
POLYNOMIALS, COMPLEX NUMBERS AND QUATERNIONS
by G A Jones

The discovery of complex numbers was motivated by the need to explain certain formulæ for the roots of
polynomials. In many ways, the complex numbers are a better field to work with than the real numbers; for
example, a polynomial of degree n has n roots (if we count multiple roots). However, they have one great
drawback: they form a 2-dimensional system, whereas the world we live in is (or seems to be) 3-dimensional.
Hamilton tried to construct a 3-dimensional number system by imitating the construction of the complex
numbers from the reals. After many years of failure, he realised that this was impossible, and that what he
required was a 4-dimensional system, the quaternions, which he regarded as embodying the three dimensions
of space and the one dimension of time.

1. The discovery of complex numbers

As a number system, the set R of real numbers has many good features: in modern terms it is a
complete ordered field. Being a field means that the elementary operations of arithmetic — addition,
subtraction, multiplication, and division by non-zero elements — are possible and obey the usual laws, such
as commutativity; ordered means that there is a theory of inequalities, consistent with these operations;
complete means that one can take limits in R. Thus R is better than the set Q of rational numbers, which
is an incomplete ordered field — a sequence of rational numbers may have an irrational limit.

However, R has one major deficiency: it does not provide square roots for negative numbers, like −1.
This first caused difficulties in Renaissance Italy,1 where mathematicians such as del Ferro, Tartaglia and
Cardano, applying general methods to find roots of polynomials, found that in certain cases their formulæ
produced apparently non-existent numbers. For example, consider the quadratic equation

ax2 + bx+ c = 0 ;

by “completing the square” we get

0 = a
(
x2 +

b

a
x+

c

a

)
= a

((
x+

b

2a

)2

+
(4ac− b2

(2a)2

))
,

which leads to the well-known formula

x =
−b±

√
b2 − 4ac

2a

for the roots of the polynomial. (In effect, this was known to the Babylonians, around 2000 BC.) If b2 <
4ac then this formula does not correspond to any real roots x; such roots were either rejected or called
“imaginary”, suggesting that they existed only in our imaginations, or as formal symbols on the page, but
not in the “real world”. For instance Cardano, in his Ars Magna (The Great Art) in 1545, found the roots
x, y = 5±

√
−15 for the simultaneous equations x+y = 10, xy = 40 (equivalently for the quadratic equation

x2 − 10x + 40 = 0); he called these roots “sophistic”, and considered the result “as subtle as it is useless”.
In checking his solution by verifying that (5 +

√
−15)(5 −

√
−15) = 25 − (−15) = 40 he used the phrase

“dimissis incruciationibus”, which can be translated as “cancelling the cross-terms” or as “setting aside the
mental torture”! In 1637, Descartes (La Géometrie, in Discours de la Méthode) discussed what we now call
the Fundamental Theorem of Algebra as follows: “ For every [polynomial] equation one can imagine as many
roots [as its degree], but in many cases no quantity exists which corresponds to what one imagines.”

Although it was usual to reject imaginary roots of a quadratic polynomial, the problem of the existence
of complex numbers is harder to avoid in the case of a cubic polynomial. As in the quadratic case, the formula
for the roots (given in the Appendix) involves square roots of numbers which may be negative. Now every
cubic polynomial has at least one real root (it is a continuous function taking positive and negative values, so
it must vanish somewhere in between); in the casus irreducibilis (irreducible case) this real root is expressed

1 See Boyer and Merzbach, History of Mathematics, Chapter 15.10–13; Fauvel and Gray, History of
Mathematics: a Reader, Chapters 8.A and 8.C; van der Waerden, History of Algebra, Chapter 2.C
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in terms of imaginary numbers, but it cannot be rejected as non-existent. Mathematicians were thus forced
to accept complex numbers as useful (indeed essential) for a proper understanding of real numbers, even
though they had deep misgivings about them. Throughout the 16th, 17th and 18th centuries mathematicians
like Bombelli, Leibniz, de Moivre and Euler developed great technical skill in their manipulation, without
having any clear conception of what complex numbers really are.2 For example Euler (who introduced the
symbol i for

√
−1) could discover remarkable formulæ like

eiθ = cos θ + i sin θ,

and yet could also write in his great algebra treatise 3 of 1768 such vague nonsense as: “It is clear therefore
that the square roots of negative numbers cannot be reckoned among the possible numbers: consequently
we have to say that they are numbers which are impossible. This circumstance leads us to the concept of
numbers, which by their very nature are impossible, and which are commonly called imaginary numbers or
fancied numbers because they exist only in our fancy or imagination.” (This is typical of the development
of mathematics, with proficiency preceding understanding, often by several centuries; it illustrates the point
that for many purposes, it is more important to know how things behave than to know what they are.)

2. The definition of complex numbers

Wallis, Wessel and Argand all proposed geometric interpretations of the complex numbers, but their
ideas were largely ignored (though the phrase “the Argand diagram” is sometimes used). The first really
significant mathematician to use this approach was Gauss: 4 by 1796, in attempting to prove the Funda-
mental Theorem of Algebra (that every non-zero polynomial with complex coefficients has a root in C), he
thought of a complex number a+ ib as corresponding to the point in the plane with Cartesian coordinates a
and b. This geometric theory was completely developed by 1815, but (typically of Gauss) he did not publish
it until 1831.

Cauchy regarded such geometric definitions as unsatisfactory, appealing to our senses rather than minds:
they help us to see, but not to understand. (Even today, many French mathematics books are notable for
their lack of illustrative diagrams!) Instead, Cauchy regarded complex numbers as (in modern terminology)
equivalence classes of polynomials with coefficients in R: two such polynomials p(t) and q(t) are equivalent
if p(t) − q(t) has t2 + 1 as a factor (so that, intuitively, p(i) = q(i)). The usual operations of addition,
subtraction and multiplication of polynomials induce similar operations on these equivalence classes, with
the rôle of 0 being taken by the class containing the zero polynomial; a simple calculation shows that all
other classes have multiplicative inverses, so we have a field. This field is isomorphic to C, with the complex
number a+ bi corresponding to the class containing the polynomial a+ bt. In modern terms, we have formed
the quotient R[t]/(t2 +1) of the polynomial ring R[t] by the ideal (t2 +1) consisting of the multiples of t2 +1;
this idea has since been widely used, R being replaced with an arbitrary field F , and t2 +1 with an arbitrary
irreducible polynomial f(t) over F , to create a field K ⊃ F containing a root of f . Cauchy published this 5

in 1847, but Hamilton6 had already in 1835 produced a simpler (though less natural) rigorous definition of
complex numbers as ordered pairs (a, b) of real numbers, with operations

(a, b)± (c, d) = (a± c, b± d) ,

(a, b)(c, d) = (ac− bd, ad+ bc) .

At first sight, this product rule looks strange, but if we think of an ordered pair (a, b) as a+ ib then it reflects
the rule that

(a+ ib)(c+ id) = (ac− bd) + i(ad+ bc) .

2 See B&M, 19.9, 20.9, 21.3, 21.6–7; F&G, 9.D3, 9.F
3 Opera Omnia I, 1–498, Ch.13, Art.143
4 B&M, 23.8; F&G, 15.A, 15.B; vdW, 5
5 Œuvres 10, 1 Ser., 312–323
6 Math. Papers 3, 3–96
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As in Cauchy’s case, one easily checks that these ordered pairs form a field isomorphic to C; for example,
the identity element is (1, 0), and if (a, b) 6= (0, 0) then

(a, b)−1 =
( a

a2 + b2
,
−b

a2 + b2

)
.

Complex numbers were soon accepted as an established part of mathematics, no more mysterious than
the real numbers (though their status was not settled until the second half of the 19th century). They quickly
found applications in unexpected areas like number theory (e.g. via the Riemann zeta function7), and later
also played a crucial rôle in the development of topics like quantum theory and electrical engineering, not
just in helping us to solve the equations but also in understanding the physical systems involved.

3. Elementary properties of complex numbers

The set C = R
2 of complex numbers, with operations as defined by Hamilton, forms a field; the pairs

(x, 0) form a subfield isomorphic to R, so if we identify each real number x with the pair (x, 0) then we can
regard C as an extension field of R. If we write i for the pair (0, 1) then each element (x, y) of C has the form
x+ iy, with x, y ∈ R; this shows that C is a 2-dimensional vector space over R, with basis 1, i. Multiplication
in C is determined by the rules

12 = 1, 1.i = i.1 = i, i2 = −1 .

The complex conjugate of z = x+ iy is the complex number z = x− iy; this satisfies

(w ± z) = w ± z ,

(wz) = w.z ,

(w/z) = w/z,

showing that the mapping z 7→ z is a field-automorphism of C. The modulus of z = x+ iy is defined to be

|z| =
√
zz =

√
x2 + y2 .

Thus |z| ≥ 0 for all z ∈ C, with equality if and only if z = 0. One can easily prove the product rule

|wz| = |w|.|z| ;

writing z = x+ iy and w = u+ iv and squaring, we see that

(u2 + v2)(x2 + y2) = (ux− vy)2 + (uy + vx)2 ,

the two-squares theorem, known to Diophantus. (A classic problem in number theory was to determine the
sets S(k) consisting of the sums of k squares (of integers); this theorem shows that S(2) is closed under
multiplication.)

Unlike R, C is not an ordered field. An ordered field is a field with a subset P (the positive elements)
which is closed under addition and multiplication, such that either x ∈ P or −x ∈ P (but not both) for each
non-zero element x. If C were ordered, we would have z2 > 0 for all z 6= 0, so that 0 = 12 + i2 > 0, which
is absurd. This no doubt contributed to the centuries of confusion about the nature of complex numbers:
mathematicians instinctively assumed that the larger number system C would have all the features of R
(and more), and were therefore disconcerted by their inability to arrange complex numbers in some sort of
order. Similarly, the long tradition of regarding numbers as quantities or lengths, having already delayed
the acceptance of negative numbers, now provided a similar obstacle in the case of complex numbers.

7 B&M 25.2
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4. Complex numbers and matrices

Each complex number c = a + ib acts on the plane C = R
2 by multiplication, sending z = x + iy to

cz = (ax − by) + i(bx + ay). In terms of vectors, this sends (x, y) to (ax − by, bx + ay), so it is a linear
transformation, represented by the matrix

Tc =
(
a −b
b a

)
.

The mapping c 7→ Tc is an isomorphism between C and the set of matrices
(
a
b
−b
a

)
, where a, b ∈ R. These

matrices form a subfield C′ of the ring Mat2(R) of 2×2 matrices over R, so one could define complex numbers
to be these matrices, with

E =
(

1 0
0 1

)
, I =

(
0 −1
1 0

)
playing the rôles of 1 and i. (Note that I2 = −E; here the identity matrix is denoted by E — einheits in
German — rather than the usual I.) The field-operations of C then become the usual matrix operations,
conjugation becomes matrix-transposition, and the modulus becomes the square root of the determinant. The
complex numbers c with |c| = 1, which form a group S1 (the circle group) under multiplication, correspond
to the rotation matrices

Rθ =
(

cos θ − sin θ
sin θ cos θ

)
,

where c = cos θ+ i sin θ = eiθ. (Note that RθRφ = Rθ+φ, so we have a homomorphism θ 7→ Rθ from R to S1,
with kernel 2πZ). More generally, a complex number reiθ corresponds to the matrix rRθ, that is, a rotation
of R2 by θ followed by radial expansion or contraction by a factor r.

5. The fundamental theorem of algebra

Unlike R, C satisfies the Fundamental Theorem of Algebra, that every non-constant polynomial f(z) ∈
C[z] has a root in C; equivalently, f(z) can be written as a product of linear factors in C[z], one for each
root (counting multiplicities). Any field with this property is said to be algebraically closed; thus C is
algebraically closed, whereas the fields R and Q are not (consider f(z) = z2 + 1, for instance).

During the late 18th century, Euler, d’Alembert, Lagrange and Laplace all came close to proving the
Fundamental Theorem for C, but their proofs were incomplete since their method was to assume the existence
of a root (in some undefined field containing R), and then prove that this root is a complex number. However,
it is not clear that one can make this assumption, and the existence of a root in C was first proved by Gauss8

in 1799. Gauss regarded the Fundamental Theorem as so important that he eventually gave four different
proofs, though perhaps the simplest is due to Argand. All proofs seem to require some topological or analytic
properties of C; this is hardly surprising, since a purely algebraic proof would presumably also apply to other
fields like R, which are not algebraically closed, thus giving a contradiction.

6. The discovery of quaternions9

As we have seen, C is a very convenient number system, being an algebraically closed field. However,
C is two-dimensional, whereas the world we live in is (or appears to be) three-dimensional. This was the
motivation for Hamilton’s search for a 3-dimensional number system T which would contain R and C, and
still retain as many as possible of their good features. In other words, just as he had imposed a field-structure
(isomorphic to C) on the plane R2, Hamilton now wanted to make R3 into a number system containing C.

It is obvious how to add and subtract triples, but Hamilton had great difficulty finding a suitable
definition of the product of two triples. As he later wrote to his son10: “Every morning, on my coming down

8 B&M 23.2; F&G, 15.A2
9 B&M 26.5; vdW, 10

10 Math. Papers 3, p. XV
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to breakfast, you used to ask me: ‘Well, Papa, can you multiply triplets?’ Whereto I was always obliged to
reply, with a sad shake of the head: ‘No, I can only add and subtract them’.”

With hindsight, we can easily see that he was bound to fail. Let T have basis 1, i, j, where 1, i span the
subfield C. The product ij, being in T , must have the form

ij = a+ bi+ cj (a, b, c ∈ R).

Multiplying on the left by i, and using i2 = −1, we find that

−j = (ac− b) + (a+ bc)i+ c2j .

(This assumes that multiplication is associative.) Since 1, i and j are linearly independent, one can equate
coefficients of j to get c2 = −1, which is impossible since c ∈ R.

Unaware of this contradiction, Hamilton considered triples z = (a, b, c) = a+bi+cj = a1+bi+cj where
i2 = j2 = −1. He wanted a definition of multiplication which would allow the modulus |z| =

√
a2 + b2 + c2

to satisfy the product rule |zw| = |z||w|, as in C. In the special case z = w, this rule becomes |z2| = |z|2.
Now Hamilton found that

z2 = (a2 − b2 − c2) + 2abi+ 2acj + 2bcij ,

and
|z|2 = a2 + b2 + c2 =

√
(a2 + b2 + c2)2 =

√
(a2 − b2 − c2)2 + (2ab)2 + (2ac)2 ,

so this particular case of the product rule would be satisfied if ij = 0. Hamilton11 rejected this as “odd
and uncomfortable” (for example, multiplying on the left by −i would give j = 0). Then he noticed that in
expanding z2 he had assumed that ij = ji; if he dropped this assumption he could write the final term in the
expansion as bc(ij+ji), so the rule would be satisfied if ij+ji = 0. In Hamilton’s words: “... I perceived that
the same suppression of the term which was de trop [unwanted] might be attained by assuming what seemed
to me less harsh, namely that ij = −ji. I made therefore ij = k, ji = −k, reserving to myself to enquire
whether k was 0 or not.” (Allowing ij 6= ji was already a major conceptual advance: mathematicians were
aware that rotations, for example, did not commute, but non-commuting numbers were unheard of at that
time.)

After much effort, Hamilton eventually realised (as in the argument above) that k cannot be a linear
combination of 1, i and j: one therefore has to consider a four-dimensional system, with basis elements 1,
i, j and k. This solution suddenly came to him on 16th October, 1843, while he was walking with Lady
Hamilton to a meeting in Dublin of the Royal Irish Academy (of which he was President): he saw that the
equations defining multiplication had to be

i2 = j2 = k2 = −1 ,

ij = −ji = k, jk = −kj = i, ki = −ik = j .

As he wrote to his son: “Nor could I resist the impulse — unphilosophical as it may have been — to cut
with a knife on a stone of Brougham Bridge the fundamental formula with the sysmbols i, j, k :

i2 = j2 = k2 = ijk = −1 .”

Later that day he obtained permission to read a paper on quaternions (i.e. 4-tuples) at the next meeting of
the Academy.

By sacrificing commutativity, and going up to four dimensions, Hamilton had found a number system
satisfying all the other field axioms together with the product rule. This was, indeed, a revolutionary
discovery, but it turned out not to have been entirely original: in 1748 Euler12, studying sums of four squares,

11 Math. Papers 3, 106–110
12 Letter to Goldbach, 4th May, 1748
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had written down equations equivalent to the product rule for quaternions, and (inevitably!) Gauss13,
investigating rotations in 1819, had an unpublished manuscript giving the basic formulæ for multiplication of
quaternions. Nevertheless, Hamilton was the first to give a precise definition and description of the quaternion
number system, which we now denote by H in his honour. He published his Lectures on Quaternions in 1853,
and his Elements of Quaternions was published in 1866, a year after his death; even the best contemporary
mathematicians found them hard going!

7. Elementary properties of quaternions

We define H to be R4 with component-wise addition and subtraction. We denote the standard basis
elements by 1, i, j and k (it sometimes avoids confusion to use e rather than 1 here). Thus a general
quaternion has the form

q = (a, b, c, d) = a1 + bi+ cj + dk = a+ bi+ cj + dk (a, b, c, d ∈ R).

To define multiplication in H, it is sufficient to define the product of any two basis elements, as in §6 (we
also need the rules 1i = i1 = i, etc.). The distributive laws then give

(a1 + b1i+ c1j + d1k)(a2 + b2i+ c2j + d2k) =(a1a2 − b1b2 − c1c2 − d1d2) +
(a1b2 + b1a2 + c1d2 − d1c2)i +
(a1c2 − b1d2 + c1a2 + d1b2)j +
(a1d2 + b1c2 − c1b2 + d1a2)k

for the product of two arbitrary quaternions. One can check associativity, though this is tedious, even if one
realises that it is sufficient to verify that u(vw) = (uv)w where u, v, w are chosen arbitrarily from {i, j, k}; it
is better to represent quaternions as matrices (as we did for complex numbers in §4), and use the fact that
matrix multiplication is associative.

There is an isomorphism from H to the algebra H′ of matrices(
w −z
z w

)
, w, z ∈ C,

given by

q = (a, b, c, d) 7→ Q =
(
a+ bi −c− di
c− di a− bi

)
(where the symbol i in Q now denotes

√
−1 ∈ C, rather than the quaternion (0, 1, 0, 0)). Under this

isomorphism, the basis quaternions 1, i, j, k correspond to the matrices

E =
(

1 0
0 1

)
, I =

(
i 0
0 −i

)
, J =

(
0 −1
1 0

)
, K =

(
0 −i
−i 0

)
,

so that
q = (a, b, c, d) 7→ Q = aE + bI + cJ + dK .

(To verify that this is an isomorphism, one has to check that the matrices E, I, J,K have the same multipli-
cation rules as the quaternions 1, i, j, k, that is,

I2 = J2 = K2 = IJK = −E ,

and so on.) Since Mat2(C) has associative multiplication, so does its subalgebra H′ and hence so does the
isomorphic algebra H. This representation of quaternions by matrices (due to Cayley, in 1858) also shows
that H is a division algebra, meaning that every non-zero element has an inverse: we have

detQ = a2 + b2 + c2 + d2,

13 Werke 8, 357–362
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so that if q 6= 0 then Q is invertible; one easily checks that Q−1 ∈ H′, so Q is invertible in H′ and hence (by
the isomorphism) q must have an inverse in H.

The quaternions a+ bi (a, b ∈ R) form a subfield of H isomorphic to C, so by identifying these two fields
we can regard C itself as a subfield of H, that is,

R ⊂ C ⊂ H .

8. The product rule for quaternions

The conjugate of a quaternion q = a+ bi+ cj + dk is defined to be

q = a− bi− cj − dk ;

notice that
q1q2 = q2 q1 .

For all q ∈ H we have
qq = qq = a2 + b2 + c2 + d2,

a non-negative real number, so we can define the modulus of q to be

|q| =
√
qq .

Thus if q 6= 0 then

q−1 =
1
|q|2

q ,

so inverses are easily computed in H.

Using the equation |q|2 = qq one can easily prove the product rule, that

|q1q2| = |q1||q2| for all q1, q2 ∈ H .

By writing q1 = a1 + b1i+ c1j+ d1k and q2 = a2 + b2i+ c2j+ d2k, one immediately obtains the four-squares
theorem:

(a2
1 + b21 + c21 + d2

1)(a2
2 + b22 + c22 + d2

2) = (a1a2 − b1b2 − c1c2 − d1d2)2 +

(a1b2 + b1a2 + c1d2 − d1c2)2 +

(a1c2 − b1d2 + c1a2 + d1b2)2 +

(a1d2 + b1c2 − c1b2 + d1a2)2 .

This theorem was discovered in 1748 by Euler, who was trying to prove Fermat’s assertion (in 1659)
that every non-negative integer is a sum of four squares; this shows that the set S(4) of sums of four squares
is, like S(1) and S(2), closed under multiplication. Lagrange eventually proved Fermat’s result in 1770. As
Legendre pointed out in his Théorie des Nombres in 1830, the equation 3 × 21 = 63 shows that S(3) is
not closed under multiplication, so there can be no comparable three-squares theorem. Had Hamilton been
aware of this, he might never have tried to multiply triples, and consequently might never have discovered
quaternions. (Thus a little ignorance is sometimes useful !)

9. Quaternions and vectors

The quaternions i, j and k span a 3-dimensional subspace

{q ∈ H | a = 0} = {bi+ cj + dk | b, c, d ∈ R}

of H; by analogy with complex numbers we denote this subspace by ImH, and call its elements purely
imaginary, or simply pure quaternions. As a vector space, ImH is isomorphic to R3, and its elements are
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sometimes called vector quaternions. If we identify R with the set of scalar quaternions (a, 0, 0, 0), then we
have a direct sum decomposition

H = R⊕ ImH .

Hamilton, who was deeply interested in the philosopher Kant’s theories of space and time14, found this
decomposition very significant: he saw ImH and R as representing these two concepts, and H as uniting
them in one system. To modern eyes, his philosophical ideas often seem vague and far-fetched, but in a sense
Hamilton was ahead of his time: some 60 years later, when mathematical techniques and physical insight
had developed further, Minkowski and Einstein showed that space and time could indeed be united, though
in a geometric rather than an algebraic context. Similarly, Hamilton’s fundamental work in dynamics did
not achieve full recognition until the development of quantum theory in the 1920s.

The above decomposition allows us to write every quaternion in the form

q = a+ u ,

where a (∈ R) is the scalar part of q, and u (∈ ImH) is its vector or imaginary part. If u, v ∈ ImH then their
quaternion product decomposes as

uv = −(u.v) + (u× v) ,

where u.v and u× v are the usual scalar product and vector product of the vectors u, v ∈ R3. Similarly

vu = −(v.u) + (v × u) = −(u.v)− (u× v) ,

so by adding and subtracting these equations we have

u.v = −1
2

(uv + vu) and u× v =
1
2

(uv − vu) .

These equations show that the vector algebra of R3 can be interpreted in terms of quaternions. For
example the vector product i × j = k corresponds to the quaternion product ij = k. The vector product
was first introduced by Grassmann in 1844, and vector algebra was popularised by Gibbs in the 1880s.
There were often bitter disputes between ‘quaternionists’ (the followers of Hamilton, such as Tait) and ‘anti-
quaternionists’ like Gibbs and Kelvin as to whether quaternions or vectors were the more important. Thus
Kelvin wrote: “Quaternions . . . have been an unmixed evil to those who have touched them in any way”
whereas Hill’s opinion was that “In the great mathematical birth of 1843, the Quaternions of Hamilton,
there is as much real promise of benefit to mankind as in any event of Victoria’s reign.”

10. Quaternions and rotations

Like Argand, Hamilton had found it useful to think of complex numbers of modulus 1 as rotations
of the plane, and he felt that there should be a similar relationship between quaternions and rotations
of R3. In 1775 Euler15 had already studied rotations (for example, proving that the composition of two
rotations is a rotation), and a fairly complete theory had been published by Rodrigues16 in 1840 (including
an explicit formula for such a composition), but Hamilton seems to have been unaware of these developments.
Consequently his description of rotations, in terms of quaternions, was inconsistent with the Euler-Rodrigues
approach. This may well have contributed to the controversy over the status of quaternions and to the general
reluctance to adopt them during the 19th century.

The unit quaternions, those satisfying |q| = 1, form the unit 3-sphere

S3 = {(a, b, c, d) ∈ R4 | a2 + b2 + c2 + d2 = 1} ;

14 F&G, 16.A4
15 Novi Comm. Acad. Sci. Imp. Petrop. 20 (1775), 189–207
16 J. de Mathématiques Pures et Appliquées 5 (1840), 380–440
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this is a non-abelian group under multiplication. Each q ∈ S3 decomposes into scalar and pure parts as

q = a+ u (a ∈ R, u ∈ ImH = R
3) .

Since a2 + |u|2 = |q|2 = 1, with |u| ≥ 0, we can write

a = cosφ, |u| = sinφ

for some unique φ ∈ [0, π]. Now the transformations

lq : v 7→ qv and rq : v 7→ vq−1

both induce rotations of the plane
Πu = {v ∈ R3 | u.v = 0}

in R3 perpendicular to u through the angle φ. Unfortunately they do not map R3 to itself (unless q = ±1),
but their composition

ρq = lq ◦ rq = rq ◦ lq : v 7→ qvq−1 ,

which fixes u and rotates Πu through 2φ, is a rotation of R3 by 2φ about the axis through u. To put this
another way, any rotation ρ of R3 through an angle θ about a unit vector û has the form ρ = ρq : v 7→ qvq−1,
where q = a+ u with a = cos(θ/2) and u = sin(θ/2)û.

Each rotation ρ of R3 is represented by a rotation matrix R with respect to the standard basis {i, j, k};
these matrices R form the 3-dimensional special orthogonal group SO(3). The function f : S3 → SO(3)
which sends q to R is an epimorphism of groups, so one can compose rotations ρ by multiplying the corre-
sponding unit quaternions q. The kernel of f is {±1}, so that rotations ρ and rotation matrices R correspond
to pairs ±q of unit quaternions; in particular, the first isomorphism theorem implies that SO(3) is isomorphic
to the quotient group S3/{±1}.

The fact that f is two-to-one corresponds to the fact that a unit quaternion q with parameter φ induces
a rotation ρ through an angle θ = 2φ, rather than the more natural φ. This apparently trivial fact has had
important mathematical, physical and historical consequences. Algebraically, it means that for each group
G of rotations of R3 there is a subgroup Ĝ = f−1(G) of S3 of order 2|G|; in particular, the polyhedral groups
G (the rotation groups of regular polyhedra) give rise to the binary polyhedral groups Ĝ. Geometrically, it
means that there is a physical distinction between turning a body through an even or an odd multiple of 2π,
since these correspond to the quaternions q = 1 and q = −1 respectively; in quantum theory this gives rise
to the concept of electron spin. Historically, it caused confusion about the relationship between quaternions
and rotations. Thus Hamilton, knowing that in the case of C the element i induces a quarter-turn (through
π
2 ), felt that in H the elements i, j and k should also induce quarter-turns; they do, via the transformations
li : v 7→ iv, etc., but these are quarter-turns of the planes Πi, Πj and Πk, rather than R3. To make the
element i rotate R3 one has to use ρi : v 7→ ivi−1 = −ivi, and this is a half-turn about i. Hamilton was
certainly aware of this difficulty, but it was not clearly resolved until long after his death; indeed Hamilton’s
circuitous efforts to avoid, rather than clarify this point may have been one of the reasons for the general
reluctance of many mathematicians and physicists to use quaternions.

11. Real algebras

The discovery of quaternions prompted an immediate search for other real algebras17 (number systems
containing R). In December 1843 Graves discovered an 8-dimensional system, the octonion algebra O, which
is constructed from H in the same way as H may be constructed as an extension of C; division is still
possible, but just as commutativity has to be sacrificed in order to pass from C to H, associativity breaks
down in O, that is, x(yz) 6= (xy)z in general. The octonions are sometimes called the Cayley numbers, after
Cayley who also found them in 1845 (but was first to publish his results18). They satisfy the product rule,
and consequently there is an eight-squares theorem (already discovered by Degen in 1818), analogous to the
four-squares theorem discussed in §8.

Independently of Hamilton, Grassmann had been studying algebraic systems which describe the subspace
structure of euclidean geometries, and in 1844 he published his Ausdehnungslehre19. This ponderous tome

17 Kantor & Solodovnikov, Hypercomplex Numbers; vdW, 11
18 Math. Papers 1, 127
19 See B&M, 26.6
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had little initial impact, but when his theory was clarified by Hankel in 1867 it laid the foundations for
modern linear algebra. Grassmann needed a product xy which would describe the parallelogram spanned
by two vectors x, y; when x = y this has area 0, so he put x2 = 0 for all x; expanding (x + y)2 now gives
xy = −yx for all x, y. An example of such an exterior product is the vector product x× y on R3.

If F is any field, then the set Matn(F) of n × n matrices over F is an associative algebra; it is not a
division algebra unless n = 1. Matrix theory stems largely from a paper by Cayley on linear transformations
in 1858.20

In 1878 Clifford extended the work of both Hamilton and Grassman by introducing what are now called
Clifford algebras; these have dimension 2n, and are generated by elements 1, i1, . . . , in satisfying

i2a = −1 , iaib = −ibia .

For n = 1, 2 we obtain C and H. Just as quaternions describe rotations of R3, Clifford algebras are used to
describe motions in higher-dimensional spaces, both euclidean and non-euclidean.21

Another class of algebras, which have great importance in differential geometry and in physics, are the
Lie algebras introduced by Lie to describe the local structure of continuous groups. These are non-associative
algebras, satisfying x2 = 0 (so that xy = −yx) together with the Jacobi identity

(xy)z + (yz)x+ (zx)y = 0 .

The simplest non-trivial example is the vector product x× y in R3.

For a while it seemed that there was an almost unlimited supply of algebras, with widely-varying
properties and applications. However, there are very few associative division algebras over R. For example,
it is easy to show that a 2-dimensional field extension of R must be isomorphic to C, and in fact it follows
from the fundamental theorem of algebra that C is (up to isomorphism) the only finite-dimensional field
properly containing R. In 1878 Frobenius proved that a finite-dimensional associative division algebra over
R must be isomorphic to R, C or H, finally showing that Hamilton’s search for a 3-dimensional number
system was bound to fail. Similarly Hurwitz proved in 1898 that there is an n-squares theorem if and only
if n = 1, 2, 4 or 8 (corresponding to the product rules for R, C, H and O).

These results, and similar 20th-century results proved by topological methods, show how special H
is. However, the most important consequence of Hamilton’s discovery was not so much the number system
itself, but rather its demonstration of our freedom to create new algebraic systems for specific purposes. (It is
hard to resist the comparison with the parallel development of non-euclidean geometry.22) In the twentieth
century, mathematicians and physicists have built on Hamilton’s work by constructing a wide variety of
algebraic structures (such as super-algebras) in order to model different aspects of the real world.

20 B&M, 26.7
21 B&M, 26.8; vdW, 10
22 B&M, 23.12, 24.6; F&G, 16
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Appendix 1: Finding roots of polynomials

Cubic polynomials

By replacing x with ax + b for suitable constants a and b, one can eliminate the quadratic term of
any cubic polynomial, and ensure that the leading coefficient is 1. Since negative coefficients were still not
accepted in the 16th century, this gave rise to the following three cases:

(i) x3 + px = q , (ii) x3 = px+ q , (iii) x3 + q = px ,

where p, q > 0 (cases with p, q = 0 are trivial). Solutions were known to the Babylonians in a few very
simple cases, but otherwise little progress had been made. When it became clear that Tartaglia had found
a general solution of case (i), Cardano asked him for his method, but at that time equation-solving was the
subject of public contests, and a good formula or algorithm could lead to fame and fortune, so Tartaglia
was reluctant to reveal his secret. Cardano was an eminent doctor, who also wrote on many scientific and
philosophical matters, and published the first book on probability theory — a gambler’s guide-book; he was
a very persuasive man and eventually, in 1539, Tartaglia told Cardano the method, making him promise
never to reveal it. Cardano soon realised that a similar method would solve the other two cases, and his
assistant Ferrari then used this to solve the general quartic (4th-degree) polynomial by reducing it to the
cubic. Cardano was anxious to publish these results in his Ars Magna, but was constrained by his promise to
Tartaglia. However, when he discovered that Tartaglia’s work on the cubic had been anticipated by Scipione
del Ferro (Professor of Mathematics at Bologna) in unpublished manuscripts dating from about 1520, he
went ahead, publishing his book in Nuremberg in 1545 and giving fair credit to all concerned. Tartaglia,
who was not a generous man, was outraged at this, and a bitter public dispute followed.

From our point of view, case (ii) is the most interesting. In modern terms, the solution is as follows.
We put x = u+ v, so that the left-hand side of the equation becomes

x3 = (u+ v)3 = 3uv(u+ v) + (u3 + v3) .

This will agree with the right-hand side px+ q if

3uv = p and u3 + v3 = q .

Eliminating v from these two equations, we get

u3 +
( p

3u

)3

= q ,

that is,

(u3)2 − qu3 +
(p

3

)3

= 0 .

This is a quadratic equation for u3, with roots

u3 =
q

2
±
√(q

2

)2

−
(p

3

)3

.

Since u3 + v3 = q, if u3 is one of these two roots, then v3 is the other, say

u3 =
q

2
+

√(q
2

)2

−
(p

3

)3

and v3 =
q

2
−
√(q

2

)2

−
(p

3

)3

,

so that

x = u+ v =
3

√
q

2
+

√(q
2

)2

−
(p

3

)3

+
3

√
q

2
−
√(q

2

)2

−
(p

3

)3

. (A)
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In general, there are three possible values for the first cube root u, and since 3uv = p, each of these determines
a unique value for the second cube root v, so we obtain three roots x in all. If one allows p and q to be
negative, then this method also solves the other cases; however, the Italian mathematicians used slightly
different methods, for instance putting x = u− v in case (i).

In case (ii), if (q/2)2 < (p/3)3 (the casus irreducibilis) then the formula (A) contains imaginary numbers,
and yet at least one of the roots x must be real. Cardano avoided this case, but Bombelli (in l’Algebra,
1572) was the first to consider it seriously. Taking the example

x3 = 15x+ 4

he obtained the roots

x = 3
√

2 +
√
−121 + 3

√
2−
√
−121 .

By using
√
−1.
√
−1 = −1, he noted that

(2±
√
−1)3 = 2±

√
−121 ,

so that one of the roots is
x = (2 +

√
−1) + (2−

√
−1) = 4

(the other roots are −2±
√

3).

Quartic polynomials

The modern version of Ferrari’s solution is as follows. As in the cubic case, one can reduce the equation
to the form

x4 + px2 + qx+ r = 0 ,

that is,
(x2 + p)2 = px2 − qx+ p2 − r .

For any y, we have
(x2 + p+ y)2 = (px2 − qx+ p2 − r) + 2(x2 + p)y + y2

= (p+ 2y)x2 − qx+ (p2 − r + 2py + y2) .
(B)

The right-hand side is a quadratic polynomial in x, and is a perfect square (like the left-hand side) if

(−q)2 = 4(p+ 2y)(p2 − r + 2py + y2) ,

which is a cubic polynomial in y (the resolvent cubic). One solves this for y, using the method previously
described, and then substitutes the resulting values for y in (B), giving an equation of the form

(x2 + p+ y)2 = (dx+ e)2 ,

that is, a pair of equations
x2 + p+ y = ±(dx+ e) .

By solving these two quadratic equations for x, one finds the required four roots.

Quintic polynomials

After Ferrari’s success in reducing the quartic case to the cubic, there were great efforts to find a similar
reduction for the quintic (5th-degree) polynomial. Bring, in 1786, reduced it to the case

x5 = x+ a ,

which was later solved by Hermite using elliptic modular functions, but nobody was able to solve the general
quintic equation by radicals, that is, by a formula involving only field-operations and k-th roots for various
integers k, as in the quadratic, cubic and quartic cases. In 1799, Ruffini published a proof that this was,
in fact, impossible, but his method was unclear and unconvincing, and the first acceptable proof was given
by Abel in 1826. This was soon generalised by Galois, who proved in 1831 that the general equation of any
degree n ≥ 5 cannot be solved by radicals. These negative results, far from closing the story, gave rise to two
major areas of modern algebra, namely Galois theory (concerned with fields and polynomials) and group
theory (concerned with symmetry).
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Appendix 2: Some important mathematicians

Argand Jean Robert Swiss 1768–1822
Bombelli Rafael Italian 1526–1572
Cardano Girolamo Italian 1501–1576
Cauchy Augustin Louis French 1789–1857
Cayley Arthur English 1821–1895
Clifford William Kingdon English 1845–1879
d’Alembert Jean le Rond French 1717–1783
del Ferro Scipione Italian 1465–1526
de Moivre Abraham French/English 1667–1754
Descartes René French 1596–1650
Diophantus of Alexandria Greek late 3rd C. AD ?
Euler Leonhard Swiss 1707–1783
Fermat Pierre de French 1601–1665
Frobenius Ferdinand Georg German 1849–1917
Gauss Carl Friedrich German 1777–1855
Gibbs Josiah Willard American 1839–1903
Grassmann Hermann Günther German 1809–1877
Graves John T. British 1806–1870
Hamilton Sir William Rowan Irish 1805–1865
Hankel Hermann German 1839–1873
Hurwitz Adolf German 1859–1919
Jacobi Carl Gustav Jacob German 1804–1851
Lagrange Joseph Louis French 1736–1813
Laplace Pierre Simon de French 1749–1827
Legendre Adrien-Marie French 1752–1833
Leibniz Gottfried Wilhelm German 1646–1716
Lie Sophus Norwegian 1842–1899
Minkowski Hermann German 1864–1909
Newton Isaac English 1643–1727
Peirce Charles Sanders American 1839–1914
Riemann Georg Friedrich Bernhard German 1826–1866
Rodrigues Benjamin Olinde Portuguese/French? 1794?–1851?
Tartaglia Niccolò Italian 1499?–1557
Wallis John English 1616–1703
Wessel Caspar Norwegian 1745–1897
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