
M
Macaulay local ring See local Macaulay
ring.

Main Theorem (class field theory) If k is
an algebraic number field, then any Abelian ex-
tension of fields K/k is a class field over k, for
a suitable ideal group H .

Main Theorem (Galois Theory) See Fun-
damental Theorem of Galois Theory.

Main Theorem (Symmetric Polynomials)
See Fundamental Theorem of Symmetric Poly-
nomials.

mantissa The fractional part of a number in
its decimal expansion. For example, the man-
tissa of the number 3.478 is 0.478.

mapping Another name for function. See
function.

mathematical programming A process of
breaking down a mathematical problem into its
component steps so that it can be solved by a
computer.

mathematical programming problem A
mathematical problem that can be solved by pro-
gramming, i.e., by breaking it down into its com-
ponent steps so that it can be solved by a com-
puter.

Mathieu group Most non-Abelian finite sim-
ple groups can be classified into a list of infinite
families. There are 26 exceptional “sporadic”
groups that cannot be classified in this way. The
smallest of these groups has 7920 elements and
is named after its discoverer, E. Mathieu (1861).

matrix A rectangular array of numbers or
other elements:

a11 a12 . . . a1n
a21 a22 . . . a2n

. . . . . .

am1 am2 . . . amn

 .

Here n represents the number of columns and
m the number of rows. These are indicated by
designating the above array an m× n matrix.

Matrices arise in many fields, such as linear
algebra. The most common use for a matrix is
to represent a linear mapping from one vector
space to another.

matrix group The set of all invertible square
matrices of a given dimension, under matrix
multiplication. This group is one of the simplest
and widely used groups where the multiplication
operation is not commutative.

Subgroups of the above group may also be
referred to as matrix groups.

matrix multiplication The process of mul-
tiplying two matrices A and B:

a11 a12 . . . a1n
a21 a22 . . . a2n

. . . . . .

am1 am2 . . . amn

 ,


b11 b12 . . . b1r
b21 b22 . . . b2r

. . . . . .

bs1 bs2 . . . bsr

 .

The number of columns of the left matrixAmust
be equal to the number of rows of the second
matrix B (n = s). The ij entry of the product,
A · B is the sum

∑n
k=1 aikbkj .

The matrix product AB is the matrix of the
composition of the linear transformations with
matrices B and A.

matrix of a quadratic form For the qua-
dratic form on Rn

Q(x) =
n∑

i,j=1

aij xixj ,

where each aij is a real number, the matrix (aij ).
Usually there are further requirements, such as
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that this matrix must be symmetric (aij = aji)
and positive definite (Q(x) ≥ c|x|2 for some
positive constant c).

matrix of coefficients The matrix obtained
from the coefficients of the variables in a system
of linear equations. For example, the matrix of
coefficients of the linear system{

2x + 3y = 5
x + 5y = 7

}
is the matrix (

2 3
1 5

)
.

The solution to a system of linear equations is
usually found by manipulating its matrix of co-
efficients (together with the right side of the
equation).

matrix representation (1) A representation
of a group on a matrix group. See representation.

(2) A matrix which is used to describe a math-
ematical process or object. A common exam-
ple is to represent a linear map from one vector
space to another by a matrix by identifying the
coefficients of the expansion of the linear map in
terms of given bases for the domain and range.
Such a representation depends strongly on the
choice of bases.

For example, if V and W are vector spaces
with bases {v1, . . . , vn} and {w1, . . . , wm}, the
mapT : V → W which satisfiesT vj = ∑m

1 aij
wi has the matrix representation

a11 a12 . . . a1n
a21 a22 . . . a2n

. . . . . .

am1 am2 . . . amn

 .

matrix unit The i, j matrix unit is an n ×
m matrix which has a 1 in the i, j entry and
zeros elsewhere. The collection of all matrix
units forms a basis for the vector space of n×m
matrices. Despite its name, a matrix unit is not
a unit in the algebraic sense (it does not have a
multiplicative inverse).

Mauer-Cartan differential form A differ-
ential 1-form on a Lie group which is invariant
under the group action. In more detail, for a

fixed element g in the Lie group G, the map-
ping Tg : G �→ G defined by x �→ g · x is a
differentiable map. A Mauer-Cartan form is a
1-form ν defined on G which has the property
that, for any g ∈ G, the pull back of ν via Tg is
again ν.

Mauer-Cartan system of differential equa-
tions The system of differential equations
satisfied by a set of left-invariant 1-forms that
allows one to recover the multiplication opera-
tion of the underlying Lie group.

maximal deficiency A geometric invariant
of an algebraic surface, defined as the first co-
homology group with values in the sheaf of 0-
forms (smooth functions).

maximal ideal An ideal is maximal in a ring
R if it is not properly contained in another ideal
other than R itself. See ideal.

maximal ideal space The collection X̂ of
all multiplicative linear functionals on a Banach
algebra or function algebra X. X̂ is so called
because the kernel of each such functional is a
maximal ideal in X.

maximal independent system A linearly in-
dependent system of vectors in a vector space,
with the property that any additional vector
would make the system dependent. See linearly
independent elements. For example, a set of
three non-coplanar vectors in R3 is a maximal
independent system because if any fourth vec-
tor is added, the system becomes linearly depen-
dent.

maximal order The largest order of any ele-
ment in a group, where the order of an element
g is the smallest positive integermwith gm = e,
the identity element in the group.

maximal prime divisor (Of an ideal I of a
commutative ringR.) A prime idealP ofR such
that P is maximal, as an ideal of R containing
I , and is disjoint from the set of elements of R
which are not zero-divisors, modulo I .
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maximal prime ideal A prime ideal of a ring
R which is not properly contained in a prime
ideal other than R itself. See prime ideal.

maximal separable extension A separable
extension field of a fieldF which is not properly
contained in any other separable extension field
of F . See separable extension.

maximal torus Let G be a Lie group. A
torus H in G is a connected, compact, Abelian
subgroup. If, for any other torus H ′ in G with
H ′ ⊇ H we have H ′ = H , then H is said to be
maximal.

mean Any of a variety of averages.
(1) The mean of a set of numbers is their sum

divided by the number of entries in the set. More
precisely, the mean of x1, . . . , xN is (x1 +· · ·+
xN)/N . The mean is one of the basic statistical
quantities used in analyzing data.

(2) The mean of a function f (x), defined on a
set S, is a continuous analog of the mean defined
above:

1

|S|
∫
S

f (x)dx ,

where |S| denotes the length, or volume, of S.
See also mean of degree r.

mean of degree r Of a function f , with re-
spect to a weight function p, the quantity(∫

f rp dx∫
p dx

)1/r

.

In other words, the mean of degree r of f is
the Lr norm of f with respect to the probability
measure generated by the weight function p.

mean proportional A mean proportional be-
tween two numbers a and b is the numberm such
that a/m = m/b.

mean terms of proportion The terms b and
c in the proportion a/b = c/d . (In older works,
the proportion is sometimes written a : b :: c :
d.)

measurable operator function For a set X,
a σ -algebra , on X and a Hilbert space H, a

function F from X to the set of bounded opera-
tors on H, such that, for any vector h ∈ H, the
function x �→ (F (x)h, h) is , measurable.

measurable vector function The space of
measurable vector functions is a set K of func-
tions, from a measure spaceM to a Hilbert space
H, (·, ·) with the following properties: (i.) if

x ∈ K , then ||x|| = (x(ζ ), x(ζ ))
1
2 is a measur-

able (scalar) function; (ii.) for any x and y ∈
K , (x, y) is measurable, and (iii.) there is a
countable family {x1, x2, . . . } fromK such that
{x1(ζ ), x2(ζ ), . . . } is dense inH . The definition
also allows for the Hilbert spaceH to depend on
ζ .

measure Let X be a space and let A be a
sigma field onX. A measure onX is a function
µ : A → R that satisfies certain additivity or
subadditivity properties, such as countable ad-
ditivity. See additive set function. A measure is
a device for measuring the length or the size of
a set.

median A midway point in a data set. For
a discrete data set, half the data points are less
than or equal to the median and half are greater
than or equal to the median. More generally,
the median for a distribution ρ on a probability
space {X,p} is a numberm such that the proba-
bility of the event that f (x) is less than or equal
tom is greater than or equal to 1/2 and the prob-
ability of the event that f (x) is greater than or
equal to m is greater than or equal to 1/2.

meet In a lattice, the infimum or greatest
lower bound of a set of elements. Specifically,
if A is a subset of a lattice L, the meet of A
is the unique lattice element b = ∧{x : x ∈
A} defined by the following two conditions: (i.)
x ≥ b for all x ∈ A. (ii.) If x ≥ c for all x ∈ A,
then b ≥ c. The meet of an infinite subset of
a lattice may not exist; that is, there may be no
element b of the lattice L satisfying conditions
(i.) and (ii.) above. However, by definition,
one of the axioms a lattice must satisfy is that
the meet of a finite subset A must always exist.
The meet of two elements is usually denoted by
x ∧ y.

There is a dual notion of the join of a sub-
set A of a lattice, denoted by

∨{x : x ∈ A},
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and defined by reversing the inequality signs in
conditions (i.) and (ii.) above. The join is also
called the supremum or least upper bound of the
subset A. Again, the join of an infinite subset
may fail to exist, but the join of a finite subset
always exists by the definition of a lattice.

meet irreducible element An element a of
a lattice L which cannot be represented as the
meet of lattice elements b properly larger than
a (a < b, a �= b). See meet.

There is a dual notion of join irreducibility.
An element a ofL is join irreducible if it cannot
be represented as the join of lattice elements b
properly smaller than a (b < a, b �= a). See
join.

member of an equation The expression on
the left (or right) side of the equality sign. The
member on the left side of the equals sign is
called the first member of the equation, and the
member on the right side is called the second
member of the equation.

Meta-Abelian group A group whose com-
mutator subgroup (defined as the set of all
a−1b−1ab, for a, b in the group) is Abelian. See
Abelian group.

method of feasible directions A technique in
non-linear optimization for functions of several
variables that reduces the problem to a series of
one-dimensional optimization problems.

minimal A term which generally means
smallest but whose precise meaning depends on
the context. In set theory, a minimal set with
respect to a given property is a set which has the
property, but, if any element is removed from
the set, then the smaller set fails to have this
property.

minimal basis A basis for a vector space V
with the property that, if any element is removed
from the basis, it no longer forms a basis (i.e.,
some element of V cannot be expressed as a
finite linear combination of the smaller set). See
basis.

Often such minimality is part of the definition
of basis.

minimal ideal An ideal which does not prop-
erly contain any ideal except the zero ideal, {0}.
minimal model A nonsingular, projective
surface which is the unique relatively minimal
model in its birational equivalence class. Except
for rational and ruled surfaces, every non-empty
birational equivalence class has a (unique) min-
imal model. The existence of a minimal model
in the birational equivalence class of a higher
dimensional variety, over the field of complex
numbers, has been solved for varieties of dimen-
sion three. In the higher dimensional case, cer-
tain types of singularities must be allowed and
minimal models are no longer unique.

minimal parbolic k-subgroup A closed sub-
group of a connected reductive linear algebraic
group G, defined over an arbitrary ground field
k, which is minimal among the parabolic sub-
groups of G. Any two minimal parabolic k-
subgroups are conjugate to each other over k.
Minimal parabolic k-subgroups play the same
role for arbitrary fields that Borel subgroups play
for algebraically closed fields. See parabolic
subgroup.

minimal polynomial For a given element T
(which could be a linear transformation or an
element in some field extension), a polynomial
p of least degree with p(T ) = 0.

minimal prime divisor An ideal I in a ring
R which is prime and is minimal (i.e., does not
properly contain any prime ideal). See prime
ideal.

minimal splitting field Suppose E,F with
F ⊂ E are fields and f (x) is an element of
F [x]. The field E is a minimal splitting field
if it is a splitting field for f (x) and no proper
subfield of E has this property.

minimal Weierstrass equation A Weier-
strass equation for an elliptic curve E/K is one
of the form

y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6 .

We call such an equation minimal if, among all
possible Weierstrass equations, it has least dis-
criminant |D|.
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minimal Weierstrass equation A Weier-
strass equation for an elliptic curve E/K is one
of the form

y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6 .

We call such an equation minimal if, among all
possible Weierstrass equations, it has least dis-
criminant |D|.
Minkowski-Farkas Lemma See Minkowski-
Farkas Theorem.

Minkowski-Farkas Theorem For every ma-
trix A and vector b the system Ax = b has a
non-negative solution if and only if the system
uA ≥ 0,ub < 0 has no solution.

This theorem is sometimes referred to as
the Minkowski-Farkas Lemma. The follow-
ing corollary has also been referred to as the
Minkowski-Farkas Lemma. The following con-
ditions are mutually exclusive. Either the
system of linear inequalities Ax ≤ b has a non-
negative solution or the system of linear inequal-
ities uA ≥ 0,ub < 0 has a non-negative solu-
tion.

Minkowski-Hasse character See Hasse-
Minkowski character.

Minkowski inequality If f and g are
complex-valued, measurable functions on a
measure space (X, µ) and 1 ≤ p < ∞, then(∫

X

|f (x)+ g(x)|p dµ(x)
) 1
p

≤
(∫

X

|f (x)|p dµ(x)
) 1
p

+
(∫

X

|g(x)|p dµ(x)
) 1
p

.

The left side of the inequality is the definition
of the Lp-norm of f + g. Thus, Minkowski’s
inequality is the statement that theLp-norm sat-
isfies the triangle inequality, which is one of the
defining properties of a norm. Named after the
German mathematician H. Minkowski (1864–
1909).

Minkowski-Siegel-Tamagawa Theory In
number theory, a theory on the arithmetic of

linear groups. Let S and T be the matrices of
integral positive definite quadratic forms, corre-
sponding to the lattices4S ⊂ Rm,4T ⊂ Rn, in
the sense that qS and qT express the lengths of
elements of 4S and 4T , respectively. Then an
integral solution X to the equation S[X] = T ,
where S[X] := XtSX, determines an isometric
embedding 4S → 4T . Denote by N(S, T ) the
total number of such maps. The genus of qS is
defined to be the set of quadratic forms which
are rationally equivalent to qS . Let I be the set
of these equivalence classes. One of Siegel’s
formulas gives the value of a certain weighted
average of the numbers N(Sx, T ) over a set of
representatives Sx for classes x ∈ I of forms of
a given genus:

Ñ(S, T ) = cm−nc−1
m α∞(S, T )

∏
p

αp(S, T ) ,

where c1 = 1
2 and ca = 1 for a > 1, Ñ(S, T )

= 1
Mass(S)

∑
x∈I

N(Sx,T )
w(x)

and w(x) is the order

of the group of orthogonal transformations of
the lattice 4S , and define the mass of S by
Mass(S) = ∑

x∈I 1
w(x)

.

In the special case T = S, we have Ñ(S, T )
= 1

Mass(S) , and the Siegel formula becomes the

Minkowski-Siegel formula:

Mass(S) = cmα∞(S, S)−1
∏
p

αp(S, S)
−1 .

Siegel’s formula can be deduced from an in-
tegral formula: Ñ(ϕ) = vol(g/γ )

vol(G/;)

∫
G/g

ϕ(x)dx,
whereG = Om(A) is the locally compact group
of orthogonal matrices with respect to S with
coefficients in the ring of adeles A, g and γ are
closed subgroups ofG with vol(g/γ ) finite and
ϕ is a continuous function with compact support
on G/γ . The quantities cm−n and cm become
the Tamagawa numbers τ(Om−n) and τ(Om),
respectively, and the Tamagawa measure on G
can be defined.

Minkowski space A flat space of four di-
mensions, designed to model the geometry of
the physical universe as suggested by the special
theory of relativity. It is also called Minkowski
space-time, the Minkowski world or the
Minkowski universe. There are two methods
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of envisioning Minkowski space. Coordinates
may be written as (x, y, z, ict) where i2 = −1
and c is the speed of light. In this case (x, y, z)
represents the position of a point in space, and t
is the time at which an event occurs at that point.
The distance between two points is then

ds =
√
(dx)2 + (dy)2 + (dz)2 − c2(dt)2 .

It is also possible to view Minkowski space as
the manifold R4, with a flat Lorentz metric. In
this case, the coordinates are written as (x1, x2,

x3, x4) = (x, y, z, ct) and the space is associ-
ated with an indefinite inner product x · y =
x1y1 + x2y2 + x3y3 − x4y4. Note, in some ref-
erences the time coordinate is listed first and
called x0. In addition, some references define
the inner product as the negative of the one de-
fined above. Using the definition given above,
a non-zero vector x is called time-like or space-
like, depending upon whether x · x is negative
or positive. A non-zero vector x is called null,
isotropic, or lightlike if x · x = 0.

Minkowski’s Theorem (1) If K �= Q, then
|DK | > 1, where K is a field, k is an algebraic
number field contained in k, with [K : k] < ∞,
and DK is the discriminant of K .

The theorem is a consequence of the follow-
ing Minkowski Lemma: let M be a lattice in
Rn, @ =vol(Rn/M), and let X ⊂ Rn be a cen-
trally symmetric convex body of finite volume
v =vol(X). If v > 2n@, then there exists a
nonzero α ∈ M ∩X.

(2) (On convex bodies) Any convex region
in n-dimensional Euclidean space which is sym-
metric about the origin and has a volume greater
than 2n contains another point with integral co-
ordinates. This theorem can be generalized as
follows. Let P be a convex region in n-dimen-
sional Euclidean space which is symmetric about
the origin and let4 be a lattice with determinant
@. If the volume of P is greater than 2n|@|,
then P contains a point of 4 other than the ori-
gin. This is one of the most important theorems
in the geometry of numbers, and is one of the
reasons that the geometry of numbers exists as a
distinct subdivision of number theory. The fol-
lowing application to algebraic number fields is
also called Minkowski’s Theorem. If k is an al-
gebraic number field of finite degree and k �= Q,

then the absolute value of the discriminant of k
is greater than 1.

minor The determinant of an n− 1 × n− 1
submatrix of an n× nmatrix obtained by delet-
ing a row and a column from the larger matrix.
Minors arise as a theoretical tool for computing
a determinant of a matrix (as in expansion by
minors). See expansion of determinant.

minuend The term from which another term
is to be subtracted. (The number a in a − b.)

minus sign The symbol “−” which indicates
subtraction in arithmetic. The minus sign also
indicates “additive inverse,” so that, for exam-
ple, −3 is the additive inverse of 3. This no-
tion extends to groups (with operation +), where
−x represents the element that when added to x
gives the identity in the group.

mixed decimal A number written in decimal
form with an integer and a fractional part; for
example, 34.587.

mixed expression A mathematical formula
involving terms of more than one type. For ex-
ample, 4xy + y2x is a mixed expression of the
variables x and y.

mixed group A set M which can be parti-
tioned into disjoint subsets, M0,M1, . . . with
the following properties: (i.) for a ∈ M0 and
b ∈ Mi , i = 0, 1, . . . , elements ab and a \ b
are defined such that a(a \ b) = b; (ii.) for
b, c ∈ Mi , an element b/c of M0 is defined
such that (b/c) · c = b; and (iii.) the associative
law (ab)c = a(bc) for a, b ∈ M0 and c ∈ M
holds.

mixed ideal An ideal I of a Noetherian ring
R such that there exist associated prime ideals
P,Q of I such that the height of P is not equal
to the height ofQ. See height.

mixed integer programming problem A
programing problem in which some of the vari-
ables are required to have integer values. In ad-
dition, all of the variables are usually required
to be nonnegative. Mixed integer programming
once referred only to problems that were linear
in appearance. The concept has been expanded
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to include nonlinear programs. A mixed integer
linear programming problem may be written as

max
{
cx + dy : Gx +Hy ≤ b, x ∈ Zn+, y ∈ Rp+

}
,

where the matrices c, d,G,H , and b have inte-
ger entries and the following dimensions: c is
1 × n, d is 1 × p,G ism× n, H ism× p, and
b is m× 1. In addition, it is assumed that m
and n+ p are positive integers.

mixed number A number that has both an
integer and a fractional part, such as 4 2

3 .

M-matrix A matrix A that can be written as

A = sI − B ,
where B is an entrywise nonnegative matrix, I
is the identity matrix, and s is a positive number
greater than the spectral radius of B. From the
Perron-Frobenius Theorem for entrywise non-
negative matrices, it follows that all the eigen-
values of an M-matrix have positive real parts.
M-matrices arise naturally in several areas of
the mathematical sciences such as optimization,
Markov chains, numerical solution of differen-
tial equations, and dynamical systems theory.

Möbius transformation See linear fractional
function.

model A mathematical representation of a
physical problem. For example, the differential
equation dy

dt
= ky is a model for any physical

process that is governed by exponential growth
or decay, such as population growth radioactive
decay.

modular arithmetic Modular arithmetic with
respect to a certain number p refers to an arith-
metic calculation, where at the end, only the
remainder is kept after subtracting the greatest
multiple of p. For example, if p = 5, then
3 × 7 (modulo 5) equals 1 (since 3 × 7 = 21 =
4 × 5 + 1). See congruent integers, group of
congruence classes.

modular automorphism A one-parameter
∗-automorphism σφt , of a von Neumann algebra
M, where σφt (A) ≡ @itφ A@

−it
φ for a modular

operator @φ . See also modular operator.

modular character A group homomorphism
from the (multiplicative) group of units of the
ring of integers modulo m to the multiplicative
group of nonzero complex numbers. See also
character.

modular operator A positive self-adjoint
operator, defined and used in Tomita-Takesaki
theory. Let φ be a normal semifinite faithful
weight on a von Neumann algebra M. Let Hφ

be the Hilbert space associated with φ, let Nφ be
the left ideal {A ∈ M : φ(A∗A) is finite}, and
let η be the associated complex linear mapping
from Nφ into a dense subset of Hφ . LetSφ be the
antilinear operator defined by Sφη(A) = η(A∗)
where A ∈ N ∩ N ∗

φ and A∗ is the adjoint of A.
The polar decomposition of the closure of Sφ
defines a self-adjoint operator called a modular
operator.

modular representation A representation of
a group which is also a finite field. See repre-
sentation.

module A nonempty set M is said to be an
R-module (or a module over a ring R) if M is
an Abelian group under an operation (usually
denoted by +) and if, for every r ∈ R and m ∈
M , there exists an element rm ∈ M subject to
the distributive laws: r(m1 + m2) = rm1 +
rm2 and (r + s)m = rm + sm; as well as the
associative law r(sm) = (rs)m form,m1,m2 ∈
M and r, s ∈ R.

module ofA-homomorphisms The set of all
homomorphisms from anA-moduleM to anA-
moduleN forms a module over the ringA called
the module of homomorphisms fromM toN , de-
noted HomA(M,N). See homomorphism. See
also automorphism group.

module of boundaries A concept that arises
in the subject of graded modules. Regard the
graded moduleX as a sequence of modulesX0,

X1, X2, . . . with maps ∂n : Xn �→ Xn−1 (called
boundary maps) with ∂n−1◦∂n = 0. The module
of boundaries is the graded module of images
of the boundary map, i.e., ∂1{X1}, ∂2{X2}, . . .
This concept arises most commonly in topology
where the graded modules are chains of sim-
plicies in a topological space X. In this case,
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Xk is the free module generated (say, over the
integers) by the continuous images of the stan-
dard k-dimensional simplex in Euclidean space
{(x1, . . . , xk) ∈ Rk : xi ≥ 0,

∑k
i=1 xi ≤ 1}.

The boundary map of a k-simplex is a weighted
sum of (the continuous images of) its k − 1 di-
mensional faces where the weights are either
plus one or minus one depending on the ori-
entation of the face. Then the module of k −
1-boundaries is the module generated by the
boundaries of k-dimensional simplicies.

module of coboundaries A coboundary is
the image of a cocycle under the induced bound-
ary map. (See module of cocycles.) The set of
coboundaries is a module over the underlying
ring (often the integers or the reals).

module of cocycles The dual of the module
of cycles. More precisely, if X0, X1, X2, . . .

is a graded chain of cycles over a ring R (often
the integers or the reals) with boundary maps
∂n : Xn �→ Xn−1, then the module of cocycles
is the graded chain X̂0, X̂1, X̂2, . . . where each
X̂n is the set of all ring homomorphisms fromXn
to R. The induced coboundary map ∂̂n : X̂n �→
X̂n+1 is defined by ∂̂nĉn(xn+1) = ĉn(∂nxn+1)

for ĉn ∈ X̂n and xn+1 ∈ Xn+1.

module of cycles A concept that arises in the
subject of graded modules. Regard the graded
moduleX as a sequence of modulesX0, X1, X2,

. . . with maps ∂n : Xn �→ Xn−1 (called bound-
ary maps) with ∂n−1 ◦ ∂n = 0. A cycle cn ∈ Xn
is one that has zero boundary (∂ncn = 0). The
set of all cycles is a module over the underlying
ring (often the integers). This concept arises
most commonly in topology where the graded
modules are chains of simplicies in a topological
spaceX. In this case,Xk is the free module gen-
erated (say, over the integers) by the continuous
images of the standard k-dimensional simplex
in Euclidean space{
(x1, . . . , xk) ∈ Rk : xi ≥ 0,

k∑
i=1

xi ≤ 1

}

(into X). The boundary map of a chain is a
weighted sum of (the continuous images of) its
k − 1 dimensional faces where the weights are
either plus one or minus one depending on the

orientation of the face. The cycles are the chains
whose boundaries are zero. As a simple exam-
ple, a circle is a cycle in R2 because it is the
image of the one-dimensional simplex 0 ≤ t ≤
1 (via the complex exponential map, f (t) =
exp(2πit)) and because its boundary, f (1) −
f (0), is zero.

module of finite length A module M with
the property that any chain of submodules of the
form

{0} ⊂ M0 ⊂ M1 ⊂ M2 · · · ⊂ Ml = M

is finite in number. The above containments are
proper.

module of finite presentation A moduleM
over a ring R such that there is a positive in-
teger n and an exact sequence of R-modules
0 → K → Rn → M → 0 where K is finitely
generated.

module of finite type (1) A graded module∑
i≥0 Ai over a field k for which eachAi is finite

dimensional.
(2) A sheaf of O-modules (called an O-

Module) in a ringed space (X,O), which is lo-
cally generated by a finite number of sections
over O.

(3) A finitely generated module.

module of homomorphisms Let M and N
be modules over a commutative ring R. The set
of all homomorphisms of moduleM to module
N is called the module of homomorphisms of
M to N , with addition defined pointwise and
multiplication given by (r · f )(x) = r · (f (x)),
for r ∈ R, f : M → N a homomorphism
and x ∈ M . The module of homomorphisms is
denoted HomR(M,N).

module with operator domain A module
M , together with a setA and a map fromA×M
into M satisfying the following conditions. (i.)
For every a ∈ A and x ∈ M there is a unique
element ax ∈ M . (ii.) If a ∈ A and x, y ∈ M ,
then a(x + y) = ax + ay. In this situation, M
is called a module with operator domain A. It
is also called a module over A or an A-module.
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moduli of Abelian variety Parameters or
invariants which classify the set of all Abelian
varieties which are equivalent under some type
of equivalence relation to a given Abelian vari-
ety. The problem of finding moduli for Abel-
ian varieties is approached both algebraically
and geometrically, and involves coarse moduli
schemes and inhomogeneous polarizations.

moduli scheme See coarse moduli scheme.

modulus (1) The modulus of a complex num-

ber z = a + ib is defined as |z| = (a2 + b2)
1
2 .

(2) Let p be a positive integer. When two
integers a, b are congruent modulo p, then p
is called the modulus of the congruence. See
congruent integers.

modulus of common logarithm The log-
arithm to the base 10 is called common loga-
rithm. The factor by which the logarithm to a
given base of any number must be multiplied to
obtain the common logarithm of the same num-
ber is called modulus of the common logarithm.
Because one has log10 x = log10 b logb x, for
any base b (b > 0 and b �= 1) and any x > 0,
the modulus of the common logarithm for base
b is seen to be log10 b.

Moishezon space A compact, complex, ir-
reducible space X of (complex) dimension n
whose algebraic dimension (i.e., transcendence
degree of the field of meromorphic functions on
X) is also equal to n.

monic polynomial Any polynomial p(x) of
degree m over a ring R with leading coefficient
1R , the unit of the ring R. See leading coeffi-
cient.

monoidal transformation For any integer
m with 1 < m ≤ n, we can make a quadratic
transformation on the (X1, . . . , Xm)-space and
“product” it with the (Xm+1, . . . , Xn)-space to
get the monoidal transformation of the n-space
centered at the (n−m)-dimensional linear sub-
spaceL : X1 = · · · = Xm+1 = 0. In greater de-
tail, the monoidal transformation with center L
sends the (X1, . . . , Xn)-space into the (X′

1, . . . ,

X′
n)-space by means of the equations

X1 = X′
1

X2 = X′
1X

′
2

...

Xm = X′
1X

′
m

Xm+1 = X′
m+1

...

Xn = X′
n


or the reverse

X′
1 = X1

X′
2 = X2/X1

...

X′
m = Xm/X1

X′
m+1 = Xm+1

...

X′
n = Xn


.

The origin in the (X1, . . . , Xn)-space is blown
up into the linear (m−1)-dimensional subspace
of the (X′

1, . . . , X
′
n)-space given by L′ : X′

1 =
X′
m+1 = · · · = X′

n = 0.

monomial A polymonial consisting of one
single term such as anxn.

monomial module A module generated by
a single generator. See module.

monomial representation Let H be a sub-
group of a finite group G. If ρ is a linear rep-
resentation ofH with representation moduleM ,
then the linear representation ρG = K(G)⊗
K(H) M of G is called the induced represen-

tation from ρ. (Here, K is a field.) A mono-
mial representation of G is the induced repre-
sentation from a degree 1 representation of a
subgroup. Each monomial representation of G
corresponds to a matrix representation τ such
that for each g ∈ G the matrix τ(g) has exactly
one nonzero entry in each row and each column.
The induced representation ofG from the trivial
subgroup {e} is called the regular representation
of G.

monomorphism A morphism i in a category
satisfying the following property: Whenever the
equation i ◦ f = i ◦ g holds for two morphisms
f and g in the category, then f = g.
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In most familiar categories, such as the cate-
gory of sets and functions, a monomorphism is
simply an injective or one-to-one function in the
category. A function i : A → B is one-to-one,
or injective if i(a1) �= i(a2) whenever a1 �= a2.
See also morphism in a category, epimorphism,
injection.

monotone function Let I ⊆ R be an interval
and f : I → R a function. If whenever a, b ∈ I
and a < b it holds that f (a) ≤ f (b), then f
is said to be monotone increasing. If whenever
a, b ∈ I and a < b it holds that f (a) ≥ f (b),
then f is said to be monotone decreasing. In
both cases, f is a monotone function.

Moore-Penrose inverse See generalized in-
verse.

Mordell’s conjecture Any algebraic curve
of genus ≥ 2 defined over an algebraic number
field k of finite degree has finitely many rational
points. (Conjectured in 1922 and settled in the
affirmative by G. Faltings in 1983. The original
1922 conjecture was stated for the special case
k = Q.)

Mordell-Weil Theorem Let k be an alge-
braic number field of finite degree and let V be
an Abelian variety of dimension n defined over
k. Then the group Vk of all k-rational points on
V is finitely generated.

This theorem was proved by Mordell for the
special case of n = 1 in 1922 and by Weil for
the general case in 1928.

morphism Let ◦ be a binary operation on
a set A, while ◦′ is another such operation on
a set A′. A morphism m : (A, ◦) → (A′, ◦′)
is a function on A to A′ which preserves the
operation ◦ on A onto the operation ◦′ on A′, in
the sense that

m(a ◦ b) = m(a) ◦′ m(b)

for all a, b ∈ A.
In a categorical approach to algebra, one de-

fines a category C as a set (or, more generally,
a class) of objects, together with a class of spe-
cial maps, called morphisms between these ob-
jects. If C is the category of Abelian groups,
then the morphisms would normally be group

homomorphisms. If C is the category of topo-
logical spaces, the morphisms would be contin-
uous maps, etc. See also functor.

morphism in a category A map by means
of which categorical equivalence is measured.

morphism of finite type For R a commuta-
tive ring with 1, and X a scheme, a morphism
f : X −→ Spec(R) is called a morphism of fi-
nite type provided thatX has a finite open affine
covering {Ui = Spec(Ri)} such that each Ri is
a finitely generated R-algebra. More generally,
a morphism of schemes f : X −→ Y is of finite
type if there is an affine covering {Vi} of Y such
that the restriction f : f−1(Vi) −→ Vi is of
finite type for each i. See scheme, spectrum.

morphism of local ringed spaces Let X be
a topological space, and suppose that to each
x ∈ X is associated a local ringBX,x in a natural
way. Let Y be another such space. A mapping
f : X → Y is called a morphism of local ringed
spaces if, whenever, f (x) = y, there is induced
a homomorphism BY,y → BX,x .

morphism of local ringed spaces Let X be
a topological space, and suppose that to each
x ∈ X is associated a local ringBX,x in a natural
way. Let Y be another such space. A mapping
f : X → Y is called a morphism of local ringed
spaces if, whenever, f (x) = y, there is induced
a homomorphism BY,y → BX,x .

morphism of pointed sets A set X with a
distinguished element x∗ is called a pointed set.
For two pointed sets (X, x∗) and (Y, y∗), a map
f : X −→ Y is said to be a morphism of pointed
sets if f (x∗) = y∗.

morphism of schemes Let R be a commu-
tative ring with 1. One obtains a sheaf of rings
R̃ on Spec(R) by assigning to each point p of
Spec(R) the ring of quotientsRp. Then Spec(R)
is called an affine scheme when it is regarded
as a local-ringed space with R̃ as its structure
sheaf. A scheme is a local-ringed spaceXwhich
is locally isomorphic to an affine scheme. A
morphism of schemes X and Y is a morphism
f : X −→ Y as local ringed-spaces.

c© 2001 by CRC Press LLC



multilinear function Let V1, V2, . . . , Vk,W

be vector spaces over a field F . A function

f : V1 × V2 × · · · × Vk → W

that is linear with respect to each of its arguments
is called multilinear. If k = 2, f is called bilin-
ear. Thus, a bilinear function f : U × V → W

satisfies

f (u, av1 + bv2) = af (u, v1)+ bf (u, v2)

and

f (au1 + bu2, v) = af (u1, v)+ bf (u2, v)

for all a, b ∈ F and all u, u1, u2 ∈ U and
v, v1, v2 ∈ V .

The determinant of ann×nmatrixA is a mul-
tilinear function when the arguments are taken
to be each of the n rows (or columns) of A.

multinomial Given n real numbers
a1, a2, . . . , an, and m a positive integer, then
the expression (a1 + a2 + · · · + an)m is called
multinomial. We have

(a1 + a2 + · · · + an)m

=
∑ n!

p1! . . . pm!a
p1
1 . . . a

pm
m

where the sum is over all p1 + · · · + pm = m.
See also monomial.

multiobjective programming A mathemati-
cal programming problem in which the objective
function is a vector-valued function f : Rn −→
Rk, k ≥ 2, where Rk is ordered in some way
(e.g., lexicographic order, etc.).

multiple Let S be a semigroup whose binary
operation is multiplication. The element a ∈ S
is called a left (right) multiple of b ∈ S if there
exists an element c ∈ S such that a = cb (a =
bc). Under this condition b is the left (right)
divisor of a.

multiple complex Let C be an Abelian cat-
egory. A complex C in C is a family of objects
{Cn}n∈Z with differentials dn : Cn −→ Cn+1

such that dn+1dn = 0, n ∈ Z. A bicomplex C
in C is a family of objects {Cm,n}m,n∈Z and two
sets of differentials dm1 : Cm,n −→ Cm+1,n and

dn2 : Cm,n −→ Cm,n+1 such that dm+1
1 dm1 =

dn+1
2 dn2 = 0 and dm1 d

n
2 = dn2 d

m
1 ,m, n ∈ Z. A

multicomplex C in C is defined in an analogous
way: A family {Cn1,n2,...,nr }n1,n2,...,nr∈Z of ob-
jects and r sets of differentials

d
ni
i : Cn1,...,ni ,...,nr −→ Cn1,...,ni+1,...,nr ,

1 ≤ i ≤ r , subject to dni+1
i d

ni
i = 0 and dnii d

nj
j

= d
nj
j d

ni
i , 1 ≤ i, j ≤ r, i �= j .

multiple covariants LetK be a field of char-
acteristic 0 and let G = GL(n,K). Let F =∑
Ci1,...,inmi1,...,in be a homogeneous form of

degreed in variablesx1, . . . , xnwith coefficients
in K . (Here,

∑
ir = d and

mi1,...,in =
(
d!/

∏
ir !
)
x
i1
1 . . . x

in
n .)

For each g ∈ G, we define gxi and (gC)i1,...,in
by setting, respectively,

(gx1, . . . , gxn) = (x1, . . . , xn) g
−1

and F = ∑
(gC)i1,...,in (gmi1,...,in ). In this case,

the action of G on the polynomial ring R =
K[. . . , Ci1,...,in , . . . ] is given by either a rational
representation or the contragredient map A �→
tA−1. Then theG-invariants are called multiple
covariants.

multiple root A root of a polynomial, having
multiplicity > 1. See multiplicity of root.

multiplicand A number to be multiplied by
another number.

multiplication (1) A binary operation on a
set. In group theory, and in algebra in general,
it is customary to denote by aḃ or ab, the el-
ement which is associated with (a, b) under a
given binary operation. The element c = ab is
then called the product of a and b, and the binary
operation itself is called multiplication. When
the term multiplication is used for a binary op-
eration, it carries with it the implication that if
a and b are in the set G, then ab is also in G.

(2) One of two binary operations on a field
or ring. See field, ring.

multiplication by logarithms The logarithm
function logb x, especially when b = 10 or
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b = e, the basis for the natural logarithm, has
had extensive use in facilitating arithmetical cal-
culations, especially before the days of comput-
ers. The rule

logb n ·m = logb n+ logb m

allows one to multiply large numbersn,m by as-
certaining their logarithms (from a table), add-
ing the logarithms and then obtaining the prod-
uct ofm and n by another reference to the table.
See logarithm, common logarithm, natural log-
arithm.

multiplication of complex numbers Multi-
plication of z1 = a+ ib and z2 = c+ id yields
z1 ·z2 = (a+ ib)(c+ id) = (ac−bd)+ i(ad+
bc). Writing the complex numbers z1 and z2
in terms of their absolute values r1, r2 and their
arguments φ1, φ2: zj = rj (cosφj + i sin φj ),
yields z1 ·z2 = r1r2[cos(φ1 + ¯φ2)+ i cos(φ1 +
¯φ2)].
multiplication of matrices Let F be a ring,
and A = [aij ], 1 ≤ i ≤ m, 1 ≤ j ≤ n, an
m × n matrix over F . Multiplication of A (on
the right) by a k × l matrix B = [bij ] (over the
same fieldF ) is defined if n = k and the product
is the m × l matrix C = [cij ], with ij -entry is
obtained by cij = ∑

h aihbhj , 1 ≤ i ≤ m and
1 ≤ j ≤ l:

A·B =
 ∑

a1hbh1 . . .
∑
a1hbhl

. . .
∑
aihbhj . . .∑

amhbh1 . . .
∑
amhbhl

 .

multiplication of polynomials Let

f (x) =
n∑
0

akx
k, g(x) =

p∑
0

bkx
k ,

be polynomials over an integral domainD. Mul-
tiplication of the polynomials gives

f (x) · g(x) = a0b0 + (a0b1 + a1b0) x
1

+ (a0b2 + a1b1 + a2b0) x
2 + . . .

=
n+p∑

0

ckx
k

with ck = ∑k
i=0 aibk−i .

multiplication of vectors Any bilinear func-
tion defined on pairs of vectors. Important ex-
amples are the familiar dot product and cross
product of calculus. See also wedge product,
tensor product.

multiplicative group (1) Any group, where
the group operation is denoted by multiplica-
tion. Often a non-Abelian group is written as a
multiplicative group. See group, Abelian group.

(2) The set F ∗ of all the non-zero elements
of a field F . See field.

multiplicative identity An element 1, in a
set S with a binary operation ·, regarded as mul-
tiplication, such that 1 · a = a · 1 = a, for all
a ∈ S.

A multiplicative monoid is one in which the
binary operation is written as multiplication and
the multiplicative identity is 1 such that a1 =
1a = a, for all a in the monoid.

multiplicative inverse For an element a, in
a set S with a binary operation ·, considered as
multiplication, and an identity element 1, an el-
ement a−1 ∈ S such that a−1 · a = a · a−1 = 1.
(See also multiplicative identity.)

A field F is a non-trival commutative ring
in which every non-zero element a has a multi-
plicative inverse.

multiplicative Jordan decomposition Let
M be a free right R-module. A linear transfor-
mation τ on M is called semisimple if M has
the structure of a semisimple R[x] module de-
termined by x(m) = τ(m); that is, if and only if
the minimal polynomial of τ has no square factor
different from the constants in R[x]. The multi-
plicative Jordan Decomposition Theorem states
that any nonsingular linear transformation τ on
M can be uniquely written as τ = τsτu, where τs
is a semisimple linear transformation onM and
τu = 1M + τ−1

s τn for some nilpotent transfor-
mation τn onM . Here, τu is called the unipotent
component of τ .

multiplicatively closed subset A subset S
of a ring R, which is a subsemigroup of R with
respect to multiplication.
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multiplicity of a point Let f be a function
defined in a neighborhood of a point p in RN .
The multiplicity of the point p is the order to
which f vanishes at p; that is, f is of orderm at
p if all derivatives of f up to (but not including)
order m vanish, but some mth order derivative
does not.

In other contexts, if q is in the image of f
then the order of q is the number of elements in
the pre-image set of q under f .

multiplicity of a point Let f be a function
defined in a neighborhood of a point p ∈ RN .
The multiplicity of the point p is the order to
which f vanishes at p; that is, f is of orderm at
p if all derivatives of f up to (but not including)
order m vanish, but some mth order derivative
does not.

In other contexts, if q is in the image of f ,
then the order of q is the number of elements in
the pre-image set of q under f .

multiplicity of root LetD be an integral do-
main and f (x) an element ofD[x]. If c belongs
to D and c is a root of f (x) (f (c) = 0), then
f (x) = (x−c)mg(x)wherem is an integer with
0 ≤ m ≤ degf (x), g(x) ∈ D[x] and g(c) �= 0.
The integer m is called the multiplicity of the
root c of f (x).

multiplicity of weight Let g denote a com-
plex semisimple Lie algebra, h a Cartan subal-
gebra of g, andR the corresponding root system.
Let V be a g-module (not necessarily finite di-
mensional), and let w ∈ h∗ a linear form on h.
We will let V n denote the set of all v ∈ V such
that Hv = w(H)v, for all H ∈ h. This is a
vector subspace of V . An element of V w is said
to have weightw. The dimension ofV w is called

the multiplicity of w ∈ V : if V w �= {0}, w is
called a weight of V .

multiplier Let G be a finite group and let
C∗ = C\{0}. Then the second cohomology
group H 2(G,C∗) is called the multiplier of G.
If H 2(G,C∗) = 1, then G is called a closed
group and any projective representation of G
is induced by a linear representation. See also
Lagrange multiplier, Stokes multiplier, charac-
teristic multiplier.

multiplier algebra For a C∗-algebra A, let
A∗∗ denote its enveloping von Neumann alge-
bra. The multiplier algebra of A is the set
M(A) = {b ∈ A∗∗ : bA + Ab ⊆ A}.
multiply transitive permutation group
A permutation group G is called k-transi-
tive (k a positive integer) if, for any k-tuples
(a1, a2, . . . , ak) and (b1, b2, . . . , bk) of distinct
elements inX, there exists a permutation p ∈ G
such that pai = bi , for all i = 1, . . . , k. If
k = 2, G is called a multiply transitive permu-
tation group.

multistage programming A mathematical
programming problem in which the objective
function and the constraints have an iterative or
repetitive property.

mutually associated diagrams AnO(n) di-
agram is a Young diagram T for which the sum
of the lengths of the first column and the sec-
ond column is ≤ n. Two O(n) diagrams T1
and T2 are called mutually associated diagrams
if the lengths of their first columns sum up to
n and their corresponding columns (except the
first ones) have equal lengths. See Young dia-
gram.
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