
U
U-invariant closed subspace A subspace of
the representation space of a unitary representa-
tion U that is invariant under each of the unitary
operators Ug .

Ulm factor A quotient group, Gα/Gα−1, of
an Abelian p-group G, where α is less than the
type of G and the Gα are defined by transfinite
induction with G1 equal to the elements of G of
infinite height. See type of a group.

unconditional inequality An inequality
which is true for all values of the variables (or
contains no variables). Examples are inequali-
ties such as x + 3 > x, x2 ≥ 0, 3 > 1.

uncountable set A set S such that there does
not exist a one-to-one mapping f : S → N
from S onto the set of natural numbers. See
also cardinality.

undefined term The initial objects about
which the basic hypotheses of an axiom system
are written. An example from set theory of an
undefined term is element.

undetermined coefficients Referring to a
method of solving a system of n linear differ-
ential equations, when the matrix of the system
has unique distinct real eigenvalues and the ini-
tial conditions are given. The method uses the
fact that each solution xi of such a system is of
the form

xi(t) = ci1e
tλ1 + · · · + cine

tλn .

From this fact, the initial conditions, and the
original system of differential equations, a sys-
tem of linear equations in the unknown coeffi-
cients cij can be derived and solved, yielding the
final solution.

unipotent component The unipotent linear
transformation that is one of the products of the

multiplicative Jordan decomposition of a non-
singular linear transformation.

unipotent group An algebraic group that has
no semisimple elements.

unipotent linear transformation A lin-
ear transformation with the property that the
semisimple component of its Jordan decompo-
sition is the identity.

unipotent matrix A square matrix whose
characteristic roots are all equal to one.

unipotent radical of a group The unipo-
tent part (in the multiplicative Jordan decompo-
sition) of the largest connected solvable closed
normal subgroup of an algebraic group.

unique factorization domain An integral
domain with the property that each nonzero el-
ement is a product of prime elements (up to in-
vertible factors).

Unique Factorization Theorem Every pos-
itive integer can be written uniquely as a product
of primes. See also unique factorization domain.

uniqueness theorem In general, a theorem
that states that an object that satisfies certain
specified conditions must be unique. Examples
are theorems that state that certain differential
equations have unique solutions that satisfy ini-
tial values and theorems that state that functions
(especially analytic functions) that satisfy cer-
tain conditions must be unique.

unirational variety An irreducible algebraic
variety over a field k that has a finite algebraic
extension which is purely transcendental over k.

uniserial algebra An algebra that can be de-
composed into a direct sum of ideals that are
primary rings.

unit (1) An invertible element, especially in
a ring.

(2) The multiplicative identity element.

unitary algebra An algebra with a unitary
element.
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unitary equivalence Let S and T be oper-
ators on a Hilbert space. We say that S and T

are unitarily equivalent if there exists a unitary
operator U such that S = U−1 ◦ T ◦ U .

unitary group The group of all unitary matri-
ces with complex coefficients, with matrix mul-
tiplication as the operation. It is denoted U(n).

unitary homomorphism A homomorphism
between unitary rings that maps the unitary ele-
ment of the first group onto the unitary element
of the second group.

unitary matrix A matrix of a unitary trans-
formation. The adjoints of these matrices are
their inverses and this property characterizes the
unitary matrices. They are also characterized by
the fact that they leave the inner product invari-
ant.

unitary representation Let G be a group. A
homomorphism ϕ : G → U(n) of G into some
unitary group is called a unitary representation.

unitary restriction The Lie algebra

gu =
∑

R
√−1Hj

+
∑

R(Eα + E−α)

+
∑

R
(√−1 (Eα − E−α)

)
,

where {Hi,Eα} is Weyl’s canonical basis for g.

unitary ring A ring with a unitary element.

unitary transformation A linear transfor-
mation that leaves the inner product

∑n
i=1 xixi

invariant. See also unitary matrix.

unit circle The set of all points in the plane
that are unit distance from the origin.

T =
{
z = eit : 0 ≤ t < 2π

}
.

unit element In a group G or ring R, the
element e that is the multiplicative identity. That
is, either e · g = g for all g ∈ G or e · r = r for
all r ∈ R.

unit group The set of units from an algebraic
number field.

unit mapping A mapping ν from a field k

to a vector space A over k that, along with an-
other mapping µ (called multiplication), form
an algebra (A,µ, ν). See algebra.

unit matrix A diagonal matrix whose ele-
ments on the main diagonal are all unity. Also
called identity matrix, since it acts as the identity
under matrix multiplication.

unit representation The one-dimensional
representation of a group G that maps each ele-
ment of G to the number 1. The unit represen-
tation is sometimes also called the trivial repre-
sentation.

univalent function See injection. The term
is usually applied to holomorphic or analytic
functions which are injections. See also analytic
function, holomorphic function.

Universal Coefficient Theorem for Homology
Let A ⊂ X be a pair of topological spaces and
letG be a group. The Universal Coefficient The-
orem for Homology is the fact that the exact se-
quence

0 → Hn(X,A) ⊗ G → Hn(X,A;G)

→ Tor (Hn−1(X,A),G) → 0

splits (non-naturally) in (X,A).

universal domain An algebraically closed
field K that has infinite transcendence degree
over a given field k.

universal enveloping algebra A universal
enveloping algebra of a Lie algebra G over a
commutative ring R with a unit element is an
associative R-algebra U(G) with a unit element,
together with a mapping σ : G → U(G) for
which the following properties hold:
(i.) σ is a homomorphism of Lie algebras, i.e.,
σ is R-linear and

σ([X, Y ]) = σ(X)σ(Y ) − σ(Y )σ (X) ,

for all X, Y ∈ G;
(ii.) For every associative R-algebra A with a
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unit element and every R-algebra mapping φ :
G → A such that

φ([X, y]) = φ(X)φ(Y ) − φ(Y )φ(X) ,

for all X, Y ∈ G, there exists a unique homo-
morphism of associative algebrasψ : (G) → A,
mapping the unit element to the unit element
such that φ = ψ ◦ σ .

universal enveloping bialgebra The cocom-
mutative bialgebra (U(L), µ, η,,, ε) over a
field k, where L is a Lie algebra over k, U(L) is
the universal enveloping algebra of L with mul-
tiplication µ and unit mapping η, the algebraic
homomorphism , : U(L) → U(L ⊕ L) �
U(L) ⊗ U(L) and ε : U(L) → k are the maps
induced by the Lie algebraic homomorphisms
L → L⊕L, x �→ x ⊕ x and L → {0}, x �→ 0,
respectively.

universal quantifier An operator containing
a variable written “(x)” or “(∀x),” that indicates
that the open sentence that follows is true of
every member of the relevant domain. More
precisely, every replacement of the variable x

by a name yields a true statement.

unknown A variable, or the quantity it repre-
sents, whose value is to be discovered by solving
an equation.

unmixed ideal An ideal which is not mixed.
See mixed ideal.

Unmixedness Theorem If R is a locally
Macaulay ring, and an ideal a of the polynomial
ring R[x1, . . . , xn] over R is generated by r el-
ements, with height a = r , then a is unmixed.
See local Macaulay ring, unmixed ideal.

unramified covering A triple (X, Y, π)

where X and Y are connected complex spaces
and π : X → Y a surjective, holomorphic map
such that any point y ∈ Y has a connected neigh-
borhoodVy with the property that π−1(Vy) con-
sists of the union of disjoint open subsets of X,
each of which is mapped isomorphically onto
Vy by π . See also ramified covering.

unramified extension Let H and K be two
fields. H is an unramified extension of K if all
prime ideals of K are unramified in H .

unramified ideal A prime ideal B of an alge-
braic number field F lying over a prime number
p such that the principal ideal (p) has in F a
product decomposition into prime ideals of the
form

(p) = Bα1
1 Bα2

2 · · · Bαm
m ,

where B1 = B and B2, . . . ,Bm �= B and α1 =
1.

upper bound A value greater than or equal to
each element of an ordered (or partially ordered)
set S is called an upper bound of S.

upper central series A sequence of sub-
groups Z0 = {e} ⊂ Z1 ⊂ Z2 ⊂ . . . , where
Z1 is the center of a group G, Z2/Z1 is the cen-
ter of G/Z1, etc.

upper semi-continuous function Let X be
a topological space and f : X → R a function.
Then f is said to be upper semi-continuous if
f−1((−∞, α)) is open for every real α.

upper triangular matrix A square matrix
having only zero entries below the main diago-
nal.

c© 2001 by CRC Press LLC


	DICTIONARY OF ALGEBRA, ARITHMETIC, AND TRIGONOMETRY
	Contents
	U
	U-invariant closed subspace
	Ulm factor
	unconditional inequality
	uncountable set
	undefined term
	undetermined coefficients
	unipotent component
	unipotent group
	unipotent linear transformation
	unipotent matrix
	unipotent radical of a group
	unique factorization domain
	Unique Factorization Theorem
	uniqueness theorem
	unirational variety
	uniserial algebra
	unit
	unitary algebra
	unitary equivalence
	unitary group
	unitary homomorphism
	unitary matrix
	unitary representation
	unitary restriction
	unitary ring
	unitary transformation
	unit circle
	unit element
	unit group
	unit mapping
	unit matrix
	unit representation
	univalent function
	Universal Coefficient Theorem for Homology
	universal domain
	universal enveloping algebra
	universal enveloping bialgebra
	universal quantifier
	unknown
	unmixed ideal
	Unmixedness Theorem
	unramified covering
	unramified extension
	unramified ideal
	upper bound
	upper central series
	upper semi-continuous function
	upper triangular matrix



