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QR method of computing eigenvalues An
iterative method of finding all of the eigenvalues
of an n× n matrix A. Let A0 = A. Determine
A1, A2, . . . , Am, . . . in the following way: IfA
is a real tridiagonal matrix or a complex upper
Hessenberg matrix, let sm be the eigenvalue of
the 2 × 2 matrix closer to a(m)nn in the lower right
corner ofAm, or ifA is a real upper Hessenberg
matrix, let sm and sm+1 be the eigenvalues of
the 2×2 matrix in the lower right corner ofAm.
With this (these) value(s) of sm, writeAm− smI
as QmRm, where Qm is a unitary matrix and
Rm is an upper Hessenberg matrix. Then de-
fine Am+1 = RmQm − smI . Then the elements
on the diagonal of limm→∞Am converge to the
eigenvalues of A.

quadratic Of degree 2, as, for example, a
polynomial aX2 + bX + c, with a �= 0.

quadratic differential On a Riemann sur-
face S, a rule which associates to each local pa-
rameter z mapping a parametric neighborhood
U ⊂ S into the extended complex plane C
(z : U → C), a function Qz : z(U) → C such
that for any local parameter z1 : U1 → C and
z2 : U2 → C with U1 ∩ U2 �= ∅, the following
holds in this intersection:

Qz2 (z2(p))

Qz1 (z1(p))
=

(
dz1(p)

dz2(p)

)2

, ∀p ∈ U1 ∩U2 .

Here z(U) is the image of U in C under z.

quadratic equation A polynomial equation
of the form aX2+bX+c = 0. The solutions are
given by the quadratic formula. See quadratic
formula.

quadratic field A field of the form Q(
√
d) =

{a + b√d : a, b ∈ Q}, where Q is the field of
rational numbers and d ∈ Q is not a square.

quadratic form A polynomial of the form
Q(X1, . . . , Xn) = ∑

i,j cijXiXj , where the co-
efficients cij lie in some ring.

quadratic formula The roots of aX2+bX+
c = 0 are given byX = −b±

√
b2−4ac

2a (in a field
of characteristic other then 2).

quadratic function A polynomial function
of degree two: ax2 + bx + c. For example,
8x2 + 3x − 1 is a quadratic function. See also
pure quadratic.

quadratic inequality Any inequality of one
of the forms:

ax2 + bx + c < 0

ax2 + bx + c > 0

ax2 + bx + c ≤ 0

ax2 + bx + c ≥ 0 .

quadratic polynomial A polynomial of the
form aX2 + bX + c.
quadratic programming Theoretical as-
pects and methods pertaining to minimizing or
maximizing quadratic functions on sets X with
constraints determined by linear equations and
linear inequalities.

quadratic programming problem A qua-
dratic programming problem in which one wants
to maximize or minimize z = ctx− 1

2 xtDx with
the constraints Ax ≤ b and x ≥ 0, where A is
an m× n matrix of real numbers, c ∈ Rn, D is
an n×nmatrix of real numbers, and ( )t denotes
transposition.

quadratic reciprocity Let p and q be dis-
tinct odd primes. If at least one of p and q is
congruent to 1 mod 4, then p is congruent to a
square mod q if and only if q is congruent to a
square mod p. If both p and q are congruent to
3 mod 4, then p is congruent to a square mod q
if and only if q is not congruent to a square mod
p.

quadratic residue An integer r is a quadratic
residue mod n if there exists an integer x with
r ≡ x2 mod n. See modular arithmetic.
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quadratic transformation The map from
the projective plane to itself given by (x0 : x1 :
x2) �→ (x1x2 : x0x2 : x0x1). See also projective
space.

quartic Of degree 4, as, for example, a poly-
nomial aX4 +bX3 +cX2 +dX+e, with a �= 0.

quartic equation A polynomial equation of
the form aX4 + bX3 + cX2 + dX + e = 0.

quasi-affine algebraic variety A locally
closed subvariety of affine space. See affine
space.

quasi-algebraically closed field A field F
such that, for every d ≥ 1, every homogeneous
polynomial equation of degree d in more than d
variables has a nonzero solution in F . Finite
fields and rational function fields K(X) with
K algebraically closed are quasi-algebraically
closed.

quasi-coherent module Let (X,R) be a
ringed space. A sheaf of R-modules is called
quasi-coherent if, for each x ∈ X, there exists
an open set U containing x such that M|U can
be expressed as A/B where A and B are free
R|U -modules.

quasi-dual space The quotient space of the
space of quotient representations of a locally
compact group G, considered with the Borel
structure subordinate to the topology of uniform
convergence of matrix entries on compact sets.

quasi-equivalent representation Two uni-
tary representations π1, π2 of a group G (or
symmetric representations of a symmetric alge-
braA) in Hilbert spacesH1 andH2, respectively,
satisfying one of the following four equivalent
conditions:
(i.) there exist unitarily equivalent representa-
tions µ1 and µ2 such that µ1 is a multiple of π1
and µ2 is a multiple of π2;
(ii.) the non-zero subrepresentations of π2 are
not disjoint from π1;
(iii.) π2 is unitarily equivalent to a subrepresen-
tation of some multiple representation µ2 of π2
that has unit central support;
(iv.) there exists an isomorphism ' of the von

Neumann algebra generated by the set π1(A)

onto the von Neumann algebra generated by the
set π2(A) such that

' (π1(a)) = π2(a), for all a ∈ A .

quasi-Frobenius algebra Let A be an alge-
bra over a field and let A∗ be the dual of the
right A-module A. Decompose A into a di-
rect sum of indecomposable left ideals and a
direct sum of indecomposable right ideals: A =∑
i

∑
j Ae

(j)
i = ∑

i

∑
j e
(j)
i A, where Ae(j)i �

Ae
(j ′)
i′ if and only if i = i′, and similarly for the

right ideals. A is called quasi-Frobenius if there
exists a permutation π of the indices i such that
Ae
(1)
i � (e(1)π(i)A)∗.

quasi-Fuchsian group A Fuchsian group is
a group of conformal homeomorphisms of the
Riemann sphere which leaves invariant a round
circle in the sphere (equivalently a group of
isometries of hyperbolic 3 space which leaves
invariant a flat plane). A quasi-Fuchsian group
is a quasiconformal deformation of a Fuchsian
group: there is a quasiconformal homeomor-
phism of the sphere conjugating the action of the
Fuchsian group to the group in question. It fol-
lows that abstractly the group is a surface group.
Quasi-Fuchsian groups are extremely important
for hyperbolic 3-manifolds, for instance, play-
ing a central role in the geometrization of a large
class of 3-manifolds. See also Kleinian group.

quasi-group A set with a not necessarily as-
sociative law of composition (a, b) �→ ab such
that the equation ab = c has a unique solution
when any two of the variables are specified.

quasi-inverse Let x, y be elements of a ring.
Then y is called a quasi-inverse of x if x + y −
xy = x+y−yx = 0. If 1 exists, this means that
(1−y) is the inverse of (1−x). An element that
has a quasi-inverse is called quasi-invertible.

quasi-inverse element See quasi-inverse.

quasi-invertible element See quasi-inverse.

quasi-local ring A commutative ring with
exactly one maximal ideal. Often such rings are
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called local rings, but some authors reserve the
term local ring for Noetherian rings with unique
maximal ideals.

quasi-projective algebraic variety An open
subset of a projective variety.

quasi-projective morphism A morphismf :
X → Y of varieties, or schemes, that factors
as an open immersion X → X′ followed by a
projective morphism X′ → Y . See projective
morphism.

quasi-projective scheme An open sub-
scheme of a projective scheme. See projective
scheme.

quasi-semilocal ring A commutative ring
with only finitely many maximal ideals. Of-
ten such rings are called semilocal rings, but
some authors reserve the term semilocal ring
for Noetherian rings with finitely many maxi-
mal ideals.

quasi-symmetric homogeneous Siegel domain
A Siegel domain S = S(U, V,,,H) satisfying
the following conditions:
(i.) , is homogeneous and self-dual;
(ii.) Ru is associated with Tu for all u ∈ U ;
where U is a vector space over R of dimension
m; V is a vector space over C of dimension n;
, is a non-degenerate open convex cone in U
with vertex at the origin; H is a Hermitian map
H : V × V → Uc = U ⊗R C; for u ∈ Uc,
Ru ∈ End(V ) is defined by (u,H(v, v′)) =
2h(v, Ruv′), v, v′ ∈ V ; for each u ∈ U , there
exists a unique element Tu ∈ p(,) such that
Tue = u; and g(,) = t (,)+ p(,) is the Car-
tan decomposition. Notice that a Siegel domain
S is symmetric if and only if (i.) and (ii.) above
and the following condition (iii.) hold:
(iii.) Ru satisfies the relation

H(R(H(v", v′))v, v")
= H(v′, R(H(v, v"))v") .

quaternion An element of the Hamiltonian
quaternions. See Hamilton’s quaternion alge-
bra.

quaternion algebra See Hamilton’s quater-
nion algebra.

quaternion group The group of order 8 equal
to {±1,±i,±j, ±k}, with relations i2 = j2 =
k2 = −1, ij = k, ji = −k and (−1)a =
a(−1) for all a. See also Hamilton’s quaternion
algebra.

quintic Of degree 5, as, for example, a poly-
nomial aX5 + bX4 + cX3 + dX2 + eX + f ,
with a �= 0.

quintic equation A polynomial equation of
the form aX5+bX4+cX3+dX2+eX+f = 0.

quotient (1) The result of dividing one num-
ber by another. See also numerator, denomina-
tor.

(2) The result of starting with a set (group,
ring, topological space, etc.) and forming a new
set consisting of equivalence classes under some
equivalence relation. See also quotient algebra,
quotient chain complex, quotient G-set, quotient
group, quotient Lie algebra, quotient Lie group,
quotient representation, quotient ring, quotient
set.

quotient algebra The algebra of equivalence
classes of an algebra modulo a two-sided ideal.

quotient bialgebra The quotient spaceH/I
with the induced bialgebra structure, where I is
bi-ideal of a bialgebra H , i.e., I is an ideal of
an algebra (H,µ, η) which is also a co-ideal of
a co-algebra (H,4, ε), and (H,µ, η,4, ε) is a
bialgebra. See also bialgebra.

quotient bundle Let π : X→ B be a vector
bundle and let π ′ : X′ → B be a subbundle of
π . The quotient bundle of π is the union of vec-
tor spaces π−1(b)/(π ′)−1(b) with the quotient
topology.

quotient chain complex Let (X, ∂)be a chain
complex, where X = ∑

Xn, and let Y = ∑
Yn

be a subcomplex (so ∂Y ⊆ Y ). Then X/Y with
the map induced from ∂ forms the quotient chain
complex. See also chain complex.
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quotient co-algebra The quotient spaceC/I
with a co-algebra structure induced naturally
from a co-algebra (C,4, ε), where I is a co-
ideal of C. See also coalgebra.

quotient group LetG be a group and letH be
a normal subgroup. The set of all cosets forms a
group, denotedG/H , where the group operation
is defined by (aH) ∗ (bH) = (a ∗ b)H (where
a ∗ b denotes the group operation in G). For
example, ifG = Z, the integers under addition,
and H = nZ, the multiples of a fixed integer
n, then G/H is the additive group of integers
modulo n.

quotient G-set LetG be a group acting on a
set X and let R be a G-compatible equivalence
relation on X, that is, xRy implies gxRgy, for
all x, y ∈ X, and all g ∈ G. The quotient set
X/R, which has a natural action of G, is called
a quotient G-set. See also G-set.

quotient Lie algebra Let g be a Lie algebra
with bracket [·, ·], and let a be a Lie subalgebra
such that [g, a] ⊆ a (so a is an ideal of g). The
quotient g/a with the bracket induced from that
of g is called a quotient Lie algebra. See also
quotient algebra.

quotient Lie group Let G be a Lie group
and let H be a closed normal subgroup. The
quotient group can be given the structure of a
Lie group and is called a quotient Lie group.
See also quotient group.

quotient representation Letρ : G→GL(V )
be a representation of a group G as a group of
linear transformations of a vector space V . Let
W ⊆ V be a subspace such that ρ(G)W ⊆ W .
The quotient representation is the induced map
G→ GL(V/W). See induced representation.

quotient ring Let R be a ring and let I be
a two-sided ideal. The set R/I of cosets with
respect to the additive structure can be given the
structure of a ring by defining (a+I )+(b+I ) =
a + b+ I and (a + I )(b+ I ) = ab+ I , where
a, b ∈ R. This is called a quotient ring. The
standard example is when R = Z, the integers,
and I = nZ, the multiples of a fixed integer n.
Then R/I is the ring of integers modulo n.

quotient set The set of equivalence classes,
denotedX/R, of a setXwith respect to an equiv-
alence relation R on X.
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