
S
saddle point A point at which the first two
partial derivatives of a function f (x, y) in both
variables are zero, yet which is not a local ex-
tremum. Also called a hyperbolic point. The
term saddle hails from the appearance of the
plotted surface, wherein the saddle point appears
as a mountain pass between two hills. Similar
saddle phenomena occur with three hills; they
are sometimes called monkey saddles, with an
extra place for a monkey’s tail.

Satake diagram Used in the theory of Lie
algebras to describe the classification of a non-
compact real simple Lie Algebra L that arises
from the comparison of the conjugation opera-
tion of L with the complexification of L.

satisfy Meet specified conditions, as in an
equation or set of equations. Any values that re-
duce an equation to an identity satisfy that equa-
tion. Also, to meet a set of hypotheses, such as
satisfying the conditions of a theorem.

Sato’s conjecture A conjecture asserting

limx→∞ number of primes p ≤ x : θp ∈ [α, β]
number of primes < x

= 2

π

∫ β

α

sin2 θ dθ, 0 < α < β < π ,

where E is an elliptic curve over the rational
number field Q such that E does not have com-
plex multiplication, N is its conductor,
L(s,E) =
∏
p|N

(
1− εpp

−s
)−1 ∏

p �|N

(
1− app

−s + p1−2s
)−1

is theL-function ofE over Q, εp = 0 or±1, 1−
apu+pu2 = p1(u,E modp)= 1−apu+pu2 =
(1 − πpu)(1 − π̄pu) with πp = √

peiθp (0 <

θp < π). When E has complex multiplication,
the distribution of θp for half of p is uniform in
[0, π ], and θp is π

2 for the remaining half of p.

scalar extension Suppose ϕ : R1 → R2
is a ring homomorphism and suppose M is an
R2-module. Consider M to be an R1-module by
scalar restriction. Define theR1-moduleMR2 =
R2 ⊗R1 M . Then MR2 may be considered to
be an R2-module by defining r2 · (r ′2 ⊗ m) to
be r2 · r ′2 ⊗ m for all r2, r

′
2 ∈ R2 and for all

m ∈ M . This R2-module MR2 is called a scalar
extension. See also scalar restriction.

scalar matrix A square matrix, wherein all
of the elements on the main diagonal are equal,
i.e., all aii are the same, and all other elements
are 0, i.e., aij = 0, for i �= j .

scalar multiple (1) (In a linear space) The
product, ax, of an element, x, in a set L and an
element, a, in a field K; K is the scalar field.

(2) (Of a linear operator) The product of a
scalar a and a linear operator T : (aT )x =
a(T x).

(3) (In a module) The product ax of an el-
ement x in a module M and an element a in a
ring A (where M is a module over A); A is the
ring of scalars.

(4) (Of a vector) The product c�v of a vector
�v and a real number c. The vector c�v is on the
same line as the line containing �v, and the ratio
of c�v to �v is c (if �v is the zero vector, then c�v is
also the zero vector).

scalar multiplication See vector space.

scalar quantity When considering a vector
space over a field k, an element of k. See vector
space.

scalar restriction Suppose ϕ : R1 → R2
is a ring homomorphism and suppose M is an
R2-module. Then M can be made into an R1-
module by defining r · m to be ϕ(r) · m for all
r ∈ R1 and for all m ∈ M . This R1-module
M is called a scalar restriction. See also ring
homomorphism, module.

scheme A ringed space X for which there
is an affine scheme Spec(A) such that Spec(A)

and X are locally isomorphic.

Schmidt’s Theorem If a field F is perfect,
then every extension E/F is separable.
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See also perfect field, separable extension.

Schottky group Suppose C1, C−1, . . . , Ck,

C−k are 2k circles in the complex plane. Denote
the interior of Ci by Ii and the exterior, includ-
ing the point at infinity, by Ei , i = ±1, . . . ,±k.
Let µ1, . . . , µk be Möbius transformations sat-
isfying µi(Ci) = C−i , µi(Ei) = I−j , µi(Ii) =
E−i . Further, µ−i is defined to be µ−1

i , i =
1, . . . , k. Then the group generated by µ1, . . . ,
µk is called a Schottky group. See also Möbius
transformation.

Schreier conjecture A conjecture which
states that for an arbitrary finite simple group,
G, the outer automorphisms of G form a solv-
able group. The conjecture is true for all known
finite simple groups.

Schur index Let G be a finite group, F ⊂ S

where S is a splitting field for G, and ϕ ∈
IrrS(G). If , is an irreducible S-representation
which affords ϕ and - is an irreducible F -
representation such that , is a constituent of
-S , then the multiplicity of , as a constituent
of -S is called the Schur index of ϕ over F . See
also splitting field, irreducible representation,
constituent.

Schur product See Hadamard product.

Schur’s Lemma (1) Let M and N be sim-
ple A-modules, and let f : M → N be an A-
homomorphism. Then f is either an isomor-
phism or f is the zero homomorphism.

(2) Let A be a ring and let M be a simple A-
module. Let D = EA(M) be the endomorphism
ring of M . Then D is a skew field.

Schur subgroup The subgroup of the Brauer
group Br(k) consisting of those algebra classes
that contain a Schur algebra A over k, where k

is a field of characteristic 0.

Schur-Zassenhaus Theorem Suppose N is
a normal subgroup of a finite group G such that
|N | and |G : N | are relatively prime. Then G

contains subgroups of order |G : N | and any two
of these subgroups are conjugate in G.

See also normal subgroup, conjugate sub-
group.

Schwarz inequality The inequality which
states that for complex numbers x1, . . . , xn and
y1, . . . , yn,∣∣∣∣∣

n∑
i=1

xi ȳi

∣∣∣∣∣
2

≤
n∑

i=1

|xi |2
n∑

i=1

|yi |2 .

The inequality is commonly generalized in
abstract inner product spaces to mean |(x, y)| ≤
‖x‖ ‖y‖ for vectors x and y, where (·, ·) is the in-
ner product and ‖ · ‖ is its norm. Also known as
the Cauchy-Schwarz or Bunyakovskiǐ inequal-
ity, it is a special case of the Hölder integral
inequality. See Hölder’s Theorem.

scientific notation The convention in applied
mathematics wherein real numbers are repre-
sented as decimals (between one and ten) mul-
tiplied by powers of ten. For example, 36000 is
3.6×104 and 0.00031 is 3.1×10−4 in scientific
notation. The notation is particularly useful in
dealing with numbers that are very large or very
small in magnitude.

secant function One of the fundamental
trigonometric functions, denoted sec x. By
definition, sec x = 1

cos x , and hence the se-
cant function is (i.) periodic, satisfying sec(x +
2π) = sec x; (ii.) bounded below, satisfying
1 ≤ | sec x|, for all real x, and (iii.) undefined
where the cosine is 0 (x = ±π

2 ,± 3π
2 , . . . ).

Many other properties of the secant function can
be derived from those of the cosine and sine. See
cosine function. See also secant of an angle.

secant method The iterative sequence of ap-
proximate solutions of the equation f (x) = 0,
given by

xn+1 = xn − f (xn) · xn − xn+1

f (xn)− f (xn+1)

for f (xn) �= f (xn+1), n ≥ 1.

secant of an angle Written secα, the recip-
rocal of the x-coordinate of the point where the
terminal ray of the angle α whose initial ray lies
along the positive x-axis intersects the unit cir-
cle. If 0 < α < π

2 (α in radians) so that the
angle is one of the angles in a right triangle with
adjacent side a, opposite side b, and hypotenuse
c, then secα = c

a
.
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second difference In difference equations,
where the difference of y at x is 2y(x) = y(x+
2x)− y(x), the second difference is defined as
22y(x) = 2(2y(x)) = y(x + 22x)− 2y(x +
2x)+ y(x).

second factor of class number See first fac-
tor of class number.

secular equation The characteristic equation
of a square matrix A. See characteristic equa-
tion. For a square symmetric matrix of real ele-
ments, all of the solutions to the secular equation
(the eigenvalues of A) are real.

sedenion Any element of A4, where An is
the Clifford algebra over R with λii = −1. A4
is important in spinor theory and the theory of
Dirac’s equation.

Selberg trace formula Let G be a connected
semisimple Lie group and4 a discrete subgroup.
Let T be the regular representation ofG on4\G
defined by (Tgf )(x) = f (xy), f ∈ L2(4 \
G). When 4 \ G is compact, one has T =∑∞

k=1 T
(k) as the irreducible decomposition of

T . Let χk be the character of the irreducible
unitary representation T (k). Then one has the
trace formula
∞∑
k=1

∫
G

f (g)χk(g)dg =
∑
{γ }

∫
Dγ

f (x−1γ x) dx

where {γ } is the conjugate class of γ in 4 and
Dγ is the quotient space of the centralizer Gγ

of γ in G by the centralizer 4γ of γ in 4. When
4 \ G is not compact, the irreducible decom-
position of T on 4 \ G contains not only the
discrete sum but also the direct integral (contin-
uous spectrum). Selberg showed that even in
this case, there are explicit examples in which
the trace formula holds for the part with dis-
crete spectrum. Also the part with continuous
spectrum can be described by the generalized
Eisenstein series.

Selberg zeta function The zeta function

Z4(s,M) =
∏
i

∞∏
n=0

det
(
I −M (γi)N (γi)

−s−n
)
,

where 4 ⊂ SL(2,R) is a Fuchsian group, op-
erating on the complex upper half-plane H, P1,

P2, . . . are the conjugacy classes of primitive
hyperbolic elements of 4, γj ∈ Pj are their rep-
resentatives, γ �→ M(g) is a matrix represen-
tation of 4, N(γ ) = ξ2

2 the norm of hyperbolic
γ where ξ1, ξ2 are two eigenvalues of γ . Here,
when the two eigenvalues of γ ∈ 4 are dis-
tinct real numbers ξ1, ξ2 (ξ1ξ2 = 1, ξ1 < ξ2),
we call γ hyperbolic. When γ is hyperbolic,
γ n(n = 1, 2, . . . ) is also hyperbolic. When±γ

is not a positive power of another hyperbolic ele-
ment, γ is called a primitive hyperbolic element.

self-dual regular cone A cone which is self-
dual and regular. Let X be a vector space with
an inner product (·, ·). A subset C ⊂ X is called
a cone if (i.) x, y ∈ C implies x + y ∈ C; (ii.)
x ∈ C and t > 0 imply tx ∈ C; (iii.) if x and−x

are in C, then x = 0. A cone is called regular if
the relations x1 ≤ x2 ≤ · · · ≤ z imply that {xn}
is norm-convergent. A subset Cd := {x ∈ X :
(x, y) ≥ 0, for all y ∈ C} ⊂ X is called a dual
cone. C is called self-dual if C = Cd .

self-intersection number On an algebraic
surface, the intersection number (or Kronecker
index) I (d1 · d2) is defined for any divisors d1
and d2. See intersection number. The self-
intersection number is the case in which d1 =
d2, i.e., the number I (d · d) = (d2) is the self-
intersection number of the divisor d.

semidefinite Hermitian form A Hermitian
form H with n variables such that the signature
of H is either (r, 0) or (0, r), with 1 ≤ r < n.
See semidefinite quadratic form.

semidefinite quadratic form A real qua-
dratic form Q with n variables such that the
signature of Q is either (r, 0) or (0, r), with
1 ≤ r < n. See semidefinite Hermitian form.

semidefinite von Neumann algebra A von
Neumann algebra A which has an exact semifi-
nite normal trace on A.

semidirect product A group G which can be
written as the product of a normal subgroupN of
G and a subgroup H of G where N ∩H = {1}.

semifinite function A measurable function
f with the property that {x : |f (x)| = ∞} is σ -
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finite (the countable union of sets of finite mea-
sure).

semigroup Generalization of a group in
which a binary operation is defined and asso-
ciative on a set. The existence of an identity and
multiplicative inverses are not guaranteed in a
semigroup as they are in a group.

semigroup algebra An algebra over a field
K which has a multiplicative semigroup G as its
basis.

semigroup bialgebra An algebra ,(A) over
a field , with a basis A that is at the same time
a multiplicative semigroup.

semi-invariant (1) A common eigenvector
of a family of endomorphisms of a vector space
or module.

(2) A numerical characteristic of random
variables related to the concept of moment of
higher order. If v = (v1, . . . , vk) ∈ Rk is a ran-
dom vector, φv(u) = E(ei(u,v)) is its moment
generating function, where u = (u1, . . . , uk) ∈
Rk and (u, v) =∑n

j=1 vjuj . If for some n ≥ 1
the nth moment E(|vj |n) < ∞, j = 1, . . . , k,
then the (mixed) moments

m(α1,...,αk)
v = E

(
v
α1
1 · · · vαk

k

)
exist for all multi-indices (α1, . . . , αk) ∈ (Z+)k
such that |α| = α1+ · · ·+αk ≤ n. Under these
conditions,

φv(u) =∑
|α|≤n

iα1+···+αk

α1! · · ·αk!m
(α1,...,αk)
v u

α1
1 · · · uαk

k +o
(|u|n) ,

where |u| = |u1|+· · ·+|uk| and for sufficiently
small |u|, the principal value of logφv(u) can be
expressed by Taylor’s expansion as

logφv(u) =
∑
|α|≤n

iα1+···+αk

α1! · · ·αk!a
(α1,...,αk)
v u

α1
1 · · · uαk

k + o
(|u|n)

where the coefficients a
(α1,...,αk)
v are called

(mixed) semi-invariants, or cumulants, of order
α = (α1, . . . , αk)of the vector v = (v1, . . . , vk).

semilinear mapping A Z-linear mappingφ :
E → E′, whereE andE′ are modules, such that
φ(ax) = aφ(x) for all x ∈ E.

semilocal ring A ring R with finitely many
maximal ideals.

semiprimary ring A ring R such that, for
any ideal A and any positive number n ∈ N
with An = 0, we have A = 0.

semiprime differential ideal A differential
ideal which is semiprime. Let R be a com-
mutative ring with an identity. If a mapping
δ : R → R is such that, for any x, y ∈ R, (i.)
δ(x+y) = δx+δy; (ii.) δ(xy) = δx ·y+x ·δy,
then δ is called a differentiation. A ring R pro-
vided with a finite number of mutually commu-
tative differentiations in R is called a differential
ring. Let δ1, . . . , δm be the differentiations of a
differential ringR. An ideala ofR with δj a ⊂ a

(i = 1, 2, . . . , m) is called a differential ideal.
We say that a differential ideal a is semiprime
if a contains all those elements x that satisfy
xg ∈ a for some natural number g.

semiprime ideal See semiprime ring.

semiprime ring A ring such that 0 is the only
nilpotent ideal.

semiprime ring A ring R is semiprime if 0
is the only nilpotent ideal.

semiprimitive ring A ring in which the rad-
ical is the set containing only the zero element.
See radical.

semireductive action A rational action de-
fined by ρ such that N = f1K + · · · frK is
a G-admissible module (f1, . . . , fr ∈ R) and
that if f0 mod N (f0 ∈ R) is G-invariant, then
there is a homogeneous form h in f0, . . . , fr

of positive degree with coefficients in K such
that h is monic in f0 and is G-invariant, where
K is a commutative ring with identity and G is
a matrix group over K (i.e., a subgroup of the
general linear group GL(n,K)). A homomor-
phism ρ of G into GL(m,K) is called a ratio-
nal representation of G if there exist rational
functions φkl, 1 ≤ k, l ≤ m, in n2 variables xij
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(1 ≤ i, j ≤ n) with coefficients in K such that
ρ((σij )) = (φkl(σij )) for all (σij ) ∈ G. As-
sume that R is a commutative ring generated by
x1, . . . , xn overK and that an action of the group
G on R is defined such that (σx1, . . . , σxn)

t =
σ t (x1, . . . , xn) where t means the transpose of
a matrix. In this case we say that G acts on R as
a matrix group. Assume that ρ is a rational rep-
resentation of a matrix group G and ρ(G) acts
on a ring R as a matrix group. Then we have
an action of G on R defined by σf = (ρσ)f

(σ ∈ G, f ∈ R), called the rational action de-
fined by ρ.

semisimple Banach algebra A Banach al-
gebra A, such that its regular module A◦ is com-
pletely reducible. See also Banach algebra, reg-
ular module, completely reducible.

semisimple component The semisimple lin-
ear transformation φs of the Jordan decomposi-
tion of a linear transformation φ : L → L,
where L is an n-dimensional linear space over a
perfect field. By the Jordan decomposition, any
such φ is represented as the sum of the φs and a
nilpotent linear transformation φn.

semisimple Jordan algebra A Jordan alge-
bra A such that its regular module A◦ is com-
pletely reducible. See also Jordan algebra, reg-
ular module, completely reducible.

semisimple Lie algebra A Lie algebra whose
only Abelian ideal is the zero ideal.

semisimple Lie group A Lie group G is
called simple if
(i.) dim(G) is greater than 1;
(ii.) G has only finitely many connected com-
ponents; and
(iii.) any proper normal subgroup of the identity
component of G is finite.

We say that G is reductive if it has finitely
many connected components, and some finite
cover of the identity component Ge is a product
of simple and Abelian Lie groups. It is semisim-
ple if there are no Abelian factors in this decom-
position.

semisimple linear transformation A linear
transformation T on a vector space V of dimen-

sion n over a field F such that V contains a basis
of eigenvectors for T .

semisimple matrix A diagonalizable matrix.
Hence a matrixA = SMS−1, whereS is nonsin-
gular and M is diagonal. See diagonal matrix,
nonsingular matrix.

semisimple module An R-module M of a
ring R such that M is the sum of simple sub-
modules. Equivalent conditions are
(i.) M is the direct sum of simple submodules
and
(ii.) for every submodule E there exists a sub-
module F such that M = E + F .

semisimple part (1) A nonsingular ma-
trix can be represented uniquely as a product
(commutatively) of a diagonalizable matrix (the
semisimple part) and a unipotent matrix (the
unipotent part) of identical dimensions.

(2) The semisimple part of a group is the set
of all semisimple elements in that group.

semisimple ring A ring R such that, as a
module, R is semisimple.

Semistable Reduction Theorem A theorem
proved by Grothendieck that asserts: Given an
Abelian variety overF , there is a finite extension
of F , over which it has a semistable reduction.

Let F be a field with a discrete valuation v,
valuation ring ov , and maximal ideal mp. Let
AF be an Abelian variety over F . Let A be a
Néron model, A0 the connected Néron model,
k = k(v) andA0

k the special fiber over the residue
class field k. We say that AF has semistable
reduction if A0

k is an extension of an Abelian
variety by a torus (so that A0

k is a semi-Abelian
variety).

sense of inequality The direction of an in-
equality is sometimes also referred to as the
sense of an inequality. For example, x > 5
and y > z have the same sense.

sensitivity analysis The analysis of response
to imposed conditions, i.e., variations of solu-
tions in response to variations in a problem’s
parameters. A particularly important topic in
chaotic dynamics, wherein small changes in ini-
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tial conditions or parameters (such as a butterfly
flapping its wings in China) often produce dra-
matically different behavior at later times (such
as the formation of a hurricane that proceeds to
ravage much of Florida).

separable algebra A finite dimensional alge-
bra A over a field K such that the tensor product
E ⊗K A is semisimple over E for every exten-
sion field E of K .

separable element An algebraic element a
over a field K which is a root of a separable
polynomial over K .

separable extension An extension field F

of a field K whose elements are all separable
elements over K .

separable polynomial An irreducible poly-
nomial with a nonzero formal derivative.

separable scheme See purely inseparable
scheme.

separated morphism A morphism f : X →
S such that the image of the diagonal morphism
2X/S : X → X×S X is closed, where X and S

are local-ringed spaces.

separated scheme A scheme X such that
the diagonal subscheme 2X/Spec(A)(X) = X

×Spec(A) X is closed.

separating transcendence basis A subset S
of a field extension F of a field K such that S
is algebraically independent and F is algebraic
and separable over K(S).

sequence of factor groups Let G be a group
and let G = G0�G1�· · ·�Gn be a chain of nor-
mal subgroups of G. Then the sequence of fac-
tor groups is given byGi−1/Gi , i = 1, 2, . . . , n.

sequence of Ulm factors Suppose R is a
complete valuation ring with prime p and re-
duced R-module M . Define {Mµ} to be the
descending transfinite series obtained by suc-
cessive multiplication by p where intersections
are taken at the limit ordinals. Define ϕ by
ϕ(x) = µ if x ∈ Mµ but x /∈ Mµ+1; and de-

fine ϕ(0) = ∞ where ∞ exceeds any ordinal.
Then associated to each x there is a sequence of
ordinals {µi : µi = ϕ(pix), i ≥ 0} called the
sequence of Ulm factors. See also complete val-
uation ring, reduced module, transfinite series,
limit ordinal.

serial subgroup A subgroup H of a group G

is serial in G, denoted H serG, if there exists a
totally ordered set H and a set

{(Iσ , Vσ ) : σ ∈ H}
such that
(i.) H ≤ Vσ ≡ Iσ ≤ G ∀σ ∈ H;
(ii.) Iτ ≤ Vσ if τ < σ ;
(iii.) G \H =

⋃
{Iσ \ Vσ : σ ∈ H}.

series (1) The summation of a finite sequence
of terms, written with the Greek letter sigma as
follows:

N∑
n=0

an = a0 + a1 + · · · + aN

where n is the index of summation, 0 and N are
the limits of the summation, and each an is a
term.

(2) An infinite series is a formal sum of the
above type for which N = ∞. An infinite series
is said to converge if limN→∞(a1+· · ·+aN) =
S for some finite S; it is said to diverge oth-
erwise. There are many methods used to test
the convergence or divergence of infinite series,
such as the root test, ratio test, and comparison
test. Infinite series are also particularly useful
in analysis.

(3) Power series, or series of the form

∞∑
n=0

anx
n ,

for complex an, can be used to represent some
functions on intervals; these functions are called
real analytic in the interval (as opposed to being
singular at some point in the interval). Real ana-
lytic functions can be differentiated or integrated
by differentiating or integrating their represen-
tative power series term by term. Moreover, the
value of a function can be approximated at a
point c by evaluating its truncated power series
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HN
n=0an(x−c)n, with increasing accuracy in the

approximation as N approaches infinity.
(4) Series appear in a variety of other con-

texts, including differential equations (in which
solutions can sometimes be represented by
power series) and Fourier analysis, in which se-
ries of trigonometric terms are used to represent
otherwise complicated functions such as pulse
functions. See also Fourier series.

Serre conjecture Let F [X1, X2, . . . , Xn] be
a ring of polynomials over a field F . Then ev-
ery finitely generated projective module over
F [X1, X2, . . . , Xn] is free. Serre’s conjecture
was proved by Quillen and Suslin and is also
known as the Quillen-Suslin Theorem.

Serre’s Theorem For a positively graded,
commutative algebra C, the category of coher-
ent sheaves on the scheme ProjC is equivalent to
a certain category which is completely defined
in terms of C-gr.

set of antisymmetry See antisymmetric de-
composition.

Shaferevich’s reciprocity law The explicit
reciprocity law which asserts that
(i.) (π,E(α, π ′)) = 1 for p �| i, α ∈ DT .
(ii.) (π,E(α)) = ζTrα if α ∈ DT , Trα :=
TrT/Qp

α.
(iii.) (π, π) = (π,−1).
(iv.) (E(α), ε) = 1 for α ∈ DT , ε ∈ D×K .
(v.) If p �= 2,(

E
(
α, πi

)
, E

(
β, πj

))
=
(
πj ,E

(
αβ, πi+j

))
;

if p = 2,(
E
(
α, πi

)
, E

(
α, πj

))
=
(
−πj ,E

(
αβ, πi+j

))
∞∏
s=1

(
−1, E

(
αF s(β), πi+jps

))
·
∞∏
r=1

(
−1, E

(
F r(α)β, πipr+j

))
for α, β ∈ DT , p �| i, p �| j .

(vi.) If p = 2,(
−1, E

(
a, πi

))
=

∞∏
s=0

(
π,E

(
i2sF s+1(a), πi2s+1

))
forα ∈ DT , p �| i, whereK is an algebraic num-
ber field, p ∈ K is a prime ideal and π is a fixed
prime element of K , T is the inertia field of K ,
E(α) is the Artin-Hasse function, and E(α, χ)

is the Shaferevich function with α ∈ DT and
χ ∈ p. The explicit reciprocity law is a gen-
eralization of Gauss’s quadratic reciprocity law,
which allows one to decide whether an integral
number in a field is an nth power residue with
respect to a prime ideal.

sheaf A presheaf F on X which satisfies the
following conditions for every open U ⊆ X

such that∪iUi is an open covering of U : (i.) For
every i, if s, s′ ∈ F(U) are such that s|Ui

=
s′|Ui

, then s = s′; and (ii.) for every i and j ,
if si ∈ F(Ui) and sj ∈ F(Uj ) are such that
si |Ui∩Uj

= sj |Ui∩Uj
, then there is an s ∈ F(U)

such that for every i, s|Ui
= si . See presheaf.

sheaf of germs of regular functions A sheaf
of rings OV on a variety V where the stalk OV,x

(x ∈ V ) is the local ring of the ring regular
functions of open sets on V at x.

sheaf theory A mathematical method for
providing links between the local and global
properties of topological spaces. Sheaf theory
is also used to study problems in mathematical
areas such as algebra, analysis, and geometry.

Shilov boundary Let B be a Banach algebra,
M the set of all multiplicative linear functionals
λ (λ : B → C linear and λ(fg) = λ(f )λ(g)),
along with the weakest topology which makes
the mapping M % m �→ m(f ) ∈ C continu-
ous for every f ∈ B, and f̂ the Gel’fand trans-
form of f ∈ B. Then the Shilov boundary S of
M is the smallest closed subset of M such that
supS |f̂ | = supM |f̂ |, f ∈ B. See also Banach
algebra, Gel’fand transform.

short representation A representation of an
ideal I in a commutative ring R as an intersec-
tion of primary ideals, I = Q1∩Q2∩· · ·∩Qk ,
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satisfying two additional conditions: (i.) The
representation is irredundant, that is, it is not
possible to omit one of the primary ideals Qi

from the intersection. (ii.) The prime ideals
P1, P2, . . . , Pk belonging to the Q1,Q2, . . . ,

Qk are all different. (Pi is the prime ideal be-
longing to Qi if Pi contains Qi , but there is no
smaller prime ideal P ′i containing Qi . Equiva-
lently, Pi is the radical of Qi , i.e., Pi = {p ∈
R : pn ∈ I for some integer n}.) See also iso-
lated component, isolated primary component,
irredundant, primary ideal, prime ideal, radical.

Siegel domain An open subset S of com-
plex N space CN of the form S = {(z, w) ∈
Cm×Cn : Im z−N(w,w) ∈ O}. Here, O is an
open convex cone in realm space Rm with vertex
at the origin, N : Cn × Cn → Cm is O Hermi-
tian, Im z denotes the imaginary part of z, and
m+n = N . In addition, the coneO is usually as-
sumed to be acute; that is, O is usually assumed
not to contain an entire line. Finally, O Hermi-
tian means (i.) N(v,w) is linear with respect to
v, (ii.) N(v,w) = N(w, v), (iii.) N(w,w) = 0
if and only if w = 0, and (iv.) N(w,w) ∈ O. In
property (ii.), Phi(w, v) denotes the complex
conjugate of N(w, v), whereas in property (iv.)
O denotes the topological closure of O.

An example of a Siegel domain is the un-
bounded domain H consisting of all n×n sym-
metric matrices with complex entries, and with
positive definite imaginary parts. (A matrix M

is symmetric if Mt = M , where Mt is the trans-
pose of M . A matrix M with complex entries
can be written uniquely as M = A+ iB, where
A and B have real entries. The matrix B is the
imaginary part of M . An n × n matrix B with
real entries is positive definite if xtBx ≥ 0 for
all n dimensional column vectors x with real
entries. Here, xt is just x, made into a row vec-
tor.) The Siegel domain H is called a general-
ized Siegel half plane. In the special case where
n = 1, the generalized Siegel half plane is just
the familiar upper half plane of elementary com-
plex analysis.

A Siegel domain is homogeneous if it is ho-
mogeneous as a domain, that is, if it has a tran-
sitive group of analytic (holomorphic) automor-
phisms. The generalized Siegel half planes are
homogeneous Siegel domains. See homoge-
neous domain.

Siegel domains are divided into three classes,
Siegel domains of the first kind, Siegel domains
of the second kind, and Siegel domains of the
third kind. There is a deep connection between
Siegel domains of the second kind and perfectly
general bounded homogeneous domains. (A do-
main is bounded if it is contained in a ball of
finite radius. A bounded homogeneous domain
is a domain which is both bounded and homoge-
neous. An open ball of finite radius in complex
N space is a bounded homogeneous domain. A
generalized Siegel half plane is a homogeneous
domain, but it is not bounded.) The connection
between Siegel domains and bounded homoge-
neous domains is provided by a famous theorem
of Vinberg, Gindikin, and Pyatetskii-Shapiro:
Every bounded homogeneous domain in CN is
isomorphic to a homogeneous Siegel domain of
the second kind. See also bounded homoge-
neous domain, irreducible homogeneous Siegel
domain, Siegel domain of the first kind, Siegel
domain of the second kind, Siegel domain of the
third kind.

Siegel domain of the first kind A domain
D(V ) = {x + iy ∈ Rc|y ∈ V }, where V is a
regular cone in an n-dimensional vector space
R and Rc is the complexification of R.

Siegel domain of the second kind A do-
main D(V, F ) = {(x + iy, u) ∈ Rc ×W |y −
F(u, u) ∈ V }, where V is a regular cone in an
n-dimensional vector space R, Rc is the com-
plexification of R, W is a complex vector space,
and F : W ×W → Rc is a V -Hermitian form.
If W = 0, then a Siegel domain of the first kind
is obtained. See also Siegel domain of the first
kind.

Siegel domain of the third kind A do-
main which is holomorphically equivalent to
a bounded domain and can be written as
D(V,L,B) = {(x + iy, u, p) ∈ Rc × W ×
X|y − Re Lp(u, u) ∈ V, p ∈ B}, where V is
a regular cone in an n-dimensional vector space
R, Rc is the complexification of R, W and X are
complex vector spaces, B is a bounded domain
inX andL,Lp : W×W → Rc are nondegener-
ate semi-Hermitian forms, for p ∈ B. See also
Siegel domain of the first kind, Siegel domain
of the second kind.
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Siegel’s Theorem Let χ be a real Dirichlet
character of modulus k such that

χ(n) �=
{

1 if (n, k) = 1

0 if (n, k) �= 1
.

Siegel’s Theorem states that, for any ε > 0, there
exists cε > 0 such that

∞∑
n=1

χ(n)

n
>

cε

kε
.

Siegel zeta function A ζ -function attached to
an indefinite, quadratic form, meromorphic on
the whole complex plane and satisfying certain
functional equations.

sigma field Consider an arbitrary non-empty
subclass A of the power set of a set X such that
if P and Q are in A, then P ∩Q, P ∪ bQ, and
cP are also in A. Such an A is called a field. If,
in addition, A is closed under countable unions,
then it is called a σ -field.

signature The ordered pair (p, q) corre-
sponding to a real quadratic form Q of rank
p + q, where Q is equivalent to

p∑
i=1

x2
i −

q+p∑
j=p+1

x2
j .

See also signature of Hermitian form.

signature of Hermitian form The ordered
pair (p, q) corresponding to a Hermitian form
H of rank p + q, where H is equivalent to

p∑
i=1

xixi −
q+p∑

j=p+1

xjxj .

signed numbers Numbers that are either pos-
itive or negative are said to be signed or directed
numbers.

significant digits In a real number in decimal
form, the digits to the left of the decimal point
beginning with first non-zero digit, together with
the digits to the right of the decimal point ending
with the last non-zero digit.

sign-nonsingular matrix See sign pattern.

sign pattern The sign pattern of a real m×n

matrix A is the (0, 1,−1)–matrix obtained from
A when zero, positive, and negative entries are
replaced by 0, 1, −1, respectively. Thus, A de-
termines a (qualitative) class of matrices, Q(A),
consisting of all matrices with the same sign pat-
tern as A.

Sign patterns are one of the objects of study in
combinatorial matrix analysis, concerned with
the study of properties of matrices that are de-
termined from its combinatorial structure (such
as the directed graph) and other qualitative in-
formation. For example, A is called an L-matrix
provided that every matrix in Q(A) has linearly
independent rows. The sign pattern1 1 1 −1

1 1 −1 1
1 −1 1 1


is an example of an L-matrix. Such matrices first
arose in the study of sign-solvable systems in
economics models. A sign-nonsingular matrix
A is a square L-matrix; that is, every matrix in
Q(A) is nonsingular.

similar (1) (Similar figures) Geometric fig-
ures such that the ratio of the distance between
pairs of points in one figure and the distance be-
tween the corresponding pairs of points in an-
other figure is constant for every pair of points in
the first figure and corresponding pair of points
in the second figure.

(2) (Similar terms) Terms in an expression
which have the same unknowns and each un-
known is raised to the same power in each term.
For example, in the expression 5x2y3 + 8x3 +
3y3+7x2y3, 5x2y3 and 7x2y3 are similar terms.

(3) (Similar triangles) Triangles which have
proportional corresponding sides.

similar decimals Numbers that have the same
number of decimal places are said to be similar.
For example, 6.003, 2.232, and 100.000 are all
similar decimals.

similar fractions Simple fractions in which
the denominators are equal. See simple fraction,
denominator.
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similar isomorphism An isomorphism be-
tween two ordered fields, under which positive
elements are mapped to positive elements.

similar matrices Two square matrices A and
B such that A = P−1BP for some nonsingular
matrix P . See nonsingular matrix.

similar permutation representations Two
permutation representations, such that there ex-
ists a G-bijection between the corresponding G-
sets, where G is a group. Let SM be the group
of all permutations of a set M . A permutation
representation of a group G in M is a homo-
morphism G → SM . In general, if the product
ax ∈ M of a ∈ G and x ∈ M is defined and sat-
isfies (ab)x = a(bx), 1x = x, for all a, b ∈ G

and for all x ∈ M , with the identity element 1,
then G is said to operate on M from the left and
M is called a left G-set. We call a left G-set a
G-set. A mapping f : M → M ′ of G-sets is
called a G-mapping if f (ax) = af (x) for any
a ∈ G and x ∈ M . G-injection, G-surjection,
G-bijection are defined naturally.

similar terms See like terms.

simple Abelian variety A commutative al-
gebraic group without Abelian subvarieties (ex-
cept itself and its zero element). See algebraic
group, Abelian subvariety.

simple algebra An algebra A such that the
ring A is both a simple ring and a semisimple
ring.

simple co-algebra A co-algebra which has
no nontrival proper subco-algebras. See coalge-
bra.

simple component (1) Suppose R is a ring
written as R = R1⊗· · ·⊗Rn where R1, . . . , Rn

are ideals satisfying the condition that if Ri =
R′i⊗R′′i , where R′i and R′′i are ideals, then either
R′i = 0 or R′′i = 0. Then the ideals R1, . . . , Rn

are called the simple components of R.
(2) Suppose P is a polynomial in n variables

over a field F . Write P = ∏n
i=1 P

αi

i where the
Pi are the distinct, irreducible (over F ) factors
of P . Pj is called a simple component of P if
αj = 1.

simple extension An extensionE of a fieldF

such that E = F(x), for some element x ∈ E,
where F(x) denotes the subfield of E over F ,
generated by x. See also extension, subfield.

simple fraction A fraction a
b

, in which both
a and b are integers, and b �= 0. Also known as
a common fraction.

simple group A group that has no normal
subgroup other than itself and its identity {e}.

simple Lie algebra A Lie algebra whose only
ideals are itself and the zero ideal.

simple Lie group A Lie group whose only
proper Lie subgroup is the trivial subgroup.

simple module A module M , with more than
one element, whose only submodules are itself
and the zero submodule.

simple point A point of an irreducible variety
V of dimension d over a field K such that

( ∂fi
∂x′j

)
is of rank n− d, where f1(x0, x1, . . . , xn) = 0,
f2(x0, x1, . . . , xn) = 0, . . . , fr(x0, x1, . . . , xn)

= 0 form a basis for equations of V .

simple ring A ring R with more than one
element whose only ideals are itself and the zero
ideal.

simple root A root of an equation that is
not repeated, i.e., a root of multiplicity 1. See
multiplicity of root.

simplest alternating polynomial The poly-
nomial p(X1, . . . , Xn) = (X2−X1)(X3−X2)

. . . (Xn −Xn−1). See alternating polynomial.

simplex (1) In geometry, the convex hull of
an affine independent set of points, the vertices
of the simplex.

(2) In topology, a homeomorphic image of a
geometric simplex (as in (1)).

simplex method A method for optimizing a
basic feasible solution of a primary linear pro-
gramming problem in a finite number of itera-
tions. Let I be the set of basic variables and J be
the set of non-basic variables. Let x be a basic
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feasible solution of a primary linear program-
ming problem, and write x in the basic form:

xi +
∑
j∈J

dij xj = gi (i ∈ I )

z+
∑
j∈J

fjxj = v .

If, for all j ∈ J , fj ≥ 0, then x, given by

xT =
{
gT if T ∈ I

0 if T ∈ J
,

is an optimal solution. If there is a j ∈ J such
that fj < 0, then let ri∗ = min gi

dij
, where the

minimum is taken over all i ∈ I such that dij >

0. Then, replace i∗ in I with j , obtaining a new
basis. Rewrite the basic feasible solution into a
(new) basic form, and repeat the procedure.

simplex tableau See simplex method.

simplification of an expression Changing
the form of an expression (but not the content)
with the purpose of either making the expression
more concise or readying the expression for the
next step in a method or proof or solution.

simply connected covering Lie group The
simply connected Lie group G0, among those
Lie groups G which have g as their Lie algebra,
where g is a finite-dimensional Lie algebra over
R. Such G0 is unique up to isomorphism.

simply connected group A set G which has
the structure of a topological group (making the
group operation continuous) and which is sim-
ply connected.

simultaneous equations Any system of two
or more equations that must both/all be satisfied
by the same solutions. For example,{

y = 3x + 5
y = 2x + 6

constitutes a system of two simultaneous equa-
tions satisfied by x = 1, y = 8;{

y = x − 1
y = 3x − 3

is a system of simultaneous equations with no
solution.

simultaneous inequalities Any system of
two or more inequalities that must both/all be
satisfied by the same solutions. For example,{

y2 + x2 ≤ 1
y ≥ 0

are simultaneous inequalities satisfied by the up-
per half of the unit circle.

sine function One of the fundamental trigono-
metric functions, denoted sin x. It is (i.) peri-
odic, satisfying sin(x+2π) = sin x; (ii.) bound-
ed, satisfying −1 ≤ sin x ≤ 1, for all real
x; and (iii.) intimately related with the cosine
function, cos x, satisfying sinx = cos(π2 − x),
sin2 x + cos2 x = 1, and many others. It is re-
lated to the exponential function via the identity

sin x = eix−e−ix

2i (i = √−1), and has series
expansion

sin x = x − x3

3! +
x5

5! −
x7

7! + · · ·
valid for all real values of x.

See also sine of angle.

sine of angle Written sin α, the y-coordinate
of the point where the terminal ray of the angle
α whose initial ray lies along the positive x-axis
intersects the unit circle. If 0 < α < π

2 (α in
radians) so that the angle is one of the angles
in a right triangle with adjacent side a, opposite
side b, and hypotenuse c, then sin α = b

c
.

single step method for solving linear equa-
tions See Gauss-Seidel method for solving
linear equations.

single-valued function A relation (a set R
of pairs (x, y), x from a set X, and y from a
set Y ) such that (x, y1), (x, y2) ∈ R implies
y1 = y2. Thus, the function f : X → Y defined
by f (x) = y if (x, y) ∈ R assigns only one y

to a given x.
Indeed, every function has the above prop-

erty. However, it is occasionally necessary to
include multiple-valued “functions” (such as in-
verses of functions) in function theory and the
term single-valued is required for emphasis.
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singular locus The subvariety of an irre-
ducible variety V of dimension d over a field
K consisting of all points V which are not sim-
ple points.

singular matrix An n × n, non-invertible
matrix. A square matrixA is singular if and only
if its null space contains at least one nonzero
vector. Equivalently, A is singular if and only
if detA = 0 or if and only if at least one of its
eigenvalues is 0.

singular point A point at which a function
ceases to be regular, even though the function
remains regular at the points near the singular
point. See regular function. The term is often
used with “regular” replaced by “differentiable,”
“n times differentiable,” “C∞,” etc.

singular value decomposition Let A be an
n × n real normal matrix. A singular value
decomposition of A is the representation A =
USU∗, where U is a unitary matrix, U∗ is the
adjoint ofU , and S is a diagonal matrix of which
the diagonal entries are the singular values of A.

singular values of a matrix Eigenvalues of
a matrix A; i.e., the values of λ such that λI −A

is singular. See eigenvalue.

skew field A skew field F is a ring in which
the non-zero elements form a multiplicative
group.

skew-Hermitian matrix A matrixA of com-
plex elements (necessarily square) such that ĀT

= −A; i.e., the conjugate of its transpose is
equal to its negation. Also called anti-Hermitian.

skew-symmetric matrix A matrix A (nec-
essarily square) such that AT = −A, that is, its
transpose is equal to its negation. Also called
antisymmetric.

slack variable The linear inequality a1x1 +
a2x2 + · · · + anxn ≤ b may be converted to a
linear equality by adding a nonnegative variable
z, called a slack variable. Namely, a1x1+a2x2+
· · · + anxn ≤ b becomes a1x1 + a2x2 + · · · +
anxn + z = b. See also linear programming.

Slater’s constraint qualification The gen-
eral nonlinear programming problem is the fol-
lowing: let X0 be a connected closed set and let
θ, g = (g1, . . . , gm) be real-valued functions
defined on X0. Determine the set of x ∈ X0

which minimizes (or maximizes) θ , subject to
given constraints. If X0 is convex and gi are
convex, then the convex vector function g is
said to satisfy Slater’s constrait qualification on
C0 provided there exists an x ∈ X0 such that
gi(x) < 0, for all i.

slope-intercept form An equation of a line
in the plane of the form y = mx + b, where m

is the slope of the line and b is its intercept on
the y-axis. Example: y = 3x − 2 is a line with
a slope of 3 and a y-intercept of −2 (y = −2,
when x = 0).

small category If the objects of a category
form a set, then the category is called a small
category or a diagram scheme.

small category If the objects of a category
form a set, then the category is called a small
category or a diagram scheme.

smooth affine variety Let k be a field and
X ⊆ kn. We call X a variety if it is the common
zero set of a collection of polynomials. The va-
riety is said to be smooth at a point x ∈ X if the
collection of polynomials has non-degenerate
Jacobian at x.

smooth affine variety Let k be a field and
X ⊆ kn. We call X a variety if it is the common
zero set of a collection of polynomials. The va-
riety is said to be smooth at a point x ∈ X if the
collection of polynomials has non-degenerate
Jacobian at x.

Snapper polynomial Let X be a k-complete
scheme, F be a coherent OX-module, and L

be an invertible sheaf. The Snapper polynomial
is the polynomial in m given by χ(F ⊗ L⊗m),
where χ(F ) =∑

q(−1)q dim Hq(X, F ).

solution Anything that satisfies a given set
of constraints is called a solution to that set of
constraints. A number may be a solution to an
equation or a problem. A function may be a
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solution to a differential equation. A region on
a plane that satisfies a set of inequalities is a
solution of that set of inequalities.

solution by radicals Any method of solving
equations using arithmetic operations (including
nth roots). For instance, the quadratic formula
is a well-known method of solving second order
equations. See quadratic formula. Some equa-
tions of fifth order and higher cannot be solved
by radicals.

solution of an equation (1) For an equation
F(x1, . . . , xn) = 0, with unknowns x1, . . . , xn
in some set S, any n-tuple of numbers (a1, . . . ,

an), ai ∈ S satisfying F(a1, . . . , an) = 0.
(2) For a functional equation F(x, y) = 0

with unknown function y, any function f (x)

such that F(x, f (x)) = 0.
(3) For a differential equation

F
(
t, x, x′, . . . , x(n)

)
= 0 ,

where x(m) = dmx
dtm

, any n times differentiable
function f (t) such that

F
(
t, f (t), f ′(t), . . . , f (n)(t)

)
= 0 .

Many other types of equations are possible,
including differential equations with values of
the function and certain derivatives specified at
certain points.

solution of an inequality For an inequality
F(x1, . . . , xn) ≥ 0, with unknowns x1, . . . , xn
in some ordered set S, any n-tuple of numbers
(a1, . . . , an), ai ∈ S satisfying F(a1, . . . , an)

≥ 0. For instance, the region beneath the line
y = x + 2 contains solutions to the inequality
y − x < 2.

solution of oblique spherical triangle A
spherical triangle is formed by the intersection
of the arcs of three great circles on the surface of
a sphere. A spherical triangle has six parts, the
three angles α, β, and γ , and three sides AC,
AB, and BC. The angle α is specified by the
dihedral angle between the plane containing the
arc AB and the plane containing the arc AC,
and similarly for β and γ . An oblique spherical
triangle is one in which none of the three an-
gles is a right angle, and solving such a triangle

consists of using three given parts (for exam-
ple, the two sides and the included angle) to find
the remaining parts. See also solution of right
spherical triangle.

solution of plane triangle A plane triangle
has six principal parts: three angles and three
sides. Given any three of these parts, which
are sufficient to determine the triangle (e.g., two
sides and the included angle), the solution of the
triangle consists of determining the remaining
three parts.

solution of right spherical triangle A spher-
ical triangle is formed by the intersection of the
arcs of three great circles on the surface of a
sphere. A spherical triangle has six parts, the
three angles α, β, and γ , and three sides AC,
AB, and BC. The angle α is specified by the
dihedral angle between the plane containing the
arc AB and the plane containing the arc AC,
and similarly for β and γ . If one (or more) of
the angles is a right angle, the triangle is called
a right spherical triangle. Note that in contrast
to a plane triangle, a spherical triangle may have
one, two, or three right angles. The solution of
a right spherical triangle consists of finding all
the parts of the triangle, given the right angle
and any two other elements. The many possi-
ble cases which can occur were all summarized
in two formulas discovered by J. Napier (1550-
1617), known as Napier’s rules.

solvable algebra Given an algebra A, define
the sequence of algebras A(1), A(2), A(3), . . . ,
by A(1) = A, A(i+1) = (A(i))2, i = 1, 2, 3 . . . ,
where (A(i))2 denotes the span of squares of
elements of A(i). Then A is solvable if A(j) = 0
for some j .

solvable by radicals From antiquity, it has
been known that the quadratic equation ax2 +
bx + c = 0 has solutions

x = −b ±√b2 − 4ac

2a
.

In the Renaissance, analogous formulas for the
solution of general cubic and quartic equations
involving arithmetic combinations of the coef-
ficients of the polynomial and their roots were
discovered, and in the nineteenth century it was
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proved that no such formula exists for the roots
of general polynomials of degree five or higher.
In general one says that a polynomial p(x), with
coefficients in a field F (with characteristic 0) is
solvable by radicals if there exists an algorithm
for computing the roots of p(x) which consists
only of performing the field operations on the
coefficients of p, together with extracting roots
of such expressions. Since taking roots may take
one to an extension field of F , a more precise
formulation would say that there exists a radical
extension of F which contains a splitting field
of p(x). See also Cardano’s formula.

solvable group Given a group G, a nor-
mal series is a finite set of subgroups, {Nj }nj=1,
which satisfy: (i.) {e} = Nn ⊂ Nn−1 ⊂ · · · ⊂
N2 ⊂ N1 = G, where e is the identity element
in G. (ii.) Nj+1 is a normal subgroup of Nj

for j = 1 . . . n− 1. G is solvable if there exists
a normal series {Nj }nj=1 for which each of the
groups Nj/Nj+1 is Abelian.

solvable ideal An ideal in which the derived
series becomes zero.

solvable ideal An ideal in which the derived
series becomes zero.

solvable Lie group A Lie group G, which,
ignoring its Lie group structure and considering
it only as an abstract group, is solvable. See
solvable group.

solving a triangle The act of using the size
of certain sides and angles of a triangle to deter-
mine the remaining sides and angles. See also
solution of oblique spherical triangle, solution
of plane triangle, solution of right spherical tri-
angle.

space (1) A set of objects, usually called
points. Often equipped with some additional
structure, e.g., a topological space, if equipped
with a topology, or a metric space, if equipped
with a metric.

(2) The unbounded three-dimensional region
R3 in which all physical objects exist.

space coordinates A set of three numbers
sufficient to specify uniquely the location of a

point in space, according to some convention
to establish such location. Examples of such
coordinates are Cartesian coordinates, spheri-
cal coordinates, or cylindrical coordinates. Note
that while the coordinates must specify a unique
point in space, a given point in space may be
represented by several (or even infinitely many)
different sets of coordinates.

space curve A one-dimensional variety in
three-dimensional projective space.

space group A discrete subgroup G of the Eu-
clidean group, for which the subgroup of trans-
lations in G forms a three-dimensional lattice
group. Synonyms are crystallographic group
and crystallographic space group. See also lat-
tice group.

span of vectors The span of the vectorsx1, x2,

. . . , xk in a vector space V over a field F , is
the set X of all possible linear combinations of
x1, x2, . . . , xk . If x1, x2, . . . , xk are linearly in-
dependent vectors, then they constitute a basis
for their span, X.

spatial ∗-isomorphism Suppose that Hi is
a Hilbert space and that Mi is a von Neumann
algebra contained in the set of bounded linear
operators on Hi , for i = 1, 2, and consider a
∗-isomorphism π : M1 → M2. If there exists
a bijective isometric linear mapping U : H1 →
H2 such that UAU∗ = πA, for each A in M1
(with U∗ denoting the adjoint of U ), then π is
called spatial.

spatial tensor product The C∗-algebra re-
sulting when the algebraic tensor product of two
C∗ algebras A and B is equipped with the spa-
tial, or minimal, C∗ cross-norm,

‖x‖min = sup
ρ,η
‖(ρ ⊗ η)(x)‖

where x ∈ A⊗B, and the supremum runs over
all ∗-representations of A and B. There may
be more than one norm on the algebraic tensor
product A ⊗ B whose completion gives a C∗-
algebra.

special Clifford group If R is a ring with
identity, M a free R-module, and Q a quadratic
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form, define the Clifford algebra C(Q) as the
quotient algebra T (M)/I(M) where T (M) =
R ⊕ T 1M ⊕ T 2M ⊕ . . . , T jM is the j -fold
tensor product of M with itself, and I(M) is
the ideal generated by all elements of the form
x ⊗ x −Q(x)1. Define C+(Q) to be the sub-
algebra of C(Q) generated by an even number
of elements of M . The special Clifford group
G+(Q) consists of the set of invertible elements
g ∈ C+(Q) for which gMg−1 = g.

special divisor (1) A positive divisor a of a
nonsingular, complete, irreducible curve C such
that the specialty index of a is positive.

(2) A divisor D on an algebraic function field
F in one variable such that the specialty index
of D is positive.

See positive divisor, specialty index.

specialization (1) Suppose that D and E are
extension fields of a field F , and denote by Dn

and En the n-dimensional affine spaces over D
and E, respectively. Suppose that x is a point
of Dn and that y is a point of En. If every
polynomialp with coefficients inF that satisfies
p(x) = 0 also satisfies p(y) = 0, then y is
called a specialization of x over F .

(2) Suppose that S is a scheme, that s and t

are geometric points of S, and that t is defined
by an algebraic closure of the residue field of a
point of the spectrum of the strict localization of
S at s. Then s is called a specialization of t .

special Jordan algebra Let A be an associa-
tive algebra over a field F of characteristic not
equal to 2. Let A+ be the commutative algebra
obtained by defining a new multiplication via
x ∗ y = 1

2 (xy + yx). A special Jordan algebra
J is a commutative algebra satisfying the Jordan
identity

(xy)x2 = x
(
yx2

)
for every x, y in J , which is isomorphic to a
subalgebra of A+ for some A.

special linear group The multiplicative
group of n×n matrices with determinant 1. The
notation SL(n) is used.

special orthogonal group The multiplicative
group of n×n matrices M , with real entries and

determinant 1, such that the transpose of M is
equal to M−1. The notation SO(n) is used.

special representation If J is a Jordan alge-
bra, A an associative algebra, and A+ the com-
mutative algebra obtained from A, by defining
a new multiplication via x ∗ y = 1

2 (xy + yx), a
special representation of J is a homomorphism
ρ : J → A+.

specialty index (1) Of a divisor a of a nonsin-
gular complete irreducible curve C, the number
d−n+g, where d is the dimension of the com-
plete linear system determined by a, n is the
degree of a, and g is the genus of C.

(2) Of a divisor D of an algebraic function
fieldF in one variable, the number d−n+g−1,
where D has dimension d and degree n, and F

has genus g.
(3) Of a curve D on a nonsingular surface S,

the dimension of H 2(S,O(D)), where O(D) is
the sheaf of germs of holomorphic cross-sections
of D.

special unitary group The multiplicative
group of n × n matrices M such that the in-
verse M−1 is equal to the adjoint of M and the
determinant of M is 1. The notation SU(n) is
used.

special universal enveloping algebra Given
a Jordan algebraJ , its special universal envelop-
ing algebra is a pair (U, ρ) where U is an as-
sociative algebra, and ρ : J → U+ is a special
representation of J with the property that for any
other special representation ρ̃ of J , there exists
a homomorphism h, such that ρ̃ = hρ.

special valuation A valuation v of a field
such that the rank of v is 1. Also called expo-
nential valuation. See rank of valuation.

spectral radius For a square (n× n) matrix
A, the real number

ρ(A) = max{|λ| : λ an eigenvalue of A} .
More generally, given a normed vector space X

and a linear operator T : X → X, the spectral
radius of T coincides with

lim
k→∞

∥∥∥T k
∥∥∥1/k

.
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This limit is independent of the choice of the
norm ‖ · ‖.
spectral sequence A sequence M =
{Mk, dk}, in which each Mk , k = 2, 3, 4, . . .
is a Z-bigraded module and each dk is a dif-
ferential of bidegree (−r, r − 1) mapping Mk

p,q

to Mk
p−r,q+r−1. Furthermore, one requires that

H(Mk, dk) ∼= Mk+1, where H(Mk, dk) is the
homology of Mk with respect to the differen-
tial dk . An equivalent definition is obtained
by considering an exact couple {D,E, α, β, γ }
of Z-bigraded modules D and E, where the
map α has degree (1,−1), β has degree (0, 0),
and γ has degree (−1, 0). One then asso-
ciates to this exact couple a derived exact cou-
ple {D′, E′, α′, β ′, γ ′} in such a way that the
differential object (E, d) (where d = β ◦ γ )
naturally associated to {D,E, α, β, γ }, satisfies
H(E, d) = E′. Iterating the construction of
the derived exact couple then yields a spectral
sequence isomorphic to that defined above.

spectral sequence functor A map from the
category of exact couples to the category of
spectral sequences, which to an exact couple
{D,E, α, β, γ }, assigns a derived exact cou-
ple {D′, E′, α′, β ′, γ ′} in such a way that the
differential object (E, d) (where d = β ◦ γ )
naturally associated to {D,E, α, β, γ }, satisfies
H(E, d) = E′. (Here, H(E, d) is the homol-
ogy of E with respect to the differential d.) Iter-
ating the construction of the derived exact cou-
ple then yields a spectral sequence which is the
image of {D,E, α, β, γ }, under the spectral se-
quence functor.

spectral synthesis If I is a closed ideal in the
L1-algebra of an Abelian group, then the prob-
lem of determining whether I is characterized
by the set of common zeros of the Fourier trans-
forms of elements of I is called the problem of
spectral synthesis.

Spectral Theorem Let A be a Hermitian op-
erator on a Hilbert space H . Then there exists a
unique, compact, complex spectral measure E

such that A = ∫
λ dE(λ).

spectrum (1) Let L be a linear operator on
a Banach space X. The spectrum of L is the

complement of the set of complex numbers λ

for which the operator (L− λI)−1 is bounded.
In the case in which L is an n × n matrix, the
spectrum is equal to the set of eigenvalues of L.

(2) Let x be an element of a commutative Ba-
nach algebra A, with identity e. The spectrum
of x is the set of complex numbers λ such that
x − λe fails to have an inverse in A.

spherical excess The amount by which the
sum of the three angles in a spherical triangle
exceeds 180◦.

spherical Fourier transform LetGbe a con-
nected Lie group, and K a compact subgroup.
Let f be a continuous function on G, which is
bi-invariant under K , by which one means that
f (g) = f (kgk′), for every point g in G and
every pair of points k and k′ in K , and let dg
be a left invariant measure on G. The spherical
Fourier transform of f is

f̂ (φ) =
∫
G

f (g)φ(g−1)dg ,

where φ runs over the set of all positive defi-
nite spherical functions on G. One recovers the
classical Fourier transform if one takesG = Rn,
K = {0}, and dg equal to Lebesgue measure.

spherical function (1) Two linearly inde-
pendent solutions, Pm,n(z) and Qm,n(z) of the
ordinary differential equation(

1− z2
) d2y

dz2
− 2z

dy

dz

+
(
n(n+ 1)− m2

1− z2

)
y = 0

for n a positive integer, and m an integer be-
tween−n andn. Their name arises because they
are commonly encountered when applying the
method of separation of variables to Laplace’s
equation in spherical coordinates. These func-
tions, particularly when the range of m and n is
extended to include arbitrary complex values,
are also known as associated Legendre func-
tions.

(2) Let G be a connected Lie group, and K

a compact subgroup. A spherical function is a
continuous function φ, on G, with the following
properties:
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(i.) φ is bi-invariant under K , by which one
means that φ(g) = φ(kgk′), for every point g
in G and every pair of points k and k′ in K .

(ii.) φ is normalized so that φ(e) = 1, where
e is the identity element of G

(iii.) φ is an eigenfunction of every differ-
ential operator D which is invariant under the
action of G, and also invariant under right trans-
lations of K .

Note that the classical spherical functions de-
fined in (1) result from taking G = SO(3), and
K = SO(2), while for G = Rn, and K = {0},
the spherical functions are complex exponen-
tials. See also spherical Fourier transform.

spherical representation (1) Let γ be a
closed curve in three-dimensional Euclidean
space, E. Fix an origin, 0, and to each point
p on γ , associate the point p′ on the unit sphere
in E such that the ray 0p′ is the translate of the
unit tangent vector to γ at p. Let γ ′ be the curve
on the unit sphere traced out by p′ as p varies
over γ . Then γ ′ is the spherical representation
of γ .

(2) Let G be a connected Lie group, and K

a compact subgroup of G. A unitary represen-
tation U of G acting on a Hilbert space, H, is a
spherical representation of G with respect to K

if there exists a nonzero vector v in H such that
U(k)v = v, for every k in K . See also spherical
function.

spherical triangle A geometrical figure on
a sphere whose three sides are arcs of great cir-
cles. See also solution of right spherical triangle,
solution of oblique spherical triangle.

spherical trigonometry The study of the
properties and measurement of spherical trian-
gles. See also solution of right spherical trian-
gle, solution of oblique spherical triangle.

spinor Any element of the spin representa-
tion space of the group Spin(n,C). See spin
representation.

spinor group Let C(Q) be the Clifford alge-
bra obtained from a vector space V , with field
of scalars, F , and inner product defined by the
quadratic form Q. The spinor group Spin(Q) is
the group of invertible elements of C(Q) which

can be written as a product of an even number
of vectors vj ∈ V , with each vj of norm 1. If
V is Rn or Cn, with the usual inner product,
the spinor groups are denoted by Spin(n,R), or
Spin(n,C), respectively.

spinorial norm Let G+(Q) be the special
Clifford group obtained from a vector space V ,
with field of scalars, and quadratic form Q. See
special Clifford group. Letβ be the principal an-
tiautomorphism (on the Clifford algebra C(Q)),
defined by β(v1, v2 . . . vn) = vnvn−1 . . . v1, for
every v1, . . . , vn in V . Then the map n : G+ →
F , defined by n(g) = β(g) · g, for every g in
G+ is called the spinorial norm on C+.

spin representation A linear representation
of the spinor group Spin(n,C). See spinor group.
Ifn is odd, this is a faithful, irreducible represen-
tation of degree 2(n−1)/2. If n is even, the spin
representation can be decomposed into a pair of
inequivalent, irreducible representations, each
of degree 2

n
2−1. In this case, the two irreducible

representations are referred to as half-spinor rep-
resentations.

split extension Suppose that G, H , and K

are groups, that 1 denotes the trivial group, and
that

1 → G
β→ H

α→ K → 1

is a short exact sequence. If there is a group
homomorphism γ : K → H such that α ◦ γ is
the identity mapping on H , then H is called a
split extension of G by K . See also Ext group.

splitting field (1) LetF be a field,E an exten-
sion field of F , and f a polynomial of positive
degree and having all coefficients in F . If F

contains all the roots of f , and E is generated
over F by the roots of f , then E is called a split-
ting field of f over F . One says that f splits
into linear factors over E.

(2) Suppose that P is a set of polynomials,
each of positive degree and having all coeffi-
cients in F . If F contains all the roots of each
polynomial in P , and E is generated over F by
the roots of all the polynomials in P , then E is
called a splitting field of P over F .

(3) Suppose thatF is a field, andA an algebra
over F . If every irreducible representation of A
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over F is absolutely irreducible, then F is called
a splitting field for A.

(4) Suppose that F is a field, and G a group.
IfF is a splitting field for the group ringF [G], in
the sense of (3) above, thenF is called a splitting
field for G.

(5) Suppose that A is a division algebra over
a field F such that the center of A equals A, and
that E is an extension field of F . If E effects
a complete decomposition of A into simple left
ideals so that A × F is isomorphic, for some
positive integer i, to the ring of i × i matrices
with elements in A, then E is called a splitting
field of A over F . The number i is called the
index of A.

(6) Suppose that F is a field, and denote by
G the multiplicative group of nonzero elements
in a universal domain that contains F . If an
algebraic torus defined over F is isomorphic to
the direct product Gn over an extension field E

of F , then E is called a splitting field for the
torus.

splitting ring Suppose that R is a commuta-
tive ring, A an R-algebra, and S a commutative
R-algebra. If there is some finitely generated
faithful projective R-module P such that the S-
algebra S ⊗ A is isomorphic to the ring of en-
domorphisms of P over S, then S is called a
splitting ring of A.

square (1) A geometrical figure with four
sides of equal length which meet at right angles.

(2) To multiply a number by itself.

square integrable representation Suppose
that U is an irreducible unitary representation
of a unimodular locally compact group G. De-
note by dg the Haar measure of G. Suppose
that, for some nonzero element x of the repre-
sentation space of U , the function ϕ defined by
ϕ(g) = (Ugx, x) belongs to L2(G, dg). Then
U is called square integrable.

square matrix A matrix (rectangular array
a11 a12 . . . a1n
a21 a22 . . . a2n

· · · · · ·
am1 am2 . . . amn



of real or complex numbers) in which the num-
ber of rows equals the number of columns; m =
n.

square root The square root of a number a is
a number which, when multiplied by itself, gives

a, denoted
√
a or a

1
2 . For example, a square root

of 4 is 2 since 2 × 2 is 4. Note that a number
may have more than one square root. In the
present case, −2 is also a square root of 4 since
(−2) × (−2) is also equal to 4. However, no
number may have more than two distinct square
roots.

stabilizer If G is a group that acts on a set S
and x is an element of S, then the stabilizer of
x is the subgroup {g ∈ G : gx = x} of G.

stabilizer The subgroup of elements of a
group of permutations of a non-empty set, under
which the image of a given subset is itself.

stable matrix Most commonly, an n×n ma-
trix A with complex entries is called stable if
its eigenvalues lie in the open left half plane,
namely, if +λ < 0 for every eigenvalue λ of
A. Matrices whose eigenvalues lie in the open
right half plane are usually called positive sta-
ble. However, stability of a matrix appears in
the literature with respect to a variety of regions
of the complex plane. For example, a matrix
whose eigenvalues lie in the open unit circle is
sometimes referred to as Schur-stable.

stable reduction (1) Suppose that E is an
elliptic curve defined over a field F , complete
with respect to a discrete valuation. Then E is
said to have stable reduction over F if the re-
duced curve for a minimal Weierstrass equation
is nonsingular.

(2) Suppose thatR is a discrete valuation ring
with quotient fieldF , andA is an Abelian variety
over F . Denote by S the spectrum of R, and
denote by M the Néron minimal model of A.
Suppose that the connected component of the
fiber ofM over the closed point ofS that contains
0 has no unipotent radical. ThenA is said to have
stable reduction. See Neron minimal model.

(3) Suppose thatR is a discrete valuation ring
with quotient field F , and C is a smooth con-
nected curve over F . Then there is a finite sepa-
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rable algebraic extension field E of F such that
the curve C ×F E extends to a flat family of
stable curves over the spectrum of the integral
closure RE of R in E, and C ×F E is said to
have stable reduction in RE .

Stable Reduction Theorem IfR is a discrete
valuation ring with quotient field F , and A is
an Abelian variety over F , then A has potential
stable reduction at R. See stable reduction.

stable vector bundle A vector bundleE with
the property that for any proper subbundle E′ of
E, the inequality

rank(E) · degree(E′) < rank(E′) · degree(E)

holds.

standard complex Suppose that R is a com-
mutative ring, and that g is a Lie algebra over
R that is R-free. Denote by U the enveloping
algebra of g, and denote by

∧
R(g) the exterior

algebra of the R-module g. The U -free reso-
lution U ⊗∧

R(g) of R is called the standard
complex of g.

See enveloping algebra, exterior algebra.

standard form of difference equation If y
is a function from the integers to the real or com-
plex numbers, and 2 is the finite difference op-
erator defined by

(2y)(x) = y(x + 1)− y(x) ,

a difference equation is an equation relating y,
and its finite differences, i.e., an equation of the
form F(x, y,2y, . . . ,2ky) = 0. This stan-
dard form of this equation results by rewriting
it in such a way that the finite difference opera-
tor does not explicitly occur, i.e., by choosing T

so that the equation becomes G(x, y(x), y(x +
1), . . . , y(x + T)) = 0.

standard parabolic k-subgroup Suppose
that k is a field, and G is a connected reduc-
tive group defined over k. Suppose that S is a
maximal k-split torus, denote by Z the central-
izer of S in G, and by P a minimal parabolic
k-subgroup of G. Denote by r the set of all k-
roots of G with respect to S, choose an ordering
of r , and suppose that θ is a subset of the funda-
mental system of r with respect to that ordering.

Suppose that α is a linear combination of the
roots of r , in which all roots not in θ occur with
a nonnegative coefficient. Denote by ad the ad-
joint representation of g, and denote by Pα the
unipotent k-subgroup of G normalized by S so
that the Lie algebra of Pα is the set of all ele-
ments X in g such that ad(s)X = α(s) for all s
in S. Denote by Pθ the subgroup generated by Z

and Pα . Then Pθ is called a standard parabolic
k-subgroup of G that contains P .

standard position of angle An angle with its
vertex at the origin and its initial ray lying on the
positive x-axis. The magnitude of the angle is
then measured in a counter-clockwise direction
with respect to the side lying on the x-axis.

star of element (1) (Of an element A of a
complex 2) The set of all elements of 2 that
contain A.

(2) (Of an element x of a Banach algebra
B with involution ∗) The image of x under ∗
(denoted x∗).

state (1) A positive linear functional of norm
1 on a C∗-algebra.

(2) The state of a system of N particles in
classical mechanics is described by the instan-
taneous position and velocity of each of the par-
ticles. If these particles are moving in three-
dimensional Euclidean space, the state is then
described by a point in R6N . Given Newton’s
laws, the knowledge of the state of a system at
any given time allows one to predict its state
at any time in the future or past. These states
of the system are sometimes referred to as the
dynamical or microscopic state of the system.

In thermodynamics, the state of a system is
often specified by a much smaller number of
quantities, such as its density, volume, and tem-
perature. In this case the number of quantities
chosen to specify the state of the system are
the minimum needed to predict its macroscopic
properties, and these states correspond to a sta-
tistical average over a very great number of mi-
croscopic states of the system.

Steenrod algebra Suppose that p is a prime,
and denote by Zp the field of order p. Suppose
that q is a nonnegative integer, and denote by
Aq the Abelian group that consists of all stable
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cohomology operations of type (Zp,Zp) and of
degree q. The graded algebra

∑∞
q=0 Aq is called

the Steenrod algebra mod p.

Steinberg’s formula Suppose that G is a
compact, connected, semisimple, Lie group, and
that (ρ1, V1) and (ρ2, V2) are irreducible repre-
sentations of G. Denote by g the Lie algebra
of G, and choose a Cartan subalgebra h of g.
Decompose the tensor product mapping ρ1⊗ρ2
relative to h into a direct sum of irreducible con-
stituent representations. For each weight µ of
ρ1 ⊗ ρ2, denote by ρµ the irreducible represen-
tation of G that has µ as its highest weight, and
denote by m(µ) the multiplicity of ρµ in the de-
composition of ρ1⊗ρ2. Denote by h∗ the linear
space of all complex-valued forms on h, and de-
note by (hC)∗R the real linear subspace of h∗ that
is spanned by the roots of g relative to h. De-
note by W the Weyl group of g relative to h, by
P(µ) the number of ways in which an integral
form µ in (hC)∗R may be expressed as a sum of
positive roots of g relative to h, and by I1 and
I2 the highest weights of the representations of
the differentials dρ1 and dρ2 of the complexifi-
cation gC over V1 and V2, respectively. Denote
by s the sum of the positive roots of g relative
to h. For w and w′ in W , put

a(w) = w (I1 + δ)+ w′ (I2 + δ)

and put b = µ+ s. Then, if ρi = ρIi
for i = 1

and 2,

m(µ) =
∑
w∈W

∑
w′∈W

det(ww′)P (a(w)− b) .

See Weyl group, highest weight.

Steinberg type group A connected, semisim-
ple, algebraic group G, defined over a field F ,
such that G has a maximal, connected, solvable,
closed subgroup defined over F .

stereographic projection A particular meth-
od of associating to each point on a sphere a
point in the plane. Let N be the north pole of
the sphere, and W the equatorial plane. Through
each point, p, of the sphere, draw the line pass-
ing through N . The stereographic projection of
p is the point q at which this line passes through
W. Note that this is a one-to-one (and hence in-
vertible) mapping of the sphere minus the north

pole onto the plane. This mapping is often used
in complex analysis since in addition to being
invertible, it is conformal. The plane W is some-
times chosen to be the plane tangent to the south
pole, rather than the equatorial plane.

Using the inverse of this mapping, the plane
can be thought of as embedded in the (Riemann)
sphere.

Stiefel-Whitney class Let ξ be a q-sphere
bundle with base space B, and let Uξ ∈ Hq+1

(Eξ , Ėξ ;Z2) be its orientation class over Z2.
The ith Stiefel-Whitney classwi(ξ) ∈ Hi(B;Z2)

for i ≥ 0 is defined by

N∗ξ (wi(ξ)) = Sqi (Uξ ) .

Stiemke Theorem Suppose thatA is anm×n

real matrix. Then either
(i.) there is a vector x in Rn such that Ax = 0
and each coordinate of x is positive, or
(ii.) there is a vector u in Rm such that each
coordinate of uT A is nonnegative.

stochastic programming The theory, meth-
ods and techniques of incorporating stochastic
information into mathematical programming.
Typically, one wishes to optimize one or more
functions subject to some set of constraints. In
classical mathematical programming, it is as-
sumed that both the function to be maximized,
and the constraint functions are known with cer-
tainty. In stochastic programming, any of these
functions may vary randomly.

Stoker multiplier A concept from the theory
of water waves.

Stokes multiplier With respect to a given
formal fundamental solution Ŷ of

Ŷ (x) = Ĥ (x)×T eQ(x) ,

the Stokes multiplier (or Stokes matrix) Sα ∈
GL(n,C) corresponding to the singular line α

of 2 at 0 is defined by Yα− = Yα+ + Sα on α.

Stone space The space of all uniform ultra-
filters on ω with the natural topology. Equiva-
lently, the remainder βω \ ω in the Cech-Stone
compactification of the integers. This construc-
tion is denoted St(P(ω)/fin), where P(ω)/fin
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is the power set of ω modulo the ideal of finite
sets.

strict Albanese variety Suppose that V is an
irreducible variety, A is an Abelian variety, and
f : V → A is a morphism such that
(i.) the image of f generates A, and
(ii.) for every Abelian variety B and every mor-
phism g : V → B, there is a homomorphism
h : A → B and a point b of B such that
g = h ◦ f + b.

Then the pair (A, f ) is called a strict Al-
banese variety of V .

strict localization Suppose thatS is a scheme,
and s is a geometric point of S. The stalk of the
sheaf of étale neighborhoods of s is called the
strict localization of S at s.

stronger equivalence relation Suppose that
R and R̃ are equivalence relations on a set S.
Suppose that for all elements s and t of S, if sRt

holds, then sR̃t holds. Then R is called stronger
than R̃.

Strong Lefschetz Theorem Suppose that V
is a projective nonsingular irreducible variety of
dimension n, defined over the complex field C,
and suppose that V is embedded in the complex
projective space PN for some N . Suppose that
W0 and W∞ are elements of a Lefschetz pencil
obtained from a generic linear pencil of hyper-
planes in PN . Suppose that Ṽ is a smooth variety
and π : Ṽ → P1 is a surjective morphism ob-
tained from blowing up V at W0 ∩W∞. Denote
by Q the ring of rational numbers, by c the co-
homology class of H 2(V ,Q) that corresponds
to the hyperplane section π−1(0), and by h the
homomorphism fromH ∗(V ,Q) toH ∗+2(V ,Q)

that is defined by the cup product with c. Then,
for each i ≤ n, the homomorphism Ln−1 :
Hi(V,Q)→ H 2n−1(V ,Q) is an isomorphism.

See Lefschetz pencil, blowing up.

strongly closed subgroup A subgroup H of
a finite group G such that g−1Hg ∩ N(H) is a
subgroup of H for each g in G, where N(H) is
the normalizer of H in G.

strongly continuous homomorphism Sup-
pose thatG is a topological group, H is a Hilbert

space with at least two elements, and U is a
homomorphism of G into the group of unitary
operators on H . For each g in G, denote by Ug

the unitary operator U(g) on H that is associ-
ated withU . Consider the mapping σ : G→ H

defined by σ(g) = Ug(x). If σ is a continuous
mapping, then U is called strongly continuous.

strongly embedded subgroup A proper sub-
group H of a finite group G such that H is of
even order and H ∩ g−1Hg is of odd order for
every g in G\H .

strongly normal extension field Suppose
that U is a universal differential field of charac-
teristic zero, and denote by K the field of con-
stants of U . Suppose that F is a differential sub-
field of U such that U is universal over F , and
E is a finitely generated differential extension
field of F . Denote by C the field of constants
of E. Suppose that every isomorphism σ of E

over F satisfies the following conditions:
(i.) σ leaves invariant every element of C;
(ii.) each element of σE is an element of EK;
and
(iii.) each element of E is an element of σE ·K .

Then E is called a strongly normal extension
field of F .

strong minimality The property of a com-
plete, nonsingular, irreducible variety V over a
field that every rational mapping from a nonsin-
gular variety to V is a morphism.

Also called absolutely minimality.

structural constant (1) If V is a vector space
over the field of complex numbers, then multi-
plication in V is a tensor. The entries of the
matrix of that tensor relative to fixed bases of
the underlying spaces are called the structural
constants of the corresponding tensor algebra.

(2) Suppose that G is a local Lie group and
D is a differentiable system of coordinates in
G. Suppose that x and y are elements of G

that are sufficiently close to the identity, and put
f (x, y) = xy. If the second-order term of the
ith coordinate function f i of f is ai

jkx
j yk , then

the structural constants of G in D are the num-
bers cijk defined by cijk = ai

jk − ai
kj .

(3) If G is an infinitesimal group (that is, a
vector space together with a commutation op-
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eration defined on it), and if the commutation
operation in G is expressed in terms of coordi-
nates, then the coefficients of the corresponding
matrix are called the structural constants of G

in the given system of coordinates. See commu-
tator.

(4) Suppose that F is a field of characteristic
0, that g is a Lie algebra over F of dimension n,
and that X1, . . . , Xn is a basis of g over F . If
[Xi,Xj ] = ∑n

k=1 c
k
ijXk for i = 1, . . . , n and

j = 1, . . . , n, then the elements ckij of F are
called the structural constants of g relative to
X1, . . . , Xn.

structure A description of a mathematical
object in terms of sets and relations, subject to a
set of axioms is called a mathematical structure.
For example, a group, defined in terms of a set
and an operation, subject to the usual axioms for
a group, is a mathematical structure.

structure sheaf (1) Suppose that V is an
affine variety. Denote by AU the ring of regular
functions on the open set U . The sheaf obtained
from the assignment of AU to U for each open
set U is called the structure sheaf of V (or the
sheaf of germs of regular functions on V ).

(2) Suppose that V is a topological space, F
is a field, and O is a sheaf of germs of map-
pings from V to F . Suppose that there is a finite
open covering U1, . . . , Un of V such that each
pair (Ui,OUi

) is isomorphic to an affine variety.
Then O is called the structure sheaf of the pair
(V ,O).

(3) Suppose thatX is a topological space, and
O is a sheaf on X of commutative rings, each
with a unit, such that the stalk of O at each point
x of X does not equal {0}. Then O is called the
structure sheaf of the pair (X,O).

structure space The set of kernels of alge-
braically irreducible representations of a Banach
algebra.

Structure Theorem for Type-III von Neu-
mann Algebras Suppose that M is a von
Neumann algebra of type III. Then there exist a
von Neumann algebra N of type II∞, a faithful
normal trace τ , and a one-parameter group G of
∗-automorphisms θt with τ ◦ θt = e−t τ , such
that M is a crossed product of N with G.

See type-III von Neumann algebra, crossed
product.

Structure Theorem of Complete Local Rings
Suppose that R is a semilocal ring with unique
maximal idealm, that I is a coefficient ring ofR,
and that m is generated by n elements. Denote
by S the ring of formal power series in n vari-
ables over I . Then R is a homomorphic image
of S.

Sturm method of solving algebraic equations
Suppose that f is a real-valued polynomial of
degree d in one variable, and that f has no mul-
tiple zero. For real numbers a and b with a < b,
denote by N(a, b) the number of real roots of
the equation f = 0 in the interval (a, b). By
applying the division algorithm, one may con-
struct polynomials f0, f1, . . . , fd and q1, . . . ,
qd−1 such that f0 = f , fi−1 = fiqi + fi+1
for 1 ≤ i ≤ d − 1, and fd is constant. Denote
by V (a) the number of changes in sign of the
terms of the finite sequence f0(a), . . . , fd(a),
and denote by V (b) the number of changes in
sign of the terms of the finite sequence f0(b),
. . . , fd(b); in each case we ignore zero terms.
Then N(a, b) = V (a)−V (b). Sturm’s method
uses this result to approximate the real roots of
the equation f = 0.

Sturm’s Theorem A theorem which relates
the position of zeros of solutions of two lin-
ear, second order, ordinary differential equa-
tions. Suppose that y1(x) and y2(x) are non-
zero solutions of

y′′1 + q(x)y1 = 0

y′′2 + p(x)y2 = 0

on some interval I . If q(x) > p(x) for all x in
some interval I , then between any two zeros of
y2, there must be a zero of y1.

subalgebra A subset S of an algebra A, with
the property that S is itself an algebra with re-
spect to the operations of addition and multipli-
cation of A.

subbialgebra A subspace of a bialgebra B,
which is both a subalgebra and a subco-algebra
of B.
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subbundle IfE andF are vector bundles over
a common base space X, then E is a subbundle
of F if there exists a vector bundle morphism
such that for each x ∈ X, the restriction map
Ex → Fx has rank one.

subco-algebra Let C′ be a subspace of a co-
algebra C with comultiplication 2 and counit ε.
C′ is a subco-algebra, if 2(C′) ⊂ C ⊗ C, and
(C′,2|C′ , ε|C′) is a co-algebra.

subcomplex (1) If C is a simplicial complex,
a subset C′ of C which is itself a simplicial com-
plex is called a subcomplex.

(2) If C is a chain complex, a subset C′ of C
which is itself a chain complex and for which
C′j is a subset of Cj for each j , and for which
the boundary operator ∂ ′j is the restriction of the
boundary operator ∂j to C′j for each j is called
a subcomplex.

subdirect sum of rings A subring T of a di-
rect sum of rings S for which each projection
map from T into the coordinate rings Si is sur-
jective. In more detail, let S1, S2, S3, . . . be a
finite or countable family of rings. The ring S,
consisting of all sequences s = (s1, s2, s3, . . . ),
where each si ∈ Si and the operations are taken
coordinate-wise, is called the direct sum of the
rings Si . Let pi : S → Si be the function de-
fined by pi(s) = si . pi is a ring homomorphism
from S onto Si called the ith projection map. A
ring T is a subdirect sum of the rings Si if two
things are true: (i.) T is a subring of S, and
(ii.) each projection map pi is surjective from T

to Si , that is, pi(T ) = Si . See also direct sum,
ring homomorphism.

The notions of direct sum and subdirect sum
extend without difficulty to arbitrary, possibly
uncountable, families of rings. See countable
set, uncountable set.

subfield A subset S of a field F , with the
property that S is itself a field with respect to
the operations of addition and multiplication of
F .

subgroup Let G be a group and H a subset
of G. We call H a subgroup of G if H contains
the identity element, H is closed under multi-

plication, and H contains the inverse of each of
its elements.

submatrix See principal submatrix.

subnormal subgroup Given a group G, a
normal series is a finite set of subgroups,
{Nj }nj=1, which satisfy:
(i.) {e} = Nn ⊂ Nn−1 ⊂ · · · ⊂ N2 ⊂ N1 = G,
where e is the identity element in G.
(ii.) Nj+1 is a normal subgroup of Nj for j =
1 . . . n− 1.

If H is a subgroup of G such that H = Ni ,
for Ni an element of some normal series of G,
then H is called a subnormal subgroup of G.

Note that if H is a normal subgroup of G, we
can take the normal series N1 = G, N2 = H ,
N3 = {e}, so every normal subgroup is also
subnormal.

subordinate subalgebra Suppose that G is
a simply connected nilpotent Lie group, g is the
Lie algebra of G, and g∗ is the dual space of
g. Suppose that h is a subalgebra of g and f is
an element of g∗ such that (f, [X, Y ]) = 0 for
everyX andY inh. Thenh is called subordinate
to f .

subrepresentation Let ρ be a representation
of a group G, with representation space V , and
suppose the vector space V can be written as
the direct sum of two subspaces, S and T , each
left invariant by the representation. That is, let
ρ(g) be the image in GL(V ) of a point g ∈ G

and suppose ρ(g)S ⊂ S, and ρ(g)T ⊂ T , for
all g ∈ G. The maps ρS and ρT obtained by re-
stricting the range of the representation to GL(S)
and GL(T ), respectively, are themselves repre-
sentations, and are called subrepresentations of
ρ. See representation, representation space.

subring A subset S of a ring R, with the
property that S is itself a ring with respect to the
operations of addition and multiplication of R.

substitution The act of replacing one math-
ematical expression by another equivalent one.
For instance, if one wishes to solve the system
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of equations

x + y = 1

x − y = 2

one can conclude from the first equation that
x = 1 − y, and then substitute this value of x

into the second equation; that is, replace the x in
the second equation by the equivalent expression
1− y. One then obtains the equation 1− 2y =
2, or y = − 1

2 , from which one concludes that
x = 3

2 .

subtraction The process of finding the differ-
ence of two numbers or quantities. For instance,
the number z = x − y is that number which if
added to y gives x.

subtraction formulas in trigonometry For-
mulas that express the sine, cosine, or tangent
of the difference of two angles α and β, in terms
of trigonometric functions of α and β. For ex-
ample,

sin(α − β) = sin(α) cos(β)− sin(β) cos(α)

cos(α − β) = sin(α) sin(β)+ cos(α) cos(β)

tan(α − β) = tan(α)− tan(β)

1+ tan(α) tan(β)

subvariety Let W be a variety, that is, the set
of common zeros of some collection of polyno-
mials. If W is a (proper) subset of some other
variety V , then W is called a subvariety of V .

subvariety Let W be a variety, that is, the set
of common zeros of some collection of polyno-
mials. If W is a (proper) subset of some other
variety V , then W is called a subvariety of V .

successive substitutions A method of solv-
ing systems of equations in the variables x1, . . . ,

xn in which the first equation is solved for x1 as
a function of x2, . . . , xn. This result is then sub-
stituted into the remaining equations yielding a
system of equations in the variables x2, . . . , xn.
This process is then repeated until only a sin-
gle equation remains. For example, given the
system of equations

x1 + x2 + x2
3 = 0

2x1 − x2 + x3 = 0

x1 + 2x2 − x2
3 = 0

one can rewrite the first equation as x1 = −x2
3−

x2. Substituting this into the second and third
equations leads to

−3x2 + x3 − 2x2
3 = 0

x2 − 2x2
3 = 0

Solving the second of these equations for x2,
gives x2 = 2x2

3 , which when substituted into
the first equation gives

x3

(
1− 8x2

3

)
= 0

so that x3 = 0, or x3 = ±1/(2
√

2). One can
then obtain x1 and x2 for each of these possible
choices of x3, by substituting the chosen value
of x3 into the previous equations. Note that this
method may fail to yield a solution if it is im-
possible to solve for any of the variables at some
stage in the procedure, or if the final equation
one obtains has no solution.

sum (1) The result of adding two or more
numbers, or other mathematical objects (e.g.,
vectors).

(2) To add.

summation The act of adding numbers or
other mathematical objects (e.g., vectors).

summation notation Notation which uses
the Greek letter H to denote a sum. Typically
the symbol H is followed by an expression (the
“summand”) which depends on a “summation
variable,” say j , and H will have a subscript
indicating the first value of j to be included in the
sum, and a superscript indicating the final value
of j to be included. For example, the symbol∑5

j=1
j (j−1)

2 denotes the sum of the quantity
j (j−1)

2 from j = 1 to j = 5, i.e., 0 + 1 + 3 +
6+ 10.

sum of like powers A sum in which the sum-
mands are all expressions raised to a common
power, e.g., 155+205+255+305, orxr+yr+zr .

sum of perfect powers of integers A sum
in which the summands are integers, each raised
to the same positive integral power, e.g., 155 +
205+255+305, or 1+8+27+64+125. (Note
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that in the second example, each summand is the
cube of an integer.)

sum of vectors See addition of vectors.

superabundance Suppose that S is a nonsin-
gular surface, and D is a curve on S. Denote by
O(D) the sheaf of germs of holomorphic cross-
sections of D. The dimension of H 1(S,O(D))

is called the superabundance of D.

supersolvable group A finite group G such
that there are subgroups G0, . . . , Gn of G such
that G0 is trivial, Gi is a normal subgroup of
Gi+1 for i = 0, 1, . . . , n−1, each Gi is normal
inG, and each quotient groupGi+1/Gi is cyclic
and of prime order.

supplemented algebra Let R be a commu-
tative ring with a unit. If A is an R-algebra and
ε : A → R is an R-algebra homomorphism,
then (A, ε) is called a supplemented algebra (or
augmented algebra).

support (1) The support of a complex-valued
function is the closure of the set of points at
which the function is nonzero. Equivalently, it is
the complement of the largest open set on which
the function vanishes.

(2) The support of a measure is the comple-
ment of the largest open set of zero measure.

supremum The least upper bound or join of a
set of elements of a lattice. The term is most fre-
quently used with regard to sets of real numbers.
If S is a set of real numbers, the supremum of S
is the unique real number B = sup S defined by
the following two conditions: (i.) x ≤ B, for all
x ∈ S; (ii.) if x ≤ C, for all x ∈ S, then B ≤ C.

See also infimum.

surd An irrational root of a positive integer,
e.g., 3

√
2, or 52/5, or a sum of such expressions.

surjection A function e from a set X to a set
Y such that e(X) = Y , that is, such that every
element y ∈ Y is the image e(x) of an element
x ∈ X. Surjections are also called surjective
functions, surjective mappings, and onto func-
tions. The notion of a surjection generalizes to

the notion of an epimorphism or epic morphism
in a category. See also epimorphism, injection.

Suzuki group A finite simple group of order
q2(q−1)(q2+1), where n is a positive integer,
and q = 22n+1.

sweepable bounded domain A bounded do-
main D in Cn such that there is a compact subset
K of D and a subgroup 4 of the group of holo-
morphic automorphisms of D with 4K = D.

Sylow’s Theorems Suppose that G is a finite
group.

(1) If m and n are relatively prime and the
order ofG ispnm, thenG contains a subgroup of
order pi for each i = 1, 2, . . . , n. If 1 ≤ i ≤ n

and S is a subgroup of G of order pi , then S is
a normal subgroup of some subgroup of G of
order pi+1.

(2) IfH is ap-subgroup ofG andS is a Sylow
p-subgroup of G, then there is some element g
of G such that H is a subgroup of gSg−1. In
particular, every two Sylow p-subgroups of G

are conjugate in G.
(3) Denote by s the number of distinct Sylow

p-subgroups ofG. Then k is a factor of the order
of G and s ≡ 1(mod p). If H is a p-subgroup
of G, denote by t the number of distinct Sy-
low p-subgroups of G that contain H . Then
t ≡ 1pmodp.

See Sylow subgroup.

Sylow subgroup A maximal p-subgroup of
a group G, for a prime number p. Also called
Sylow p-subgroup of G.

See Sylow’s Theorems.

Sylvester’s elimination method A method
used in elimination theory for obtaining the re-
sultant of two polynomials. Suppose that I is
a unique factorization domain and a0, . . . , am
and b0, . . . , bn are elements of I . Put f (x) =∑m

i=0 aix
m−i and g(x) =∑n

i=0 bix
n−i . Define

anm×nmatrixC = (cij ) as follows. For i = 1,
. . . , n and j = i, . . . , i + m, put cij = aj−i .
For i = n+ 1, . . . , n+m and j = i − n, . . . ,
i, put cij = bj+n−i . Put cij = 0 for all other
appropriate values of i and j . If a0 and b0 have
no common factor, then the determinant of C

equals the resultant of f and g.
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See resultant.

Sylvester’s Theorem (1) If F is an ordered
field and V is a vector space over F with a non-
degenerate bilinear form, then there is a non-
negative integer r such that if {v1, v2, . . . , vn} is
an orthogonal basis of V , then exactly r of the
squares v2

1, v2
2, . . . , v2

n are positive and n− r of
these squares are negative.

(2) Suppose thatA = (aij ) is an n×nmatrix,
and r is a positive integer less than n. For i and
k in the set {1, . . . , n − r}, denote by Bik the
(r + 1)× (r + 1) submatrix of A consisting of
entries contained in one of rows 1, . . . , r , r + i

of A and in one of columns 1, . . . , r , r+k of A.
Denote by C the r×r submatrix of A consisting
of entries contained in one of rows 1, . . . , r of
A and one of columns 1, . . . , r of A. Then

det Bik = (det A)(det C)n−r−1 .

symmetric algebra (1) IfV is a vector space,
T is the tensor algebra over V , and I is the ideal
generated by

{x ⊗ y − y ⊗ x : x, y ∈ V } ,
then T/I is called the symmetric algebra of (or
over) V . This algebra is also the direct sum of
all the symmetric powers of V .

(2) If R is a commutative ring, M is an R-
module, T is the tensor algebra of M , and I is
the ideal generated by{
x ⊗ y − (−1)(deg x)(deg y)y ⊗ x : x, y ∈ T

}
,

then T/I is called the symmetric algebra of (or
over) M .

(3) Suppose that A is a finite-dimensional al-
gebra over a field F and that the left regular
module ofA is isomorphic to the group of homo-
morphisms from the right regular module of A

toF . IfA has a nondegenerate bilinear form that
is symmetric and associative, then A is called a
symmetric algebra.

symmetric bilinear form Let V be a vector
space, and F a field. Let h : V × V → F be a
bilinear form. Then h is symmetric if h(v, v′) =
h(v′, v) for any two vectors v and v′ in V .

symmetric equation An equation in two or
more unknowns x1, . . . , xn which is unchanged
by any permutation of the unknowns.

symmetric form A matrix M is said to be
symmetric if tM = M . The quadratic form in-
duced by M is then called a symmetric form.

symmetric group The set of permutations of
a set N of n elements, together with the opera-
tion of composition, forms the symmetric group.
The notation Sn is used.

symmetric matrix A real matrix S which is
equal to its adjoint, i.e., if the elements of S are
Sij , then Sij = Sji .

symmetric points Two points a and b are
symmetric with respect to a third point c if c is
the midpoint of the line segment ab. Two points
a and b are symmetric with respect to a line
if that line is the perpendicular bisector of ab.
Finally, a and b are symmetric with respect to a
plane if that plane passes through the midpoint
of ab, and is perpendicular to this line segment.

symmetric polynomial A polynomial, p(x1,

. . . , xn), which is transformed into itself by any
permutation of the variables x1, . . . , xn.

symmetric property The property of a rela-
tion R on a set S:

(s, t) ∈ R implies (t, s) ∈ R for all s, t ∈ S .

symmetric relation A relation R (on a single
set S) such that (a, b) ∈ R implies (b, a) ∈
R. See relation. An example of a symmetric
relation is equality: if a = b, then b = a. An
example of a relation that is not symmetric is the
“less than” relation. If a < b, then it is not true
that b < a.

symmorphism Suppose that T is an n-
dimensional lattice in n-dimensional Euclidean
space, and that K is a finite subgroup of the
orthogonal group. Denote by A and by S the
sets of arithmetic crystal classes and of space
groups of (T ,K), respectively. There is a sur-
jective mapping s : S → A and there is an
injective mapping i : A → S such that s ◦ i is
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the identity mapping on A. A space group that
belongs to the image of the mapping i is called
symmorphic.

See arithmetic crystal class, space group.

symplectic group The set of all symplectic
transformations from a symplectic vector space
(V , ω) to itself form the symplectic group of
(V , ω). If V is R2n, with the standard symplec-
tic structure, the notations Sp(2n) and Sp(2n,R)

are used. See symplectic transformation.

symplectic manifold A manifold equipped
with a distinguished closed 2-form of maximal
rank.

symplectic transformation A linear trans-
formation T from a symplectic vector space
(V1, ω1) to a symplectic vector space (V2, ω2),
which preserves the symplectic form; i.e.,

ω2 (T (v1) , T (v2)) = ω1 (v1, v2)

for any vectors v1 and v2 in V1.

synthetic division A compact notation for
representing the division of a polynomial p(x)
by a linear factor of the form x−a. For instance,
to divide p(x) = 3x2 − 2x − 1 by x − 1, first
write down the coefficients of p(x), and then to
the left, the constant term in the linear factor:

−1 | 3 −2 −1

The coefficient of the first term in the quotient
will always be the same as the coefficient of
the leading term in the original polynomial (3
in this example), so that is not written. Since
3x(x − 1) = 3x2 − 3x, we must subtract −3x
from the −2x in the original polynomial. This
is represented by changing the sign of −3, and
writing it under the −2 in the first line, and
adding:

−1 | 3 −2 −1
3

3 1

The next term in the factorization is 1 ·(x−1) =
x − 1, and repeating the above procedure, we
find:

−1 | 3 −2 −1
3 1

3 1 0

The bottom row of this diagram gives the coeffi-
cients of the quotient polynomial — in this case
3x + 1, and the final entry in the last row gives
the remainder — in this case 0.

system of equations A set of equations in the
variables x1, x2, . . . , xn, which are all required
to be satisfied simultaneously.

system of fundamental solutions (1) Sup-
pose that F is a field, and consider a system S of
linear homogeneous equations with coefficients
in F . Denote by V the vector space over F of
solutions of S. If the dimension of V is pos-
itive, then a basis for V is called a system of
fundamental solutions of S.

(2) Suppose thatD is a division ring, and con-
sider a system S of linear homogeneous equa-
tions with left coefficients in D. Denote by M

the unitary right D-module of solutions of S. If
the rank of M is positive, then a basis for M is
called a system of fundamental solutions of S.

system of fundamental units A minimal set
of units in terms of which the units of all other
physical quantities can be defined. For exam-
ple, in classical mechanics, if we choose the
meter as the unit of length, the kilogram as the
unit of mass, and the second as the unit of time
(the mks-system), then the units of other quan-
tities such as velocity (meters/second) or force
(kilogram-meters/second2) can be expressed in
terms of these three. Note that what constitutes a
system of fundamental units may depend on the
physical phenomena under consideration. For
instance, if one wished to consider electrody-
namics in addition to classical mechanics, one
would need to add to the list of fundamental units
a unit for current.

system of generators A set of elements S, of
a group G, such that every element in G can be
written as a product of elements of S (possibly
with repetitions).

system of inequalities A set of inequalities
in the variables x1, x2, . . . , xn, all of which are
required to be satisfied simultaneously. For ex-
ample the set of values (x1, x2)which satisfy the
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system of inequalities

x1 + x2 < 0

2x1 + x2 > −1

x1 + 3x2 > −2

is represented by the set of points in the x1x2-
plane, lying between, and not on, the lines x2 =
−x1, x2 = −2x1 − 1 and x2 = − 1

3x1 − 2
3 .

system of linear equations A system of m

linear equations in n variables x1, x2, . . . , xn, is
a set of equations of the form

n∑
k=1

ajkxk = cj ; j = 1, 2, . . . , m ,

where ajk and cj are constants. For example, if
n and m are both 2, one could have

x1 + 2x2 = 1

3x1 − x2 = 1 .

The important point is that in order for the sys-
tem to be linear, none of the variables xj may
appear with a power higher than 1, nor can there
be any products of xi with xj .

The above system can be written as a single
matrix equation

AX = C ,

where

A =


a11 a12 . . . a1n
a21 a22 . . . a2n

· · · · · ·
am1 am2 . . . amn



X =


x1
x2
...

xn

 , C =


c1
c2
...

cm

 .

system of linear homogeneous equations
A system of linear equations in which the con-
stants, cj , appearing on the right-hand side of
the equations are all zero. For example,

x1 + 2x2 = 0

3x1 − x2 = 0 .

See also system of linear equations.

system of parameters Let R be a ring of
dimension n, and let I be its ideal of non-units.
A system of parameters is a set of n elements of
R which generates a primary ideal of I.

system of resultants Suppose that I is an
integral domain, and f1, . . . , fn elements of a
polynomial ring over I . Denote by a the set of
resultants of f1, . . . , fn. Suppose that G is a
finite subset of a such that a equals the radical
of the ideal generated by G. Then G is called a
system of resultants.

See resultant.

syzygy (1) A point on the orbit of a planet
(or the moon) at which that planet, the sun, and
the earth all lie on a straight line.

(2) Given a ring R, and an R-module M ,
a syzygy of (m1, . . . , mn) ∈ Mn is an n-tuple
(r1, . . . , rn) ∈ Rn, such that

n∑
j=1

rjmj = 0 .

syzygy theory The study of syzygies and re-
lated concepts such as chains of syzygies and
modules of syzygies. See syzygy. See also
Hilbert’s Syzygy Theorem.
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