m > 3.

linear equivalence Any one of several simi-
lar equivalence relations defined on schemes or
algebraic varieties. Generally speaking, if X is
one of these structures and if the concepts of
divisor and principal divisor are defined, then
two divisors are related if their difference is a
principal divisor. The relation is an equivalence
relation, called a linear equivalence. The equiv-
alence classes form a group (See linear equiva-
lence class.)

More specifically, let X be a complete, non-
singular algebraic curve defined over an alge-
braically closed field k. Two divisors on X are
said to be linearly equivalent if their difference
is a principal divisor. A similar definition can
be made for nonsingular algebraic surfaces. See
divisor, principal divisor of functions.

More abstractly, let X be a Noetherian in-
tegral separated scheme which is nonsingular
in codimension one. The divisor d1 is called
linearly equivalent to d2 if their difference is a
principal divisor.

The definition can be extended to general
schemes by using Cartier divisors. See Cartier
divisor.

linear equivalence class An equivalence
class determined by the equivalence relation
called a linear equivalence defined on the di-
visors of an algebraic variety or a scheme. The
equivalence classes form a group which is one of
the intrinsic invariants of the variety or scheme.
See linear equivalence.

linear extension Let Y be a nonsingular al-
gebraic curve over a field k. Let J denote the
Jacobian variety of Y . Let φ be the canonical
function on Y (with values in J ). Let A be an
Abelian variety. Then for any function f on Y
into A, there exists a homomorphism h from J

into A such that f = h ◦ φ. The function h is
called the linear extension of f and is unique.
See Jacobian variety. See also canonical func-
tion, Abelian variety.

linear form (1) Also called linear functional.
A linear function or transformation from a linear
(vector) space V over a field F into the field F
(where the field is considered to be a linear space
over itself).

(2) An expression in n variables x1, . . . , xn
of the type

a1x1 + a2x2 + · · · + anxn + b
where a1, . . . an, b are elements of a commuta-
tive ring and at least one coefficient is not 0. If
b = 0, the form is called homogeneous.

linear fractional function A function f with
domain and range either the complex numbers
or the extended complex numbers and defined
for numbers a, b, c, d with ad − bc �= 0 by

f (z) = az+ b
cz+ d .

Linear fractional functions are univalent, mero-
morphic functions that map each circle and line
in the complex plane to either a circle or a line.
The class includes rigid motions, translations,
rotations, and dilations. It is a subset of the class
of rational functions, being those rational func-
tions of order 1. Using function composition as
the binary operation, the set of linear fractional
transformations forms a group. They play an
important role in the study of the geometric the-
ory of functions.

Also called linear fractional transformation,
linear transformation, Möbius transformation,
fractional linear transformation, and conformal
automorphism. See also linear fractional group.

linear fractional group A group of func-
tions formed by the set of linear fractional func-
tions defined on the complex plane or extended
complex plane using composition as the group
operation. The quotient group of the full linear
group modulo the subgroup of nonzero scalar
matrices is isomorphic to the linear fractional
group. Both groups are called linear fractional
in the mathematical literature. See linear frac-
tional function.
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linear fractional programming Determin-
ing the numerical solution of the problem of op-
timizing a function resembling the linear frac-
tional functions of complex analysis subject to
linear constraints. Linear programming meth-
ods are usually employed in the solution either
by a simplex-type method or by using the solu-
tion of an associated linear programming prob-
lem with additional constraints to solve the lin-
ear fractional problem. Specifically, letA be an
m× n matrix; let a, c be vectors in Rn; let p be
a vector in Rm; and, let b, c ∈ R. Then a linear
fractional programming problem is to minimize

a·x + b
c·x + d

subject to

Ax = p and x ≥ 0 .

linear fractional transformation Classically,
a function on the complex plane having the form
H(z) = [az+b]/[cz+d] for complex constants
a, b, c, d. There are analogs of this definition
on any Euclidean space.

linear function (1) A functionLwith domain
a vector space U over a field F and range in a
vector space V over F which is additive and
homogeneous. This means, for each x, y ∈ U
and for each α ∈ F ,

L(x + y) = L(x)+ L(y) (additivity)

and

L(αx) = αL(x) (homogeneity) .

The terms linear transformation and linear map-
ping are also used to describe a function satisfy-
ing these conditions and L is sometimes called
a linear operator. If F is regarded as a one-
dimensional vector space over itself and if V =
F , then L is called a linear functional or linear
form.

(2) If a function f has the real or complex
numbers as its domain and range, it is called
linear if for some constants a, b, a �= 0, and
for each x,

f (x) = ax + b .

For real valued functions of a real variable, the
graph of a linear function (in this context) is
a straight line. More properly, such functions
should be called affine, but the usage linear func-
tion is universal.

(3) See also linear fractional function.

linear genus Let X be a nonsingular alge-
braic surface. If X has a minimal model M ,
then the linear genus of X is an invariant equal
to the arithmetic genus of a canonical divisor
of M . If X is not a ruled surface, then X has
a minimal model and thus a linear genus. See
minimal model. See also arithmetic genus.

linear inequality In analytic geometry, a lin-
ear inequality in m variables in Euclidean m-
dimensional space is a linear form set less than,
less than or equal to, greater than, or greater than
or equal to zero. For example, the inequality

a0 + a1x1 + · · · + amxm > 0 ,

where a0, a1, . . . , am are real numbers, is a lin-
ear inequality.

If m = 2, the set of pairs of real numbers
satisfying a linear inequality constitutes a half-
plane bounded by the line given by the associ-
ated linear equation.

linear least squares problem A problem
where a linear function is to be found which best
approximates a given set of data in the sense that
the sum of the squares of the errors in such an
approximation is minimized.

linearly dependent elements A set of ele-
ments that satisfies some linear relation. More
specifically, a set of elements {x1, x2, . . . , xN }
in a vector space is linearly dependent over a
field F (such as the real or complex number
systems) if there exists α1, . . . , αN ∈ F , not
all zero, with α1x1 + · · · + αNxN = 0. Exam-
ples include a set of two co-linear vectors or a
set of three co-planar vectors.

linearly dependent function A function
which depends linearly on its input variables.
More precisely, a function f (x1, . . . , xN) is a
linearly dependent function if f (x1, . . . , xN) =
α1x1 + · · · + αNxN , where each αi belongs to
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some given field, such as the real or complex
number system.

linearly independent elements A set of el-
ements which is not linearly dependent. More
precisely, a set of elements {x1, x2, . . . , xN } in
a vector space is linearly independent over a
fieldF (such as the real or complex number sys-
tems) if, whenever α1x1 + · · · + αNxN = 0 for
α1, . . . , αN ∈ F , then necessarily all theαi must
be zero. Examples include a set of two vectors
which are not co-linear or a set of three vectors
which are not co-planar.

linear mapping A function from one vec-
tor space to another L : V '→ W , which pre-
serves the vector space operations, i.e.,L(r1v1+
r2v2) = r1L(v1)+r2L(v2) for all vectors v1, v2
∈ V and all scalars r1 and r2. Examples include
multiplication of an n-dimensional vector by an
m × n matrix (here V and W are Rn and Rm,
respectively) or the operation of differentiation
(here both V andW are spaces of functions with
appropriate differentiability).

Also called linear transformation, linear op-
erator.

linear pencil Given two linear transforma-
tions, or matrices, A and B, the family A+ λB,
where λ is any scalar parameter, is called the
(linear) pencil defined by A and B.

linear programming The study of optimiz-
ing a linear function over a convex, linear con-
straint set. Linear programming arises in eco-
nomics from the desire to maximize revenue or
minimize cost (from some economic process)
subject to constrained resources.

linear programming problem A problem
in which a linear function of one or more in-
dependent variables is maximized or minimized
over a convex polygonal region. For example, to
maximize the function L(x) = 3x1+2x2+5x3
over the set {2x1+3x2+5x3 ≤ 5, x1, x2, x3 ≥
0}. Often such a problem arises in economics,
where the linear function to be maximized or
minimized represents revenue or costs and the
polygonal constraint region represents the limi-
tation of resources.

linear representation IfG is a group, a linear
representation of G is a group homomorphism
of G into the invertible linear transformations
on some vector space.

linear simple group Denoted Ln(q), where
q is a non-zero power of a prime number, it
is one of the classical finite simple groups. It
may be identified as the projective special linear
group over a finite field of order q, and denoted
PSL(n, q). Let d be the greatest common divi-
sor ofn and q−1. The possible orders of a linear
simple group are qn(n−1)/2(

∏n
i=2(q

i − 1))/d;
where n ≥ 3, or n = 2 and q ≥ 4.

linear stationary iterative process A meth-
od of using successive approximation to solve
the system of linear equations Ax = b when
A is a non-singular matrix. A method is called
iterative if the operations used to get from one
approximation to the next are nearly the same.
If successive steps are exactly the same, the
method is called stationary. The linear station-
ary iterative process may be written as x(k+1) =
x(k)+R(b−Ax(k)), where R is an approxima-
tion to A−1 and x(0) = Rb. With this definition
x(r) = (I + C + C2 + · · · + Cr)Rb where
C = I − RA and I is the identity. R is some-
times referred to as the key matrix and I − RA
is called the iteration matrix.

linear system A finite set of simultaneous
equations that depends linearly on its inputs. For
example,

3x + 2y = 5

−x + 4y = 7

is a linear system of equations involving the two
unknowns x and y. Another example is a linear
system of differential equations, which is a sys-
tem of differential equations where each one is
of the form

L[f ] = α1(x)
∂f

∂x1
+· · ·+αN(x) ∂f

∂xN
= β(x)f

where the αi and β are functions of the indepen-
dent variables x = (x1, . . . , xN) (in particular,
they do not depend on the function f ). The
class of linear systems of differential equations
is the simplest class of differential equations to
understand and solve.
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linear transformation See linear mapping.

L-matrix See sign pattern.

local class field theory The theory of Abel-
ian extensions of local fields; for example, the p-
adic number fields. Early results were obtained
using the techniques inherited from (global)
class field theory. Other techniques in use in-
clude those from the theory of cohomology of
groups, algebraic K-theory, and the theory of
formal groups over local fields. Some of the
main results of local class field theory include
an isomorphism theorem and an existence theo-
rem. Let K∗ denote the multiplicative group of
K . The set of all finite Abelian extensions L/K
with Galois groupG is in one-to-one correspon-
dence with the norm subgroup N = NL/K(L∗)
of K∗. This correspondence yields a canonical
isomorphism from G to K∗/N . The existence
theorem states the converse. Any open subgroup
of finite index in K∗ can be realized as a norm
subgroup for some Abelian extension L of K .
See also class field theory.

local coordinates A set of functions on a
manifoldM near a point p, which forms a one-
to-one map of a neighborhood inM of the point
p onto a neighborhood in Euclidean space (i.e.,
RN or CN ). Local coordinates are used to per-
form operations, such as differentiation or inte-
gration, to functions on a manifold by pulling
them back to Euclidean space where such oper-
ations are simpler to understand.

local equation An equation of the form
f (x) = 0 which locally (i.e., in a neighborhood
of some given point) describes a codimension
one, irreducible variety.

local field A field that is complete with re-
spect to a discrete valuation and has a finite
residue field. A local field with finite character-
istic is isomorphic to the field of formal power
series in one variable over a finite field. If the
local field has characteristic 0, then it is isomor-
phic to a finite algebraic extension of the field of
p-adic numbers (Qp). The term has also been
applied to discretely valued fields with arbitrary
residue fields. In particular, real and complex
number fields have been called local fields.

local Gaussian sum Some constants in
number theory. Hecke (1918, 1920) extended
the notion of character by introducing the
Grössencharackter χ and defining L-functions
with such characters: Lk(s, χ) = ∑

a
χ(a)
N(a)

.
If we denote by ξk(s, χ) a certain multiple of
Lk(s, χ), then ξk(s, χ) satisfies a functional
equation ξk(s, χ) = W(χ)ξk(1 − s, χ̄) where
W(χ) is a complex number with absolute value
1. Such ξk(s, χ) can be represented by an in-
tegral form ξk(s, χ) = c

∫
Jk
φ(t)χ(t)V (t)sd∗t ,

where V (t) is the total volume of the ideal t , c
is a constant that depends on the Haar measure
d∗t of the ideal group Jk of the given field k, and
the φ(x) satisfies

∫
kp

φ(x)χp(x)Vp(x)
−1d∗x =

CpN
(
(δf )p

)s
τp

(
χp

) · µ (
Uf,p

)
, p|f .

Here τp(χp) is a constant called the local Gaus-
sian sum.

localization The process used to construct
the field of fractions from an integral domain (a
ring with no non-zero zero divisors). An exam-
ple is the construction of the rational numbers
(fractions) from the integers.

locally constructible sheaf Let Xét be the
étale site of a schemeX. A sheaf onXét which is
represented by an étale covering ofX is called a
locally constructible (or locally constant) sheaf.

locally convex topological space A topolog-
ical vector space with a basis for its topology,
whose members are convex.

locally finite A term used in several different
contexts. A typical example comes from the
theory of coverings: Let U = {Uα}α∈U be a
covering of a set E. If each e ∈ E is contained
in only finitely many of theUα , then the covering
U is said to be locally finite.

locally finite algebra An algebra with the
property that any finite number of its elements
generate a finite-dimensional subalgebra.

locally Noetherian scheme A scheme that
can be covered by open affine subsets, each of
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which is a Noetherian ring. See scheme. This
concept arises from the subject of algebraic ge-
ometry.

local Macaulay ring A local ring, which, as
a module over itself, has dimension equal to the
number of maximal regular sequences within its
maximal ideal. This class includes all Noethe-
rian rings. This concept arises in commutative
algebra.

local maximum modulus principle A basic
theorem in Banach algebras (due to Rossi) that
states that the Shilov boundary of the space, A,
of analytic functions on an open set U ⊂ Cn is
contained in the topological boundary ofU . See
Shilov boundary.

local parameter A mathematical quantity
that is only defined on a small open subset, such
as a neighborhood of a particular point. Some-
times a function, defined so as to depend upon
such a quantity, can be described by a local pa-
rameter near a given point, but not a global pa-
rameter.

local ring A ring �= {0} which has only one
maximal ideal. Local rings are of central impor-
tance to commutative algebra.

logarithm The logarithm of a numberN > 0
to a given base b > 0 (b �= 1), denoted logb N ,
is the unique number x with N = bx . For ex-
ample, log2 8 = 3 and log10 1/100 = −2. Of
particular importance is the natural logarithm,
denoted lnN or logN , where the base is the
number e = lim

h→∞(1+ 1/h)h = 2.718 . . . .

More rigorously, one may define logarithm
to the base e by

log x =
∫ x

1
t−1 dt

and logb x = log x/ log b.

logarithmic equation Any equation involv-
ing logarithms. For example, log10(x + 8) +
log10(x − 7) = 2.

logarithmic function The function logb(x)
for some given positive base b (b �= 1). See
logarithm.

The logarithm function is used to describe
many physical phenomenon. For example, the
Richter scale for earthquakes is defined in terms
of the logarithm of the energy produced by earth-
quakes.

logarithm of a complex number A loga-
rithm of a complex number z is any number w
with ew = z. The logarithm of a complex num-
ber is not unique, since the exponential function
is periodic with period 2πi (i.e., ew+2πi = ew),
if w is a logarithm of z, then w + 2πki is also
a logarithm of z for any integer k. The prin-
cipal value of the logarithm of z is the unique
logarithm whose argument is between −π and
π .

More rigorously, log z may be defined as
log |z| + 2πi arg(z), where log |z| is defined,
as the logarithm of a positive real number and
arg(z) is the argument of z. See logarithm.

long division The long division of a number
g by a number f is the process of finding unique
numbersq and r withg = f q+r where r (called
the remainder) is less than g. Often long divi-
sion involves repeating the process so that r =
f q1+r1, with r1 < r . Thus, one obtains smaller
and smaller remainders r, r1, r2, . . . , with rn/f
tending to 0, so that q + q1 + q2 + · · · + qn is a
better and better approximation to g/f .

This process can be applied to elements
of other rings, such as the ring of polynomi-
als, where there is some notion of comparison
(greater than or less than). In the ring of polyno-
mials, the remainder is required to have degree
smaller than q.

long multiplication The process of multi-
plying two multi-digit numbers that involves ar-
ranging the intermediate products into columns.
For example,

452

621

452

904

2712

280692
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loop Any one-dimensional curve (defined as
the image of a continuous function defined on
the unit interval) in a topological space, which
starts and ends at the same point. The space of
all loops which pass through a given base point
is fundamental to the field of Homotopy theory,
a subfield of topology.

Lorentz group Another name for the group
O(1, 3), which is the group of all 4×4 matrices
Awith real entries that preserve the bilinear form
F(x, y) = −x0y0 + x1y1 + x2y2 + x3y3 (i.e.,
F(Ax,Ay) = F(x, y)). The Lorentz group
(as well as all the groups O(1, n)) are basic to
the study of differential geometry. The Lorentz
group in particular is important in the study of
relativity (mathematical physics).

lower bound For a set S of real numbers,
any number which is less than or equal to all
elements in S. For example, any number which
is less than or equal to zero is a lower bound for
the set {x : 0 ≤ x ≤ 1}.
lower central series A descending chain
of subalgebras D1G, D2G, . . . , associated to a
given Lie algebra G, defined inductively as fol-
lows: D1G = [G,G] (which means the set of
all Lie brackets of an element inGwith any other
element in G); DkG = [G,Dk−1G]. This con-
cept is of fundamental importance in the classi-
fication of Lie algebras.

lower semi-continuous function LetX be a
topological space and f : X → R a function.
Then f is said to be lower semi-continuous if
f−1((β,∞)) is open for every real β.

lower triangular matrix Any square matrix
A = (aij ) with zero entries above the diagonal
(aij = 0 for j > i). Any set of linear equa-
tions (A · x = b) arising from a lower triangular
matrix can be solved easily by solving the first

equation a11x1 = b1 for x1 and then forward
substituting in the subsequent equations to solve
for x2, x3, . . . .

lowest terms The form of a fractional ex-
pression with no factor that is common to both
numerator and denominator. For example, 3/4
is a fraction in lowest terms, but 6/8 is not, be-
cause of the common factor of 2.

loxodromic transformation One of several
classification schemes for linear fractional func-
tionsw = az+b

cz+d in one complex variable. If such
a transformation has two distinct finite fixed
points α and β, then the transformation can be
put into the following normal form:

w − α
w − β = k

z− α
z− β

where

k = a − cα
a − cβ .

If arg k = 0, the transformation is called hy-
perbolic; if |k| = 1 the transformation is called
elliptic; otherwise the transformation is called
loxodromic.

See linear fractional function.

Luroth’s Theorem Suppose L is the field
obtained by adjoining an element α to a field
F where α is transcendental over F ; if E is a
field with F ⊂ E ⊂ L, then E is obtained by
adjoining some element β ∈ E to F .

Lutz-Mattuck Theorem The group of ra-
tional points of an Abelian variety of dimen-
sion n over the p-adic number field contains a
subgroup of finite index that is isomorphic to n
copies of the ring of p-adic integers.

The theorem is named after its authors E. Lutz
(1937) and A. Mattuck (1955).
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