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CARD TRICK

Like many other performances, this
one begins with a deck of cards.

Take an ordinary deck of 52 cards, lying on a table, all four sides
of the deck squared away. Now, with a finger slide the topmost card
forward without moving any of the others. How far can you slide it
before it tips and falls? Or, to put it another way, how far can you
make it overhang the rest of the deck?

FIGURE 1-1

I.
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4 PRIME OBSESSION

The answer, of course, is half a card length, as you can see in
Figure 1-1. If you push it so that more than half the card overhangs, it
falls. The tipping point is at the center of gravity of the card, which is
halfway along it.

Now let’s go a little further. With that top card pushed out half its
length—that is, to maximum overhang—over the second one, push
that second card with your finger. How much combined overhang
can you get from these top two cards?

The trick is to think of these top two cards as a single unit. Where
is the center of gravity of this unit? Well, it’s halfway along the unit,
which is altogether one and a half cards long; so it’s three-quarters of
a card length from the leading edge of the top card (see Figure 1-2).
The combined overhang is, therefore, three-quarters of a card length.
Notice that the top card still overhangs the second one by half a card
length. You moved the top two cards as a unit.

FIGURE 1-2

If you now start pushing the third card to see how much you can
increase the overhang, you find you can push it just one-sixth of a
card length. Again, the trick is to see the top three cards as a single
unit. The center of gravity is one-sixth of a card length back from the
leading edge of the third card (see Figure 1-3).
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CARD TRICK 5

FIGURE 1-3

In front of this point is one-sixth of the third card, a sixth plus a
quarter of the second card, and a sixth plus a quarter plus a half of the
top card, making a grand total of one and a half cards.
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FIGURE 1-4

That’s half of three cards—the other half being behind the tipping
point. Here’s what you have after pushing that third card as far as it
will go (see Figure 1-4).

The total overhang now is a half (from the top card) plus a quar-
ter (from the second) plus a sixth (from the third). This is a total of
eleven twelfths of a card. Amazing!

Can you get an overhang of more than one card? Yes you can.
The very next card—the fourth from the top—if pushed forward
carefully, gives another one-eighth of a card length overhang. I’m not
going to do the arithmetic; you can trust me, or work it out as I did
for the first three cards. Total overhang with four cards: one-half plus
one-quarter plus one-sixth plus one-eighth, altogether one and one-
twenty-fourth card lengths (see Figure 1-5).
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FIGURE 1-5

If you keep going the overhangs accumulate like this.
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for the 51 cards you push. (No point pushing the very bottom one.)
This comes out to a shade less than 2.25940659073334. So you have a
total overhang of more than two and a quarter card lengths! (See
Figure 1-6.)

FIGURE 1-6

I was a college student when I learned this. It was summer vaca-
tion and I was prepping for the next semester’s work, trying to get
ahead of the game. To help pay my way through college I used to
spend summer vacations as a laborer on construction sites, work that
was not heavily unionized at the time in England. The day after I
found out about this thing with the cards I was left on my own to do
some clean-up work in an indoor area where hundreds of large,
square, fibrous ceiling tiles were stacked. I spent a happy couple of
hours with those tiles, trying to get a two and a quarter tile overhang
from 52 of them. When the foreman came round and found me deep
in contemplation of a great wobbling tower of ceiling tiles, I suppose
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CARD TRICK 7

his worst fears about the wisdom of hiring college students must have
been confirmed.

II. One thing mathematicians like to do, and find very fruitful, is
extrapolation—taking the assumptions of a problem and stretching
them to cover more ground.

I assumed in the above problem that we had 52 cards to work
with. We found that we could get a total overhang of better than two
and a quarter cards.

Why restrict ourselves to 52 cards? Suppose we had more? A hun-
dred cards? A million? A trillion? Suppose we had an unlimited sup-
ply of cards? What’s the biggest possible overhang we could get?

First, look at the formula we started to develop. With 52 cards the
total overhang was
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Since all the denominators are even, I can take out one-half as a fac-
tor and rewrite this as
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If there were a hundred cards, the total overhang would be
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With a trillion cards it would be
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That’s a lot of arithmetic; but mathematicians have shortcuts for this
kind of thing, and I can tell you with confidence that the total over-
hang with a hundred cards is a tad less than 2.58868875882, while for
a trillion cards it is a wee bit more than 14.10411839041479.
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These numbers are doubly surprising. The first surprise is that
you can get a total overhang of more than 14 full card lengths, even
though you need a trillion cards to get it. Fourteen card lengths is
more than four feet, with standard playing cards. The second sur-
prise, when you start thinking about it, is that the numbers aren’t
bigger. Going from 52 cards to 100 got us only an extra one-third of a
card overhang (a bit less than one-third, in fact). Then going all the
way to a trillion—a stack of a trillion standard playing cards would
go most of the way from the Earth to the Moon—gained us only
another 11 1

2  card lengths.
And if we had an unlimited number of cards? What is the abso-

lute biggest overhang we could get? The remarkable answer is, there is
no limit. Given enough cards, you could have an overhang of any size.
You want an overhang of 100 card lengths? You’d need a stack of about
405,709,150,012,598 trillion trillion trillion trillion trillion trillion
cards—a stack whose height would far, far exceed the bounds of the
known universe. Yet you could get still bigger overhangs, and bigger,
as big as you want, if you’re willing to use unimaginably large num-
bers of cards. A million-card overhang? Sure, but the number of cards
you need now is so huge it would need a fair-sized book just to print
it in—it has 868,589 digits.

III. The thing to concentrate on here is that expression inside the
parentheses
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This is what mathematicians call a series, addition of terms continu-
ing indefinitely, where the terms follow some logical progression.
Here the terms 1, 1

2 , 1
3 , 1

4 , 1
5 , 1

6 , 1
7 ,… are the reciprocals of the ordi-

nary counting numbers 1, 2, 3, 4, 5, 6, 7, ….
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CARD TRICK 9

The series 1+ 1
2 + 1

3 + 1
4 + 1

5 + 1
6 + 1

7 +… is sufficiently important that
mathematicians have a name for it. It is called the harmonic series.

What I have stated above amounts to this: by adding enough
terms of the harmonic series, you can get a total as big as you please.
The total has no limit.

A crude, but popular and expressive, way to say this is: the har-
monic series adds up to infinity.
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Well-brought-up mathematicians are taught to sniff at expressions
like that; but so long as you know the pitfalls of using them I think
they are perfectly all right. Leonhard Euler, one of the half-dozen
greatest mathematicians who ever lived, used them all the time with
very fruitful results. However, the proper mathematical term of art is:
The harmonic series is divergent.

Well, I have said this, but can I prove it? Everybody knows that in
mathematics you must prove every result by strict logic. Here we have
a result: the harmonic series is divergent. How do you prove it?

The proof is, in fact, rather easy and depends on nothing more
than ordinary arithmetic. It was produced in the late Middle Ages by
a French scholar, Nicole d’Oresme (ca. 1323-1382). D’Oresme
pointed out that 1

3 + 1
4  is greater than 1

2 ; so is 1
5 + 1

6 + 1
7 + 1

8 ; so is
1
9 + 1

10 + 1
11 + 1

12 + 1
13 + 1

14 + 1
15 + 1

16 ; and so on. In other words, by taking 2
terms, then 4 terms, then 8, then 16 terms, and so on, you can group
the series into an infinite number of blocks, every one of which is
bigger than one-half. The entire sum must, therefore, be infinite.
Don’t be perplexed by the fact that the blocks get bigger very quickly.
There is an awful lot of room in “infinity,” and no matter how many
blocks you take, the next block is well defined and waiting for you.
There is always another one-half to be added; and that means that the
total increases without limit.
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10 PRIME OBSESSION

D’Oresme’s proof of the divergence of the harmonic series seems
to have been mislaid for several centuries. Pietro Mengoli proved the
result all over again in 1647, using a different method; then, forty
years later, Johann Bernoulli proved it using yet another method; and
shortly after that, Johann’s elder brother Jakob produced a proof by a
fourth method. Neither Mengoli nor the Bernoullis seem to have been
aware of d’Oresme’s fourteenth-century proof, one of the barely
known masterpieces of medieval mathematics. D’Oresme’s proof re-
mains the most straightforward and elegant of all the proofs, though,
and is the one usually given in textbooks today.

IV. The amazing thing about series is not that some of them are
divergent, but that any of them are not. If you add together an infin-
ity of numbers, you expect to get an infinite result, don’t you? The
fact that you sometimes don’t can be easily illustrated.

Take an ordinary ruler marked in quarters, eighths, sixteenths,
and so on (the more “so on” the better—I’ve shown a ruler marked in
sixty-fourths). Hold a sharp pencil point at the very first mark on the
ruler, the zero. Move the pencil one inch to the right. The pencil point
is now on the one-inch mark and you have moved it a total of one
inch (see Figure 1-7).

64ths
1 2 3

FIGURE 1-7
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CARD TRICK 11

Now move the pencil half an inch further to the right (see Figure
1-8).

64ths
1 2 3

FIGURE 1-8

Now move the pencil a quarter-inch further to the right … then an
eighth-inch … then a sixteenth … then a thirty-second … then a
sixty-fourth. Your pencil is in the position shown in Figure 1-9

64ths
1 2 3

FIGURE 1-9

… and you have moved to the right a total distance of
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which is, as you can see, 1 63
64 . Clearly, if you could go on like this,

halving the distance each time, you would get closer and closer to the
two-inch mark. You would never quite reach it; but there is no limit
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to how close you could get. You could get to within a millionth of an
inch of it; or a trillionth; or a trillion trillion trillion trillion trillion
trillion trillion trillion trillionth. We can express this fact as
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2+ + + + + + + + =L

Expression 1-1

where it is understood that there is an infinite number of terms to
add up on the left-hand side of the equals sign.

The point I’m making here is the difference between the har-
monic series and this new one. With the harmonic series I added up
an infinite number of terms and got infinity. Here I am adding up an
infinite number of terms and getting 2. The harmonic series is diver-
gent. This one is convergent.

The harmonic series has its charms, and it stands at the center of
the topic this book addresses—the Riemann Hypothesis. Generally
speaking, however, mathematicians are more interested in conver-
gent series than divergent ones.

V. Suppose that instead of moving one inch to the right, then a
half-inch to the right, then a quarter-inch to the right, and so on, I
decided to alternate directions: an inch to the right, a half-inch to the
left, a quarter-inch to the right, an eighth-inch to the left.… After
seven moves I’d be at the point shown in Figure 1-10.
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64ths
1 2 3

FIGURE 1-10

Since from the mathematical point of view a move to the left is just a
negative move to the right, this is equivalent to
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which is 43
64 . In fact, it’s rather easy to show—I’ll prove it in a later

chapter—that if you keep on adding and subtracting to infinity you
get
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Expression 1-2

VI. Now, suppose that instead of starting out with a ruler marked
in halves, quarters, eighths, sixteenths, and so on, I have a ruler
marked in thirds, ninths, twenty-sevenths, eighty-firsts, and so on. In
other words, instead of halves, halves of halves, halves of halves of
halves … I have thirds, thirds of thirds, thirds of thirds of thirds, and
so on. And suppose I do an exercise similar to the first one, move the
pencil along one inch, then a third of an inch, then a ninth, then a
twenty-seventh (see Figure 1-11).
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81sts
1 2

FIGURE 1-11

I don’t think it’s too hard to see that if you continue forever, you end
up moving right a total 1 1

2  inches as shown in Expression 1-3. That is,
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Expression 1-3

And of course, I can do the alternating movement with this new ruler,
too: right one inch, left a third, right a ninth, left a twenty-seventh,
and so on (see Figure 1-12).

81sts
1 2

FIGURE 1-12

The math of Expression 1-4 is not so visually obvious, but it’s a fact
that
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1
1

3

1

9

1

27

1

81

1

243

1

729

1

2187

3

4
− + − + − + − + =L

Expression 1-4

So here we have four convergent series, the first (Expression 1-1)
creeps closer and closer to 2 from the left, the second (Expression 1-
2) closes in on 2

3  from left and right alternately, the third (Expression
1-3) creeps closer and closer to 1 1

2  from the left, the fourth (Expres-
sion 1-4) closes in on 3

4  from left and right alternately. Before that, I
showed one divergent series, the harmonic series.

VII. When reading math, it is important to know where in math
you are—what region of this vast subject you are exploring. The par-
ticular zone these infinite series dwell in is what mathematicians call
analysis. Analysis used, in fact, to be thought of as the study of the
infinite, that is, the infinitely large, and of the infinitesimal, the infi-
nitely small. When Leonhard Euler—of whom I shall write much
more later—published the first great textbook of analysis in 1748, he
called it Introductio in analysin infinitorum: “Introduction to the
Analysis of the Infinite.”

The notions of the infinite and the infinitesimal created serious
problems in math during the early nineteenth century, though, and
eventually they were swept away altogether in a great reform. Modern
analysis does not admit these concepts. They linger on in the vocabu-
lary of mathematics, and I shall make free use of the word “infinity”
in this book. This usage, however, is only a convenient and imagina-
tive shorthand for more rigorous concepts. Every mathematical state-
ment that contains the word “infinity” can be reformulated without
that word.

When I say that the harmonic series adds up to infinity, what I
really mean is that given any number S, no matter how large, the sum
of the harmonic series eventually exceeds S. See?—No “infinity.” The
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whole of analysis was rewritten in this kind of language in the middle
third of the nineteenth century. Any statement that can’t be so rewrit-
ten is not allowed in modern mathematics. Nonmathematical people
sometimes ask me, “You know math, huh? Tell me something I’ve
always wondered, What is infinity divided by infinity?” I can only
reply, “The words you just uttered do not make sense. That was not a
mathematical sentence. You spoke of ‘infinity’ as if it were a number.
It’s not. You may as well ask, ‘What is truth divided by beauty?’ I have
no clue. I only know how to divide numbers. ‘Infinity,’ ‘truth,’
‘beauty’—those are not numbers.”

What is a modern definition of analysis, then? I think the study of
limits will do for my purposes here. The concept of a limit is at the
heart of analysis. All of calculus, for example, which forms the largest
part of analysis, rests on the idea of a limit.

Consider the following sequence of numbers: 1
1 , 3

2 , 7
5 , 17

12 , 41
29 , 99

70 ,
239
169 , 577

408 , 1393
985 , 3363

2378 , …. Each fraction is built from the one before by a
simple rule: add top and bottom to get new bottom, add top and
twice bottom to get new top. That sequence converges to the square
root of 2. If you square 3363

2378 , for example, you get 11309769
5654884 , which is

2.000000176838287…. We say that the limit of the sequence is 2 .
Here is another case: 4

1
8
3

32
9

128
45

768
225

4608
1575

36864
11025

294912
99225, , , , , , , ,.... To get

the N-th member of that sequence: if N is even, multiply the previous
member by N

N +1 , if N is odd, multiply the previous member by N
N
+1 .

That converges to π . The last fraction shown is 2.972154… (this se-
quence converges very slowly). Here is yet another: 11 , 1 1

2

2( ) , 1 1
3

3( ) ,
1 1

4

4( ) , 1 1
5

5( ) , …. If you work them out, these come to 1 2 1
4, ,

2 2 210
27

113
256

1526
3125, , ,...  a sequence that converges to a number close to

2.718281828459. This is an exceedingly important number—I shall
use it later.

Notice that all of these are sequences, just strings of numbers sepa-
rated by commas. They are not series, where the numbers are actually
added up. From the point of view of analysis, however, a series is just
a sequence in thin disguise. The statement “The series 1 + 1

2  + 1
4  + 1

8
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+ 1
16  + 1

32  + … converges to 2” is mathematically equivalent to: “The
sequence 1 1 1 1 1 11

2
3
4

7
8

15
16

31
32, , , , , ,  … converges to 2.” The fourth term of

the sequence is the sum of the first four terms of the series, and so on.
(The term of art for this kind of sequence is the sequence of partial
sums.) Similarly, of course, the statement, “The harmonic series di-
verges” is equivalent to: “The sequence 1 1 1 2 2 21

2
5
6

1
12

17
60

27
60, , , , , ,  … di-

verges,” where the N-th term of the sequence is the previous term
plus 1

N .
This is analysis, the study of limits, of how a sequence of num-

bers can get closer and closer to a limiting number without ever quite
reaching it. If I say the sequence goes on forever, I mean that no mat-
ter how many terms you write down, I can always write another. If I
say it has the limit a, I mean that no matter how tiny a number x you
pick, from some point on, every number in the sequence differs from
a by less than x. If you choose to say: “The sequence is infinite,” or:
“The limit of the N-th term, when N goes to infinity, is a,” you are free
to do so, as long as you understand that these are just loose and con-
venient ways of speaking.

VIII. The traditional division of mathematics into subdisciplines is
as follows.

� Arithmetic—The study of whole numbers and fractions.
Sample theorem: If you subtract an odd number from an even
number you get an odd number.

� Geometry—The study of figures in space—points, lines,
curves, and three-dimensional objects. Sample theorem: The
angles of a triangle on a flat surface add up to 180 degrees.

� Algebra—The use of abstract symbols to represent mathemati-
cal objects (numbers, lines, matrices, transformations), and
the study of the rules for combining those symbols. Sample
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theorem: For any two numbers x and y, (x + y) × (x − y) = x2 −
y2.

� Analysis—The study of limits. Sample theorem: The harmonic
series is divergent (that is, it increases without limit).

Modern mathematics contains much more than that, of course.
It includes set theory, for example, created by Georg Cantor in 1874,
and “foundations,” which another George, the Englishman George
Boole, split off from classical logic in 1854, and in which the logical
underpinnings of all mathematical ideas are studied. The traditional
categories have also been enlarged to include big new topics—geom-
etry to include topology, algebra to take in game theory, and so on.
Even before the early nineteenth century there was considerable seep-
age from one area into another. Trigonometry, for example, (the word
was first used in 1595) contains elements of both geometry and alge-
bra. Descartes had in fact arithmetized and algebraized a large part of
geometry in the seventeenth century, though pure-geometric dem-
onstrations in the style of Euclid were still popular—and still are—
for their clarity, elegance, and ingenuity.

The fourfold division is still a good rough guide to finding your
way around mathematics, though. It is a good guide, too, for under-
standing one of the greatest achievements of nineteenth-century
math, what I shall later call “the great fusion”—the yoking of arith-
metic to analysis to create an entirely new field of study, analytic num-
ber theory. Permit me to introduce the man who, with one single
published paper of eight and a half pages, got analytic number theory
off the ground and flying.
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2
THE SOIL, THE CROP

We do not know much about
Bernhard Riemann. He left no record of his inner life, other than
what can be deduced from his letters. His friend and contemporary,
Richard Dedekind, was the only person close to him who wrote a
detailed memoir; but that was a mere 17 pages and revealed little.
What follows, therefore, cannot hope to capture Riemann, but I hope
it will at least leave him more than a mere name in the reader’s mind.
I have reduced his academic career to a brief sketch in this chapter. I
shall describe it in much more detail in Chapter 8.

First, let me set the man in his time and place.

II. Supposing that their Revolution had left the French disorganized
and ineffective, and disturbed by its republican and antimonarchical
ideals, France’s enemies moved to take advantage of the situation. In
1792 a huge force of mainly Austrian and Prussian troops, but which
included 15,000 emigré French, advanced on Paris. To their surprise,

I.
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the army of revolutionary France took a stand at the village of Valmy,
engaging the invaders in an artillery duel fought in thick fog on Sep-
tember 20 of that year. Edward Creasy, in his classic Fifteen Decisive
Battles of the World, calls this the Battle of Valmy. Germans call it the
Cannonade of Valmy. By either name it is a convenient marker for the
beginning of the succession of wars that occupied Europe for the next
23 years. The Napoleonic Wars is the usual name given to these events;
though it would be logical, if the expression were not already spoken
for, to put them all under the heading First World War, since they
included engagements in both the Americas and the Far East. When
it all ended at last, with a peace treaty worked out at the Congress of
Vienna (June 8, 1815), Europe settled into a long period, almost a
century, of relative peace.
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Mecklenburg

Oldenburg

Net
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Hanover
Berlin

Leipzig

Anhalt

Dresden

Breselenz
Bremen

Hamburg

Gottingen
..

Luneburg
..

Brunswick

H A N O V E R

Saxony

R .  E l b e

Northwest Germany after 1815. Note that Hanover (the state) is in two

pieces; both Hanover (the city) and Göttingen belong to it. Prussia is in two

large pieces and some smaller ones; both Berlin and Cologne are Prussian

cities. Brunswick is in three pieces.
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One consequence of the treaty was a modest tidying up of the
German peoples in Europe. Before the French Revolution a German-
speaking European might have been a citizen of Hapsburg Austria
(in which case he was probably a Catholic) or of the Kingdom of
Prussia (making him more likely a Protestant) or of any one of three
hundred-odd petty principalities scattered across the map of what we
now call Germany. He might also have been a subject of the king of
France, or of the king of Denmark, or a citizen of the Swiss Confed-
eration. “Tidying up” is a relative term—there was enough untidiness
left over to occasion several minor wars, and to contribute to the two
great conflicts of the twentieth century. Austria still had her empire
(which included great numbers of non-Germans: Hungarians, Slavs,
Romanians, Czechs, and so on); Switzerland, Denmark, and France
still included German speakers. It was a good start, though. The three
hundred-odd entities that comprised eighteenth-century Germany
were consolidated into 34 sovereign states and 4 free cities, and their
cultural unity was recognized by the creation of a German Confed-
eration.

The largest German states were still Austria and Prussia. Austria’s
population was about 30 million, only 4 million of them German
speakers. Prussia had about 15 million citizens, most of them Ger-
man speakers. Bavaria was the only other German state with a popu-
lation over 2 million. Only four others had more than a million: the
kingdoms of Hanover, Saxony, and Württemberg, and the Grand
Duchy of Baden.

Hanover was something of an oddity in that, although a king-
dom, its king was hardly ever present. The reason for this was that, for
complicated dynastic reasons, he was also king of England. The first
four of what English people call the “Hanoverian kings” were all
named George,1 and the fourth was on the throne in 1826, when the
central character in the story of the Riemann Hypothesis first
appeared.
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III. Georg Friedrich Bernhard Riemann was born on September
17, 1826, in the village of Breselenz in the eastern salient of the King-
dom of Hanover. This part of the kingdom is known as Wendland,
“Wend” being an old German word for the Slavic-speaking peoples
they encountered. Wendland was the furthest west reached by the
great Slavic advance of the sixth century. The name “Breselenz” itself
derives from the Slavic word for “birch-tree.” Slavic dialects and folk-
lore survived into modern times—the philosopher Leibnitz (1646−
1716) promoted research into them—but from the late Middle Ages
onward German immigrants moved into Wendland and by
Riemann’s time the population was pretty solidly German.

Wendland was, and still is, something of a backwater. With only
110 inhabitants per square mile, it is the most thinly populated dis-
trict in its modern region, Lower Saxony. There is little industry and
few large towns. The mighty Elbe—it is about 250 yards wide here—
flows just 7 miles from Breselenz and was the principal connection
with the world beyond until modern times. In the nineteenth century
sailing ships and barges carried timber and agricultural produce
down to Hamburg from Central Europe, returning with coal and in-
dustrial goods. During the recent decades of division, the Wendland
stretch of the Elbe was part of the border between East and West
Germany, a fact that did nothing to help local development. It is a
flat, dull countryside of farm, heath, marsh, and thin woodland, prone
to flooding. There was a serious flood in 1830 that must have been
the first great external event of Bernhard Riemann’s childhood.2

Riemann’s father, Friedrich Bernhard Riemann, was a Lutheran
minister and a veteran of the wars against Napoleon. He was already
middle-aged when he married Charlotte Ebell. Bernhard was their
second child and seems to have been especially close to his older sis-
ter, Ida—he named his own daughter after her. Four more children
followed, a boy and three girls. With today’s standard of living, which
of course we take for granted, it is difficult to imagine the hardships
that faced a country parson, well into his middle years, with a wife
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and six children to support, in a poor and undeveloped region of a
middling country in the early nineteenth century. Of the six Riemann
children, only Ida lived a normal life span. The others all died young,
probably in part from poor nutrition. Riemann’s mother, too, died
young, before her children were grown.

Poverty aside, it needs an effort of imagination for us, living and
working in a modern economy, to grasp the sheer difficulty of find-
ing a job in those times and circumstances. Outside large cities the
middle class barely existed. There was a scattering of merchants, par-
sons, schoolteachers, physicians, and government officials. Everyone
else who did not own land was a craftsman, a domestic servant, or a
peasant. The only respectable employment for women was as gov-
ernesses; otherwise they relied on their husbands or male family
members for support.

When Bernhard was still an infant, his father took up a new posi-
tion as minister in Quickborn, a few miles from Breselenz, and closer
to the great river. Quickborn is still, today, a sleepy village of timber-
framed houses and mostly unpaved streets bordered by massive, an-
cient oak trees. This place, even smaller than Breselenz, remained the
family home until the elder Riemann died in 1855. It was the center
of Bernhard’s emotional world until he was almost 30 years old. He
seems to have returned there at every opportunity to be amongst his
family, the only surroundings in which he ever felt at ease.

In reading of Riemann’s life, therefore, one must set it all against
a backdrop of this environment, the environment of his home and
upbringing, which he cherished, and for which, when away from it,
he yearned. The flat, damp countryside; the draughty house lit only
by oil lamps and candles, ill-heated in winter and ill-ventilated in
summer; long spells of sickness among siblings who themselves were
never quite well (they seem all to have suffered from tuberculosis);
the tiny and monotonous social round of a parson’s family in a re-
mote village; the inadequate and unbalanced diet on the stodgy side
of a stodgy national cuisine (“For a long time he suffered from
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chronic constipation,” notes Neuenschwander3). How did they stand
it? But they knew nothing else and simple affection is sufficient to
sustain the human spirit amid shared hardships.

IV. The multitude of states—kingdoms, principalities, duchies, and
grand duchies—that made up North Germany in Riemann’s time
were largely independent of each other and each made its own inter-
nal policy. This loose structure generated local pride and competi-
tion between the states.

In most respects they took their lead from Prussia. The eastern
part of that kingdom was the only German state to keep some mea-
sure of independence from Napoleon after the defeats of 1806−1807.
Under the stimulus of that brooding threat, the Prussians concen-
trated on internal reforms, overhauling their system of secondary
education in 1809−1810 under the direction of the philosopher, dip-
lomat, and linguist Wilhelm von Humboldt. Von Humboldt (whose
brother Alexander was a great explorer and natural scientist) was a
classicist and an ivory-tower man, who once said, “Alles Neue ekelt
mich an.”—“All that is new disgusts me.” Yet oddly, the reforms
brought in by this stern reactionary eventually made the educational
systems of the German states the most academically advanced in
Europe.

At the heart of the system was the 10-year gymnasium school,
the years in question being age 10 to 20. In its earliest form, the cur-
riculum at these schools was divided as follows.

Latin  . . . . . . . . . . . . . . . . . . 25 percent

Greek  . . . . . . . . . . . . . . . . . 16 percent

German  . . . . . . . . . . . . . . . 15 percent

Math  . . . . . . . . . . . . . . . . . . 20 percent

History and geography  . . . 10 percent

Science  . . . . . . . . . . . . . . . . . 7 percent

Religion  . . . . . . . . . . . . . . . . 7 percent
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By contrast, it is reported (by Jonathan Gathorne-Hardy in The
Public School Phenomenon) that the great English boys’ schools of
1840 allocated 75−80 percent of teaching time—40 hours a week—to
classics.

Quickborn had no gymnasium and Riemann did not begin his
proper schooling until age 14, four years into the gymnasium course.
This was in Hanover, the kingdom’s capital city, 80 miles from
Quickborn. The location was determined by the fact of his maternal
grandmother’s living in Hanover so that Riemann’s family was spared
boarding fees. Before attending this gymnasium Riemann was edu-
cated by his father with some assistance from a village schoolteacher
named Schultz.

Riemann, aged 14, was terribly unhappy in Hanover, morbidly
shy and homesick. His only extracurricular activity, so far as we know,
was seeking out such presents as he could afford to buy for his par-
ents and siblings, to send to them on their birthdays. The death of his
grandmother in 1842 led to a slight improvement. Riemann was
transferred to another gymnasium, this one in the town of Lüneburg.
Dedekind has this to say about the new situation.

The greater proximity to home, and the opportunity this offered to

spend vacations with his family, made these later schooldays very

happy for him. To be sure, the journeys to and fro, mostly by foot,

were physically exhausting in a way he was not used to.4 His mother,

whom sad to say he was soon to lose, expressed anxious concern for

his health in her letters, adding many heartfelt warnings to him to

avoid excessive physical effort.

Riemann does not seem to have been a good scholar. He had the
type of mind that could hold only those things it found interesting,
mathematics mostly. Furthermore, he was a perfectionist to whom
conscientiousness in producing flawless essay compositions was more
important than timeliness in delivering them. To improve his work
the school director arranged for him to board with a teacher of He-
brew called Seffer or Seyffer. Under the care of this gentleman
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Riemann improved sufficiently that in 1846 he was admitted to the
University of Göttingen as a student of theology. The idea was that he
would follow his father into the ministry.

V. Göttingen was the only university within the sphere of the
Hanover church so it was the logical choice. The name “Göttingen”
will crop up all through this book, so a few words about the history of
the university may not be out of order. Founded in 1734 by George II
of England (who was also Elector of Hanover5), Göttingen quickly
became one of the better German provincial universities, with more
than 1,500 students registered in 1823.

The 1830s, however, were a troubled time. Political agitation by
both students and faculty lowered attendance to less than 900 in 1834.
Three years later matters came to a head, and Göttingen attained a
moment of Europe-wide fame. King William IV of England and
Hanover died in 1837 without legitimate issue and the English throne
passed to his niece, Victoria. Hanover, however, subscribed to the Salic
Law of the medieval Franks, according to which only a male could
succeed to the throne. England and Hanover thereupon parted com-
pany. The new ruler of Hanover was Ernest Augustus, oldest surviv-
ing son of George III.

Ernest Augustus was a great reactionary. Almost his first act was
to set aside the liberal constitution granted by William IV four years
earlier. Seven eminent professors at Göttingen University refused to
swear an oath to uphold the new constitution and were dismissed.
Three of them were actually exiled from the kingdom. These dis-
missed scholars became known as “the Göttingen Seven” and were
heroes to social and political reformers all over Europe.6 Among them
were the two brothers Grimm of fairy-tale fame, who were academic
philologists.

In the changes that followed the continent-wide upheavals of
1848, Hanover got a new liberal constitution. At least one of the
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Göttingen Seven, the physicist Wilhelm Weber, was reinstated. The
university soon recovered its luster, eventually to become a great seat
of learning, as we shall see. When Bernhard Riemann arrived in 1846,
though, these upward trends were still in the future. He found
Göttingen University a subdued place, attendance not yet recovered
from the ructions of nine years earlier.

Göttingen did, however, have one major attraction for the young
Riemann. It was the home of Carl Friedrich Gauss, the greatest math-
ematician of his age, and possibly of any age.7

Gauss was already 69 years old when Riemann arrived at
Göttingen. His best work was behind him and he did little lecturing,
regarding it as an annoying waste of time. Still his presence must have
impressed Riemann, who had already been bitten by the math bug.
We know that Riemann attended Gauss’s lectures on linear algebra
and those of Moritz Stern on the theory of equations. At some point
during this year 1846−1847 Riemann must have confessed to his fa-
ther that he was far more interested in math than in theology and his
father, who seems to have been a kind parent, gave his consent to
mathematics as a career. And so Bernhard Riemann became a math-
ematician.

VI. Of Riemann’s adult personality, very little has come down to us.
The primary source is the short memoir by Dedekind that I men-
tioned at the beginning of this chapter. The memoir was written 10
years after Riemann’s death and was appended to the first edition of
his Collected Works (but never, so far as I know, translated into En-
glish).8 I have depended heavily on it for this book, so that many of
the statements here and in Chapter 8 should really be tagged “… ac-
cording to Dedekind.” You must take this as understood. Though
Dedekind might, of course, have been mistaken on points of fact, he
was the closest thing Riemann had to a friend. He was an honest and
upright man and I have never seen any suggestion that he was less
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than scrupulously truthful about his subject, with a single under-
standable exception that I shall mention in a moment. Other sources
are Riemann’s private letters, many of which have survived, and some
random recorded comments by students and colleagues.

These accounts tell us the following.

� Riemann was an extremely shy man. He avoided human con-
tact as far as possible and was ill at ease in company. His only
close ties—and they were very close indeed—were with his
family, and his only other ties of any sort were with other
mathematicians. When not among his family at the vicarage
in Quickborn he suffered from homesickness.

� He was very pious, in the German Protestant style. (Riemann
was Lutheran.) His opinion was that the essence of religion is,
to translate literally from Dedekind’s German, “Daily self-
examination before the face of God.”

� He thought deeply about philosophy and saw all his math-
ematical work in a larger philosophical context.

� He was a hypochondriac, in both the old and new senses of
the word. (It was formerly a synonym for “depressive.”)
Dedekind avoids this word, apparently out of consideration
for Riemann’s widow, who begged that Riemann’s hypochon-
dria not be made known. Dedekind makes it plain, though,
that Riemann was subject to spells of very deep unhappiness,
especially after the death of his father, whom he worshiped.
Riemann dealt with these episodes by losing himself in work.

� His health was never good and was destroyed by the long years
of privation to which a poor man had to resign himself if he
was to get an advanced education in that time and place.

It is tempting to find Riemann a rather sad and slightly pathetic
character. And yet that would be to consider only the outward ap-
pearance and manner of the man. Within that diffident, withdrawn
exterior was a mind of great brilliance and staggering boldness. How-
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ever timid and listless he may have appeared to casual observers,
Riemann’s mathematics has the fearless sweep and energy of one of
Napoleon’s campaigns. His mathematical friends and colleagues knew
this, of course, and revered him.

Riemann brings to my mind an episode from Somerset
Maugham’s novel The Moon and Sixpence, inspired by the life of the
painter Gauguin. Maugham’s hero, like Gauguin an artist, dies of lep-
rosy in a hut on a Pacific island, whither he has fled to pursue his
vision of art. Hearing that the man is dying, a local doctor goes to his
hut. It is a poor construction, shabby and dilapidated. When the doc-
tor steps inside, however, he is astonished to find the interior walls all
painted from floor to ceiling with brilliant, mysterious pictures. As
with that hut, so it was with Riemann. Outwardly he was pitiable;
inwardly, he burned brighter than the sun.

VII. In the realm of higher education, Wilhelm von Humboldt’s
reforms had as yet left a mark only in Berlin, the Prussian capital. The
situation in other German universities was as described by Heinrich
Weber in his introduction to Riemann’s Collected Works.

The purpose of the universities was conceived by their princely

patrons as a place for the preparation of lawyers and physicians,

teachers and preachers, as well as a place where the sons of the

nobility and the well-to-do could pass their time conspicuously and

respectably.

Indeed, the von Humboldt reforms had for a while a negative
effect on German higher education. They caused a demand for an
increased supply of well-trained secondary-school teachers, and the
only way this demand could be met was for the universities to do the
training. Even the mighty Gauss was teaching mainly elementary
courses at Göttingen University in 1846−1847. In search of a meatier
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diet, Riemann transferred to Berlin University. Two years at that in-
stitution, under instruction from the best mathematical minds in
Germany, brought Riemann to full maturity as a mathematician.

(Here and throughout these early historical chapters, you should
understand that in Europe before the post-Napoleonic shift of atti-
tudes, and in some countries for longer, there was a clear distinction
between universities, whose purpose was to teach and train whatever
of a cognitive elite the nation was thought to require, and academies or
societies, which existed for the purpose of research—this being under-
stood, to a greater or lesser degree depending on the time, the place,
and the inclination of the ruler, to be for the practical advantage of the
state. Institutions like Berlin University, founded in 1810, where some
research was done, and the early St. Petersburg Academy, where teach-
ing went on, were rare exceptions to this general rule. The Berlin Acad-
emy, where the Riemann Hypothesis first saw the light of day, was a
pure-research establishment modeled on England’s Royal Society.)

We know next to nothing about Riemann’s everyday life in Berlin
outside his mathematical studies. Dedekind records only one inci-
dent worth noting. In March 1848 the Berlin mob, inspired by the
February revolution in Paris, took to the streets, demanding the uni-
fication of the German states into a single empire. Barricades went
up, the army tried to clear them, and blood was shed. The Prussian
king at the time was Friedrich Wilhelm IV, a rather dreamy and un-
worldly man, much under the influence of the Romantic Movement,
with a sentimental view of his people and an ideal of the state as a
paternalistic monarchy. He proved maladroit in the crisis, sending
the army back to camp and leaving his palace unprotected before the
insurrectionists had been dispersed. The university students formed
a loyal guards corps to protect the king and Riemann served a spell of
guard duty with this corps from 9:00 one morning until 1:00 the fol-
lowing afternoon, a grand total of 28 hours.

After returning to Göttingen in 1849, Riemann began work for
his doctorate, which he attained two years later, at age 25, having sub-
mitted a dissertation on complex function theory. He became a lec-
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turer at Göttingen three years after that and an associate professor in
1857—his first salaried position. (Ordinary lecturers were expected
to survive on fees paid by whatever students they could attract to
their lectures. The job title was Privatdozent—“private lecturer.”)

The year 1857 was also what we should call, in the language of
current celebrity biography, Riemann’s “breakout year.” His 1851 doc-
toral dissertation is nowadays regarded as a classic of nineteenth-
century mathematics, but it drew little attention at the time in spite
of having been enthused over by Gauss. His other written papers of
the early 1850s were not widely known and were published in an
accessible form only after his death. To the degree that he had become
known at all, it was mainly through the content of his lectures; and
much of that content was too far ahead of its time to be appreciated.
In 1857, however, Riemann published a paper on analysis that was at
once recognized to be a major contribution. Its title was “Theory of
Abelian Functions.”9 In it, he tackled topical problems by ingenious
and innovative methods. Within a year or two his name was known
to mathematicians all over Europe. In 1859 he was promoted to full
professor at Göttingen, at last attaining sufficient income to allow
him to marry—which he did, three years later. His bride was Elise
Koch, a friend of his oldest sister.

On August 11 of that same year, 1859, shortly before his 33rd
birthday, Bernhard Riemann was also appointed a corresponding
member of the Berlin Academy. The Academy based their decision
on the only two of Riemann’s papers that were well known, the 1851
doctoral dissertation and the 1857 work on Abelian functions. To be
elected a member of the Berlin Academy was a great honor for a
young mathematician. It was the custom to acknowledge such ap-
pointments by submitting an original paper to the Academy, describ-
ing some research one was engaged in. The paper Riemann submit-
ted was titled “On the Number of Prime Numbers Less Than a Given
Quantity” (Über die Anzahl der Primzahlen unter einer gegebenen
Grösse).

Mathematics has not been quite the same since.
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3
THE PRIME NUMBER THEOREM

Well, how many primes are there
less than a given quantity? I’m going to tell you very soon, but first,
the five-minute refresher course on prime numbers.

Take a positive whole number—I’ll take 28 as an example. What
numbers divide exactly into it? The answer is: 1, 2, 4, 7, 14, and 28.
These are the factors of 28. We say: “28 has six factors.”

Now, every number has 1 as a factor; and every number has itself
as a factor. These are not very interesting factors. They are, to use a
word mathematicians rather like, “trivial” factors. The interesting fac-
tors are the others: 2, 4, 7, and 14. These are called the proper factors.

The number 28, therefore, has four proper factors. The number
29, however, has no proper factors. Nothing divides into 29 exactly,
except, of course, 1 and 29. It is a prime number. A prime number is
one with no proper factors.

Here are all the prime numbers up to 1,000.

I.
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2 3 5 7 11 13 17 19 23 29 31 37 41 43

47 53 59 61 67 71 73 79 83 89 97 101 103 107

109 113 127 131 137 139 149 151 157 163 167 173 179 181

191 193 197 199 211 223 227 229 233 239 241 251 257 263

269 271 277 281 283 293 307 311 313 317 331 337 347 349

353 359 367 373 379 383 389 397 401 409 419 421 431 433

439 443 449 457 461 463 467 479 487 491 499 503 509 521

523 541 547 557 563 569 571 577 587 593 599 601 607 613

617 619 631 641 643 647 653 659 661 673 677 683 691 701

709 719 727 733 739 743 751 757 761 769 773 787 797 809

811 821 823 827 829 839 853 857 859 863 877 881 883 887

907 911 919 929 937 941 947 953 967 971 977 983 991 997

As you can see, there are 168 of them. At this point, someone
usually objects that 1 is not included in this or any other list of primes.
It fits the definition, doesn’t it? Well, yes, strictly speaking, it does, and
if you want to be a barrack-room lawyer about it, you can write in a
“1” at the start of the list for your own satisfaction. Including 1 in the
primes, however, is a major nuisance, and modern mathematicians
just don’t, by common agreement. (The last mathematician of any
importance who did seems to have been Henri Lebesgue, in 1899.)
Even including 2 is a nuisance, actually. Countless theorems begin
with, “Let p be any odd prime.…” However, 2 pays its way on balance;
1 doesn’t, so we just leave it out.

If you look closely at the list of primes, you’ll see that they thin
out as you go along. Between 1 and 100 there are 25 primes; between
401 and 500, 17; and between 901 and 1,000, only 14. The number of
primes in any block of 100 whole numbers seems to decline. If I con-
tinued the list to show all the primes up to a million, you would see
that there are only eight primes in the last hundred-block (i.e., from
999,901 to 1,000,000). If I took it to a trillion, there would be just four
in the last hundred-block. (Here they are: 999,999,999,937;
999,999,999,959; 999,999,999,961; and 999,999,999,989.)
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II. The question naturally arises, Do the primes eventually thin out
to nothing? If I continued the list into the trillions of trillions, and
trillions of trillions of trillions of trillions, would I eventually reach a
point beyond which there are no more primes, so that the last prime
on my list would be the last prime, the biggest prime?

The answer to that was found by Euclid around 300 B.C.E. No,
the primes never thin out to nothing. There are always more. There is
no biggest prime. However big a prime you find, there is always a
bigger one yet to be found. The primes go on forever. Proof: Suppose
N is a prime. Form this number: (1 × 2 × 3 × … × N) + 1. This num-
ber doesn’t divide exactly by any number from 1 to N—you always
get remainder 1. So either it doesn’t have any proper factors—and
therefore is itself a prime bigger than N—or its smallest proper factor
is some number bigger than N. Since any number’s smallest proper
factor is bound to be a prime—if it wasn’t, it could be factored down
into something smaller—this proves the result. If N is 5, for example,
then 1 × 2 × 3 × 4 × 5 + 1 is 121, whose smallest prime factor is 11.
Whichever prime you start with, you end up with a bigger one. (I
shall give another proof of the infinity of primes in Chapter 7.iv, after
showing you the “Golden Key.”)

Having had that point settled so early in the history of math-
ematics, the next thing mathematicians were naturally curious about
was: Can we find a rule, a law, to describe the thinning-out? There are
25 primes up to 100. If primes were distributed perfectly evenly, there
would of course be 10 times that many—250—up to 1,000. In fact
there are only 168 primes up to 1,000, because of the thinning out.
Why 168? Why not 158, or 178, or some other number? Is there a
rule, a formula, to tell me how many primes there are less than a
given number?

And there we are, back with the question that I, and Bernhard
Riemann, started with: how many primes are there less than a given
quantity?
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III. Let’s do a little reverse engineering. I actually know the answer
to that last question for quite impressively large numbers. Table 3-1
shows some.

TABLE 3-1

How many primes

N less than N?

1,000 168

1,000,000 78,498

1,000,000,000 50,847,534

1,000,000,000,000 37,607,912,018

1,000,000,000,000,000 29,844,570,422,669

1,000,000,000,000,000,000 24,739,954,287,740,860

That’s nice, but not actually terribly informative. Yes, the primes
sure do thin out. If they kept up the pace set in the first 1,000, where
there are 168 primes, there would be 168,000,000,000,000,000 or so
in that last box. In fact there are only one-seventh that number.

In a moment I am going to perform a trick that will send a flash
of light through this rather murky situation. First, though, a word
about functions.

IV. A two-column table like Table 3-1 is an illustration of a func-
tion. “Function” is one of the most important concepts in all of math,
the second or third most important, I should think, after “number”
and possibly “set.” The main idea of a function is that some number
(the one in the right-hand column) depends on some other number
(the one in the left-hand column) according to some fixed rule or
procedure. In the case of Table 3-1, the procedure is, “Count how
many primes there are up to the number in the left-hand column.”
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Another way to say the same thing is: a function is a way to turn
(mathematicians say “map”) a number into another number. The
function in Table 3-1 turns, or maps, the number 1,000 into the num-
ber 168—again, by way of some definite procedure.

Terms of art: Because “the number in the left-hand column” and
“the number in the right-hand column” are awfully tedious things to
have to keep saying, mathematicians refer to them as the “argument”
and the “value” (or the “function value”) respectively. So the essence
of a function is that you get a value by applying some rule or proce-
dure to an argument.

One more key term of art. The rule that stands at the heart of a
function might apply to some numbers, or some kinds of numbers,
but not others. The rule, “subtract the argument from 1 and take the
reciprocal,” for example, defines a perfectly respectable function—
the function a mathematician would call 1 ⁄ (1 – x), which we shall
look at more closely in Chapter 9.iii—but it can’t be applied to the
argument “1,” since that would involve dividing by zero, which math-
ematics doesn’t allow. (No use to ask “What happens if I do?” You
can’t. It’s against the rules. If you try, the game stops and everyone
goes back to his last legal position.)

For another example, consider the function whose rule is “count
the number of factors the argument has.” You find that 28 has six
factors (I’m including trivial factors here), while 29 has only two. So
this function turns 28 into 6; it turns 29 (or any other prime number)
into 2. This is another useful and respectable function, usually writ-
ten “d(N).” However, this function has a meaning only for whole
numbers—really has any point only for positive whole numbers. How
many factors does 12 7

8  have? How many factors does π  have? Beats
me. That’s not what this function is for.

The term of art here is “domain.” The domain of a function is the
numbers it can have as arguments. The function 1 ⁄ (1 – x) can have
any number except 1 as an argument; its domain is all numbers ex-
cept 1. The function d(N) can have any positive whole number as its
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argument; that’s its domain. The domain of the function x  is all
non-negative numbers, since negative numbers don’t have square
roots (though I reserve the right to change my mind about this later
in the book).

Some functions allow all numbers as their domain. The squaring
function x 2, for example, works for any number. Any number can be
squared (i.e., multiplied by itself). The same applies to any polyno-
mial function—that is, a function whose value is got by adding and
subtracting powers of the argument. Here is an example of a polyno-
mial function: 3x 5 + 11x 3 − 35x 2 − 7x + 4. The domain of a polyno-
mial is all numbers. This fact will be important in Chapter 21.iii. Most
interesting functions, however, have some limits on their domain. Ei-
ther there are some arguments for which the rule doesn’t work, usu-
ally because you would have to divide by zero, or else the rule only
applies to certain kinds of numbers.

It’s important to understand that a table like Table 3-1 is only a
sample of its function. How many primes are there less than 30,000?
Less than seven million? Less than 31,556,926? Well, I could tell you
by putting more rows into the table; but given that I’m trying to hold
this book to a reasonable number of pages, there is obviously a limit
to how much of that I can do. This table is just a sample of the func-
tion, a snapshot, with arguments I have chosen for a very deliberate
purpose.

In the case of most functions, there is in fact no good way to
show a function in all its glory. A graph is sometimes helpful to illus-
trate some particular feature of a function, but in this case a graph is
pretty useless. If you try plotting Table 3-1 as a graph, you will see
what I mean. My efforts to provide you with a graph of the zeta func-
tion in Chapter 9.iv will drive the point home. Mathematicians gen-
erally get a feel for a particular function by working intimately with it
for a long time, observing all its features and peculiarities. A table or a
graph rarely encompasses the whole thing.
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V. Another thing to be noted about functions is that the important
ones have names; and the really important ones have special symbols
to denote them. The function I’ve sampled in Table 3-1 has the name
“The Prime Counting Function” and the symbol π (N), which is pro-
nounced “pi of N.”

Yes, I know, this is confusing. Isn’t π  the ratio of a circle’s cir-
cumference to its diameter, the ineffable

3.14159265358979323846264…?

It is indeed, and this new use of the symbol π  is nothing whatever to
do with that. The Greek alphabet has only 24 letters and by the time
mathematicians got round to giving this function a symbol (the per-
son responsible in this case is Edmund Landau, in 1909—see Chapter
14.iv), all 24 had been pretty much used up and they had to start
recycling them. I am sorry about this; it’s not my fault; the notation is
now perfectly standard; you’ll just have to put up with it.

(If you have ever done any serious computer programming, you
will be familiar with the concept of overloading a symbol. This use of
π  for two utterly different purposes is a sort of overloading of the π
symbol.)

So π (N) is defined to be the number of primes up to N (inclu-
sive, though it rarely matters, and I shall be sloppy about saying “less
than” when I should say “less than or equal to”). Back to our main
question: Is there some rule, some neat formula, that will give me
π (N) without putting me to the trouble of counting?

Allow me to perform a small trick on Table 3-1. I am going to
divide the first column by the second, the arguments by the values.
I’m not aiming for terrific precision. In fact, I shall use the $6 pocket
calculator I take to the supermarket. Here goes. 1,000 divided by 168
gives 5.9524; 1,000,000 divided by 78,498 gives 12.7392. Four more
similar calculations give me Table 3-2.
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TABLE 3-2

N N / π (N)

1,000 5.9524

1,000,000 12.7392

1,000,000,000 19.6665

1,000,000,000,000 26.5901

1,000,000,000,000,000 33.6247

1,000,000,000,000,000,000 40.4204

Look closely at the values here. They go up by 7 each time. Or
rather, by a number that wobbles between 6.8 and 7.0. This might not
strike you as very wonderful, but a large light bulb goes on over a
mathematician’s head when he sees a table like that, and a particular
word comes into his mind. Let me explain.

VI. There is a certain family of functions that is terrifically impor-
tant in math, the exponential functions. Chances are you know some-
thing about them. The word “exponential” is one of those that has
escaped from math into ordinary language. We all hope our mutual
funds will grow exponentially—that is, faster and faster.

From the point of view I have adopted here—functions illus-
trated by two-column tables, like Table 3-1—I can give you a loose
definition of an exponential function as follows. If you pick your ar-
guments so that they go up by regular addition from row to row, and
then apply the function rule to them, and if it turns out that the re-
sulting values go up by regular multiplication from row to row, you
are looking at an exponential function. “Regular” here means that the
same number is being added, or multiplied, each time.

Here’s an example, for which the rule is “Work out 5 × 5 × 5 …,
where there are N fives in the expression.”
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N 5N

1 5

2 25

3 125

4 625

See how the arguments go up by addition of 1 each time while the
values go up by a multiple of 5 each time? That’s an exponential func-
tion. The arguments go up by addition while the values go up by
multiplication.

I chose the arguments to go up by adding 1 each time and shall
continue to do that, just for convenience. In this particular function,
this makes the values multiply by 5. Of course, there is nothing spe-
cial about 5. I could pick on a function with 2 as a multiplier, or 22,
or 761, or 1.05 (which would give a table showing the accumulation
of compound interest at five percent), or even 0.5. Each gives me
an exponential function. That’s why I started by saying “a family of
functions.”

Here’s another term mathematicians are fond of: “canonical
form.” When you have a situation like this, in which a certain phe-
nomenon (in this case an exponential function) can show up in many
different ways, there is generally one way mathematicians prefer to
represent the whole phenomenon. So it is here. There is one expo-
nential function mathematicians prefer above all others. If you were
to take a guess at it, you might suppose it is the one in which the
multiplier is 2—the simplest number to multiply by, after all. Nope.
The canonical form of the exponential function has multiplier
2.718281828459045235360287…. This is another of those magic
numbers, like π , that turn up all over the place in math.10 It has al-
ready turned up in this book (Chapter 1.vii). It’s irrational,11 so the
decimal never repeats itself, and can’t be rewritten as a fraction. The
symbol for it is e, named for Leonhard Euler, of whom much more in
the next chapter.
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Why this number? Isn’t it an awfully clumsy number to take for
your canonical form? Wouldn’t 2 be much simpler? Well, yes, it prob-
ably would, for these purposes. I can’t explain the importance of e
without going into calculus, though, and I have sworn a solemn oath
to explain the Riemann Hypothesis with the utter minimum of cal-
culus. I am, therefore, just going to beg you to take on faith that e is a
really, really important number, and that no other exponential func-
tion can hold a candle to this one, the function eN.

N eN

1 2.718281828459

2 7.389056098930

3 20.085536923187

4 54.598150033144

(To 12 places of decimals.) The main principle remains, of course.
The left-hand columns—the arguments—go up by adding 1 each
time. As they do so, the right-hand columns—the values—are multi-
plied by e each time.

VII. What about the contrary situation? Suppose I find myself look-
ing at a function whose rule is: when the arguments go up by multi-
plication, the values go up by addition? What kind of function is that?

Here we have entered the realm of inverse functions. Mathemati-
cians are very keen on inverting things—turning them inside out. If y
is 8 times x, what is x in terms of y? It’s y ⁄ 8, of course. Division is the
inverse of multiplication. There’s a thing you like to do called squar-
ing numbers, where you multiply a number by itself? OK, what is the
inverse? If y = x2, what is x equal to, in terms of y? Well, it’s the square
root of y. If you know a bit of calculus, you know there’s a process
called “differentiation,” that you can use to turn a function f into an-
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other function g that will tell you the instantaneous rate of change of
f at any argument. What’s the inverse? It’s integration. And so on.
Inversion is going to be a key topic later, when I get deep into
Riemann’s 1859 paper.

From the point of view of my approach here, showing a function
as a table, inversion just means flipping the table round, right to left,
left to right. This is actually a quick way to make trouble for yourself.
Take the squaring function—probably the first non-trivial function
you learned in high school. To square a number, you multiply it by
itself.

N N2

−3 9

−2 4

−1 1

0 0

1 1

2 4

3 9

(I’m assuming you remember the rule of signs12 here, so that −3
times −3 is 9, not −9.) Now, if you flip columns, you get the inverse
function.

NN N

9 −3

4 −2

1 −1

0 0

1 1

4 2

9 3
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But hold on here. What’s the function value for argument 9? Is it −3
or 3? Couldn’t this function be rewritten like this.

N N

0 0

1 1, or maybe −1

4 2, or just possibly −2

9 3, or can it also be −3?

This won’t do at all—too messy. Well … as a matter of fact, there is a
mathematical theory of many-valued functions. Bernhard Riemann
was a master of that theory and I shall offer a glimpse of his ideas
about it in Chapter 13.v. This is not the time or the place, though, and
I’m not going to have any truck with such things here. As far as I am
concerned, the iron rule is, one argument, at most one value (no value
at all, of course, when the argument isn’t in the function’s domain).
The square root of 1 is 1; the square root of 4 is 2; the square root of 9
is 3. Does this mean I don’t acknowledge that −3 times −3 is 9? Sure I
acknowledge it. I just don’t include it in my definition of the term
“square root.” Here, for the time being at any rate, is my definition of
a square root. The square root of N is the single non-negative num-
ber (if any) which, when multiplied by itself, gives N.

VIII. Fortunately the exponential function doesn’t give any of these
problems. You can cheerfully invert it to give you a function that,
when you pick arguments going up by multiplication, gives you val-
ues going up by addition. Of course, as with exponential functions,
there is a whole family of inverse functions, depending on the multi-
plier; and as with the exponential function, mathematicians much,
much prefer the one that goes up in additions of 1 when the argu-
ments go up in multiples of e. The function you have then is called
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the log function, and “log” is the word that came into the math-
ematician’s mind, under the illumination of the light bulb, when he
saw Table 3-2. If y = ex, then x = log y. (From which it follows, by way
of straightforward substitution, that for any positive number y,
y = elog y, a fact I’ll pick up on later, a lot.)

In the mathematical topics relevant to this book—relevant, that
is, to the Riemann Hypothesis—the log function is everywhere. I shall
have much more to say about it in Chapters 5 and 7, and it will play a
starring role when I actually turn the Golden Key in Chapter 19. For
the time being, just take it on faith that it is a function in the sense I
have just described, a really important function, and the inverse of
the exponential function: If y = ex, then x = log y.

I’m going to cut right to the chase at this point and show you the
log function, but instead of going up in multiples of e, I shall let the
arguments go up in multiples of 1,000. As I said, when showing a
function as a table, I get to pick the arguments (and also the number
of decimal places, in this case four). It’s still the same function, I swear.
To help you see what’s happening, I have tacked two extra columns
on at the right, the first just the right-hand column from Table 3-2,
the second giving column 2’s percentage difference from column 3.
The result is Table 3-3.

TABLE 3-3

N log N N / π (N) % error

1,000 6.9077 5.9524 16.0490

1,000,000 13.8155 12.7392 8.4487

1,000,000,000 20.7232 19.6665 5.3731

1,000,000,000,000 27.6310 26.5901 3.9146

1,000,000,000,000,000 34.5378 33.6247 2.7156

1,000,000,000,000,000,000 41.4465 40.4204 2.5386
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The following statement seems reasonable: N ⁄ π (N) is close to
log N; and the larger N gets, the closer (proportionally) it gets.

Mathematicians have a special way to write this: N ⁄ π (N)
∼ log N. (Pronounced “N over pi of N tends asymptotically to log N.”
That wavy line is properly called a “tilde,” pronounced “til-duh.” How-
ever, in my experience, mathematicians more often refer to it as a
“twiddle” sign.13)

If you just rearrange this according to the ordinary rules of alge-
bra, you get:

The Prime Number Theorem

π (N) ~
N

Nlog

Of course, I haven’t proved this, I have just shown that it’s plau-
sible. It is a very important result; so important that it is called “the
Prime Number Theorem.” Not “a prime number theorem.” This is
“the Prime Number Theorem.” Note the capital letters, which I shall
use when referring to the theorem. Very often, in fact, when the con-
text is sufficiently plain, number theorists simply write “PNT,” a prac-
tice I shall follow in this book.

IX. Finally, two consequences of the PNT, supposing it is true. To
derive those consequences, let me point out that there is a sense—a
logarithmic sense!—in which, when dealing with all the numbers up
to some large N, most of those numbers resemble N in size. Of all the
numbers from 1 to 1 trillion, for example, over 90 percent have 12 or
more digits, and in that respect resemble 1 trillion (which has 13 dig-
its) more than they resemble, say, 1,000 (which has only 4 digits).
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If there are N ⁄ log N primes from 1 to N, the average density of
primes in that range is 1 ⁄ log N; and since most numbers in that range
are like N in size—in the very rough sense that I just described—it is
fair to conclude that around N, the density of primes is 1 ⁄ log N. So it
is. At the end of the first section in this chapter I counted primes in
the last block of 100 numbers before 100, 500, 1,000, 1 million and 1
trillion. The counts were: 25, 17, 14, 8, and 4. The corresponding val-
ues of 100 ⁄ log N (i.e., for N = 100, 500, etc.) are, to the nearest whole
numbers: 22, 16, 14, 7, and 4. Another way to say this is that in the
neighborhood of a big number N, the probability of a number being
prime is ~1 ⁄ log N.

By the same rough logic, we can estimate the size of the N-th
prime. Consider a range of numbers from 1 to K, for some big num-
ber K. If the count of primes in that range is C, then on average we
should expect to find the first of those numbers at K ÷  C, the second
at 2K ÷ C, the third at 3K ÷ C, and so on. The N-th will be around NK
÷ C, and the C-th, which is to say the last in this range, will be around
CK ÷  C, which means, of course, K. Now, if the PNT is true, then the
count C is actually K ⁄ log K, so that the N-th prime is actually around
NK ÷  (K ⁄ log K), which is to say, around N log K. Since most num-
bers in this range resemble K in size, I can take K and N to be inter-
changeable, and the N-th prime is ~ N log N. I know it looks fishy,
but in fact this is not a bad estimate, and gets proportionately better
and better on the twiddle principle. It predicts, for example, that the
trillionth prime will be 27,631,021,115,929; in fact, the trillionth
prime is 30,019,171,804,121, an 8 percent error. Percent errors at a
thousand, a million, and a billion are 13, 10, and 9.

Consequences of the PNT

The probability that N is prime is ~
1

logN
.

The N-th prime number is ~ N log N.
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Not only are these consequences of the PNT; it is also a conse-
quence of them. If you could mathematically prove the truth of ei-
ther, the PNT would follow. Each of these results is equiponderant
with (i.e., has the same weight as) the PNT, and can be considered
just an alternative way of stating it. In Chapter 7.viii I shall show
another, more important way to express the PNT.
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4
ON THE SHOULDERS OF GIANTS

The first person to whom the truth
contained in the Prime Number Theorem (PNT) occurred was Carl
Friedrich Gauss, whose dates were 1777 to 1855. Gauss has, as I men-
tioned in Chapter 2.v, a good claim to being the greatest mathemati-
cian who ever lived. In his lifetime he was known as Princeps
Mathematicorum—the Prince of Mathematics—and at his death the
King of Hanover, George V, ordered a commemorative medal in his
honor, with that title on it.14

Gauss came from extremely humble origins. His grandfather was
a landless peasant; his father was a jobbing gardener and bricklayer.
Gauss attended the poorest kind of local school. A famous incident,
reported from that school, is much more likely to be true than most
such stories are. One day the schoolmaster, to give himself a half-
hour break, set the class to adding up the first 100 numbers. Almost
instantly, Gauss threw his slate onto the master’s table, saying, “Ligget
se!” which in the peasant dialect of that place and time meant, “There
it is!” Gauss had mentally listed the numbers horizontally in order (1,
2, 3, …, 100), then in reverse order (100, 99, 98, …, 1) then added the

I.
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two lists vertically (101, 101, 101, …, 101). That is 100 occurrences of
101, and since all the numbers were listed twice, the required answer
is half this sum: 50 times 101, which is 5,050. Easy when you have
been told it, but not a method that would occur to the average 10-
year-old; nor even the average 30-year-old, for that matter.

It was Gauss’s good luck that his schoolmasters recognized his
ability and were willing to go to some pains to promote it. It was his
even greater luck to live in the small German duchy of Brunswick—
the blob that separates the two parts of Hanover on the map in Chap-
ter 2.ii. Brunswick was ruled at this time by Carl Wilhelm Ferdinand,
who rejoiced in the title Herzog zu [that is to say, “Duke of ”]
Braunschweig-Wolfenbüttel-Bevern. We have met this Duke already
without knowing it at the time. A keen soldier all his life, he held the
rank of field marshal in the Prussian army and was in charge of the
joint Prussian-Austrian force that the French stopped at Valmy on
September 20, 1792.

Carl Wilhelm truly was a gentleman. If there is a mathematicians’
Heaven, some sumptuous apartments must be set aside in it for him,
for his use whenever he feels inclined to visit. Hearing of the boy
Gauss’s talent, the Duke asked to see him. Young Gauss cannot have
possessed much in the way of social polish at this point. Later in life,
after much acquaintance with courts and universities, he is described
as mild and affable; but he always had the rough-cut features and
stocky physique of his peasant origins. However, the Duke was suffi-
ciently discerning that he took to the boy at once, remained his friend
until death parted them, and provided the steady financial support
that enabled young Gauss to embark on a long brilliant career as a
mathematician, physicist, and astronomer.15

The Duke’s ability to support Gauss ended very tragically. In 1806
Napoleon was at the height of his career. In the previous year’s cam-
paigning, he had defeated the combined armies of Russia and Austria
at the battle of Austerlitz, having temporarily bought off the Prussians
by offering them Hanover. He had then established the Confedera-
tion of the Rhine, bringing all the western part of what is now Ger-
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many under French rule, and reneged on the Hanover deal, offering
it now to Britain. Only Prussia and Saxony held out against him; and
their only ally was Russia, gun-shy from the defeat at Austerlitz.

To prevent Saxony from becoming a French satellite, the
Prussians occupied it, calling the Duke of Brunswick out of retire-
ment—he was 71 years old at this point—to lead their forces. Napo-
leon declared war and his army struck northwest through Saxony to-
ward Berlin. The Prussians tried to concentrate forces, but the French
were too fast for them, and crushed the main Prussian units at Jena.
The Duke was with a detachment at Auerstädt a few miles to the
north; one of Napoleon’s flanking corps caught him and routed his
troops.

Defeated and mortally wounded, the Duke asked Napoleon, via
an emissary, for leave to return to his home to die. The Emperor, a
thoroughly modern dictator who was not much given to chivalry,
laughed in the messenger’s face. The unfortunate Duke, blinded and
dying, had to be hurried away in a cart to the free territories beyond
the Elbe. Napoleon’s secretary, Louis de Bourienne, tells the melan-
choly end of the tale in his Memoirs.

The Duke of Brunswick, grievously wounded at the battle of

Auerstädt, arrived at Altona [across the Elbe, just west of Hamburg]

on October 29. His entry into this city was a new and striking ex-

ample of the vicissitudes of fortune. People beheld a sovereign

prince, enjoying, whether rightly or wrongly, a great military repu-

tation, and but lately powerful and tranquil in his capital, and now

wounded to death, making his entry into Altona on a miserable

stretcher borne by ten men, without officers, without servants, es-

corted by a crowd of children. While the Duke continued to live, he

saw nobody but his wife, who reached him November 1. He per-

sisted in refusing all visits and died November 10.

He had passed through Brunswick on the way, and it is said that
Gauss saw the cart from the window of his room opposite the castle
gate. The Duchy of Brunswick was then wound up, incorporated into
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Napoleon’s puppet “Kingdom of Westphalia.” The Duke’s heir,
Friedrich Wilhelm, was dispossessed and had to flee to England. He,
too, died fighting Napoleon, at the battle of Quatre Bras in 1815, a
few days before Waterloo, but not before his duchy had been restored
to him.

(In strict fairness to Napoleon, I should add that on a later razzia
through western Germany, when Gauss was installed at Göttingen,
the Emperor spared the city because “the greatest mathematician of
all time is living there.”)

II. Having lost his patron, Gauss had to find a job. He was offered,
and took, the position of director of the observatory at Göttingen
University, arriving there in late 1807.16  Göttingen was already known
as one of the better-equipped provincial German universities. Gauss
had studied there himself in 1795−1798, apparently attracted by its
splendid library, where he had spent most of his time. Now he be-
came head of astronomy at the university and stayed at Göttingen
until his death in February 1855, a few weeks short of his 78th birth-
day. In the last 27 years of his life, he slept away from his beloved
observatory only once, to attend a conference in Berlin.

To tell of Gauss’s connection with the PNT, I must explain his
chief peculiarity as a mathematician. Gauss published much less than
he wrote. We know—from his correspondence, his surviving unpub-
lished papers, and circumstantial evidence in his published works—
that what he presented to the world was only part of what he discov-
ered. Theorems and proofs that would have made another man’s
reputation, Gauss left languishing in his personal diaries.

There seem to have been two reasons for this apparent careless-
ness. One was a lack of ambition. A serene, self-contained, and frugal
man, who grew up without material possessions and seems never to
have acquired the taste for them, Gauss had little need of anyone’s
approval and did not seek social advancement. The other factor, much
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more common among mathematicians in all ages, was perfectionism.
Gauss could not bring himself to present any result to the world until
it was polished smooth, all in faultless logical order. His personal seal
showed a tree with only sparse fruit, and the motto, Pauca sed
matura—“Few, but ripe.”

This is, as I said, a common failing among mathematicians and
often makes the reading of published mathematical papers a very te-
dious business. In one of the minor classics of modern psychological
literature, The Presentation of Self in Everyday Life, Erving Goffman
develops a theory of “performances,” in which a product or activity
created in conditions of disorder and opportunity in some “back”
environment is presented as a smooth, finished creation at the “front.”
Restaurants illustrate the point. Dishes prepared in the clatter, break-
age, and yelling of an overheated kitchen appear in the public area as
flawless arrangements on spotless plates, delivered by dapper mur-
muring waiters. A great deal of intellectual work is like this. Says
Goffman:

[I]n those interactions where the individual presents a product to

others, he will tend to show them only the end product, and they

will be led into judging him on the basis of something that has been

finished, polished and packaged. In some cases, if very little effort

was actually required to complete the object, this fact will be con-

cealed. In other cases it will be the long, tedious hours of lonely

labor that will be hidden….

Published mathematical papers often have irritating assertions
of the type: “It now follows that…,” or: “It is now obvious that…,”
when it doesn’t follow, and isn’t obvious at all, unless you put in the
six hours the author did to supply the missing steps and checking
them. There is a story about the English mathematician G.H. Hardy,
whom we shall meet later. In the middle of delivering a lecture, Hardy
arrived at a point in his argument where he said, “It is now obvious
that….” Here he stopped, fell silent, and stood motionless with fur-
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rowed brow for a few seconds. Then he walked out of the lecture hall.
Twenty minutes later he returned, smiling, and began, “Yes, it is obvi-
ous that….”

If he lacked ambition, however, Gauss also lacked tact. He made a
great deal of trouble for himself with his fellow mathematicians by
referring to discoveries he had made, but not published, years before
someone else discovered and published them. This was not vanity—
Gauss was free of vanity—but what Dr. Johnson called “stark insensi-
bility.” In a book published in 1809, for example, Gauss referred to his
discovery in 1794 of the method of least squares (a way of finding the
best “fit” for a number of experimental observations). He had, of
course, not published the discovery at the time he made it. The older
French mathematician Adrien-Marie Legendre had discovered, and
published, the method in 1806 and was furious at Gauss’s claim to
prior discovery. There is no doubt of the truth of Gauss’s claim—we
have documentary evidence—but if he wanted the credit, he really
should have published. He did not care about the credit, though; and
would not publish a paper if he hadn’t enough time to polish it to
perfection.

III. In December 1849 Gauss exchanged letters with the astrono-
mer Johann Franz Encke (after whom a famous comet is named).
Encke had made some remarks about the frequency of primes.
Gauss’s letter opened:

The kind communication of your remarks about the frequency of

primes was of interest to me as more than just a reference. It re-

called to me my own work in the same subject, whose beginnings

were in the distant past, in 1792 or 1793…. One of the first things I

did was direct my attention to the decreasing frequency of primes,

to which purpose I counted the same in several chiliads and jotted

down the results on the attached white pages. I soon perceived that
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beneath all of its fluctuations, this frequency is, on average, close to

inversely proportional with the logarithm…. I have very often (since

I have no patience for a continuous count of the range) spent an

idle quarter of an hour to count another chiliad here and there; but

I gave it up at last without quite getting through a million.

[My italics]

By “chiliads” Gauss meant blocks of 1,000 numbers. So begin-
ning in 1792—when he was fifteen years old!—Gauss had amused
himself by tallying all the primes in blocks of 1,000 numbers at a
time, continuing up into the high hundreds of thousands (“without
quite getting through a million”).

To get a feeling for the effort involved here, I set myself the task of
extracting the primes from the chiliad 700,001 to 701,000, using just
the aids that would have been available to Gauss: a pencil, some sheets
of paper, and a list of the primes up to 829, which is as many as you
need in order to apply the basic prime-finding process to numbers
up to 701,000.17 I confess I gave up after an hour, when I had worked
through prime divisors up to 47…which means I had 130 prime divi-
sors still to go. You are welcome to try the same exercise yourself. This
was Gauss’s “idle quarter of an hour” (unbeschäftigte Viertelstunde).

The sentence I italicized in the extract from Gauss’s letter to
Encke is the first of the two PNT-related results I showed in Chapter
3.ix. It is, as I remarked there, equivalent to the PNT. There is no
doubt that Gauss was indeed working on this in the early 1790s. His
claim is well documented, just as other claims of the same kind were.
He just never bothered to publish.

IV. Oddly, the first published work touching on the PNT came from
that same Adrien-Marie Legendre who had been so vexed by Gauss’s
claim to have discovered the method of least squares. In 1798—that
is, five or six years after Gauss had unearthed the PNT, without mak-
ing his results known to the world—Legendre published a book titled
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Essay on the Theory of Numbers, in which he conjectured, on the basis
of some prime counts of his own, that

π x
x

A x B
( )

+
~

log

for some numbers A and B, “to be determined.” In a later edition of
the book he refined this conjecture (which he could not prove) to

π x
x

x A
( )

−
~

log

where A, for large values of x, tended to some number near 1.08366.
Gauss discusses Legendre’s conjectures in his 1849 letter to Encke. He
demolishes the 1.08366 value but comes to no other very definite
conclusions.

No doubt the Encke letter, if he had read it, would have caused
poor Legendre to throw another conniption. Fortunately he had died
some years before it was written.18

V. Because I am surveying here relevant discoveries and conjectures
before 1800, and because he was the author of the “Golden Key,” of
which I am going to make so much in later chapters, this is the right
place to introduce the other first-rank mathematical genius born in
the eighteenth century, Leonhard Euler (pronounced “oiler”). Euler
(1707−1783) was, says E.T. Bell in Men of Mathematics, “probably the
greatest man of science that Switzerland has produced” and he is, so
far as I know, the only mathematician to have two numbers named
after him: e, which I have already mentioned, equal to 2.71828…, and
the Euler-Mascheroni number, which I have not had enough space to
describe properly in this book,19 equal to 0.57721…. In order to in-
troduce Euler, I must first open up a new geographical region in the
history of this topic, Russia.

Russia, as I think is well known, entered the modern age some-
what behind the rest of Europe, and her entry was accomplished
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mainly by the energy and imagination of Peter the Great, who as a
boy of 10 was crowned Tsar in 1682. Peter’s regnal dates are com-
monly given as 1682−1725. In fact, for the first seven of those years,
he reigned jointly with his blind, lame, and speech-impaired half-
brother Ivan, and the government was actually controlled by Ivan’s
sister, Sophia. Peter attained sole power only in 1689, at age 17. Even
then he displayed no interest in statecraft and spent the next five years
amusing himself. Fortunately he was a man of keen intelligence and
great curiosity, and most of his amusements were of an improving
sort. He was especially fond of the company of foreigners, of whom
at that time there was a large settlement near Moscow, in the so-called
“German suburb.” Here, among Scottish mercenaries, Dutch mer-
chants, and German and Swiss engineers, Peter took in European sci-
ence and culture and indulged his passion for fireworks and boats (in
between riotous banquets and all-night drinking bouts). In 1692−
1693, at Lake Pleschev near Moscow, Peter actually built a warship
himself, from the keel up. The following year, 1694, his mother died
and Peter took power in earnest.

In 1695−1696 this extraordinary, extraordinary-appearing
man—he stood 6 feet 7 inches and suffered from occasional, but ter-
rifying, facial twitches—attacked the Black Sea port of Azov and
wrested it from the Ottoman Turks. In 1697−1698 he traveled incog-
nito in France, Britain, and Holland, the first Russian sovereign to go
abroad, learning as he traveled. (From his British trip the following
story is well known, though it is almost certainly apocryphal. Staying
at John Evelyn’s country house outside London, Peter marched into
the drawing-room one day with a shotgun over his arm and an-
nounced, in thick English, “I haff shot a peasant.” “No, no, my dear
fellow,” replied his host, laughing. “You mean a pheasant.” “Nyet,” said
Peter, shaking his head. “It voss a peasant. He voss insolent, unt so I
shot him.”) Returning to Russia, he began his great campaign of re-
form, ordering the nobility to shave their beards, humbling the
Church and crushing the old Muscovite imperial guard, the Streltsy,
which had terrorized his childhood. In 1700 he began his 20-year
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war with Charles of Sweden; in 1703 he broke through Swedish terri-
tory and occupied the length of the river Neva, from Lake Ladoga to
the shores of the Baltic. There, on land still in the legal possession of
a powerful, undefeated enemy, on the boggy estuary of the Neva, he
founded his new capital, St. Petersburg.

One of those astonishing personalities that put the lie to any no-
tion of history as a mere mechanical shadow-play of impersonal
forces, Peter went on to reform the government, the nobility, trade,
education, and even the customary dress of his people. Not all of it
worked; that is, not all of it “stuck”; and not all of it penetrated very
far into the gloomy wooded depths of that vast old country; but there
is no doubt that Peter left Russia a very different place from the one
he found.

Most to the point so far as this book is concerned, he made her a
nation hospitable to mathematics and mathematicians.20

VI. In January 1724, Peter issued a decree establishing an Academy
at St. Petersburg. The decree explained that in the normal way of
things an academy, where learned scholars carried out research and
produced inventions for the use of the state, was different from a
university, which existed to teach young people. Because of the dearth
of learning in Russia, however, the St. Petersburg Academy would in-
clude a university and a gymnasium (that is, a secondary school) un-
der its authority. It would also have its own observatories, laborato-
ries, workshops, publishing house, print shop, and library. Peter did
not do things by halves.

The dearth of learning in Russia was indeed so great that there
were no Russians capable of acting as academicians. In fact, since Rus-
sia lacked any significant number of elementary or secondary schools,
there were not even any Russian youngsters qualified to attend as stu-
dents at the attached university. These problems were solved by sim-
ply importing the required personnel. This was well-established prac-
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tice in Europe. The first director of the Paris Academy of Sciences,
founded 60 years earlier, had been the Dutch physicist Christiaan
Huygens. St. Petersburg was a long way from the great European cen-
ters of culture, though, and Western Europeans still thought of Rus-
sia as a dark and barbarous land, so generous terms had to be offered.
Eventually, though, it all got off the ground, the shortage of students
for the university being solved by importing eight German young-
sters. The St. Petersburg Academy opened its doors in August, 1725—
too late for Tsar Peter to preside over the ceremony; he had died six
months earlier.

Among the foreign scholars who showed up at the first session of
the St. Petersburg Academy were two brothers, Nicholas and Daniel
Bernoulli. Aged 30 and 25 respectively, they were sons of Johann Ber-
noulli of Basel in Switzerland—the gentleman we met in Chapter
1.iii in connection with the harmonic series. (There was a whole dy-
nasty of mathematical Bernoullis; in this generation, in fact, there
was a third brother, who followed his father into the chair of math-
ematics at Basel University, and who “personified the mathematical
genius of his native city in the second half of the eighteenth century,”
according to the Dictionary of Scientific Biography.)

Unfortunately, after less than a year in St. Petersburg, Nicholas
Bernoulli died (“of a hectic fever”—D.S.B.), creating a vacancy at the
Academy. Daniel Bernoulli had known Leonhard Euler in Basel and
recommended him. Euler, glad of the chance of an academician’s post
at such a young age, arrived in St. Petersburg on May 17, 1727, a
month after his 20th birthday.

That date was also, unfortunately, 10 days after the death of Em-
press Catherine, Peter’s wife, who had succeeded Peter on the throne
and followed through on his plans for the Academy. It was a bad time
to come to Russia. The 15-year period between Peter’s death and the
reign of Elizabeth, his daughter, was one of feeble leadership, clique
politics, and occasional outbreaks of xenophobia. The warring cliques
all maintained networks of spies and informers, and the atmosphere
in the capital (which St. Petersburg now was) went from bad to worse.
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Under the cruel and brutish Empress Anna, who reigned 1730−1740,
Russia descended into one of those spells of state terrorism that she
seems particularly prone to, with endless treason trials, mass execu-
tions, and other atrocities. This was the notorious Bironovschina,
named for Anna’s favorite, the German Ernst Johann Biron, on whom
ordinary Russians put the blame.

Euler stuck it out for 13 years, burying himself in work, staying
well clear of the court and its intrigues. “Common prudence forced
him into an unbreakable habit of industry,” writes E.T. Bell, and this
seems as good an explanation as any for Euler’s astonishing pro-
ductivity. Even now the full edition of his collected works is not
complete. To date it comprises 29 volumes on mathematics, 31 on
mechanics and astronomy, 13 on physics, and 8 volumes of corre-
spondence.

For Euler’s friend Daniel Bernoulli, with whom he lodged during
the early years in St. Petersburg, the stifling political atmosphere of
Russia after Peter was all too much. In 1733 Daniel left to return to
Basel, and Euler took over the chair of mathematics at the Academy.
This brought him sufficient income to get married. He chose a Swiss
girl, Catherine Gsell, whose father was a painter living in St. Peters-
burg.

It was in these circumstances that Euler solved the Basel problem
in 1735; I’ll describe that problem in the next chapter. Two years later,
in a small memorandum on infinite series, Euler discovered the result
that I have called “the Golden Key,” and to which I have devoted the
first half of Chapter 7. He was, in short, a principal player in the story
I am telling—but this will emerge more clearly later, as the math-
ematical side of the story unfolds.

VII. By 1741 Euler had had enough of secret-police spies and the
public impaling of “traitors.” Frederick the Great was now on the
throne of Prussia and had already embarked on his plan to make the
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Kingdom of Prussia—a mere duchy until 1700—one of the great
powers of Europe. He planned an Academy of Science in Berlin to
replace, or re-vivify, that city’s moribund Society of Sciences and in-
vited Euler—by now famous throughout Europe—to be the Acad-
emy’s Director of Mathematics. Euler arrived in Berlin on July 25,
1741, after a one-month sea and land journey from St. Petersburg.
Frederick’s mother, Sophia Dorothea of England—she was George
II’s sister—took a shine to young Euler (he was still only 34) but could
not get him to say much. “Why won’t you talk to me?” she asked him.
Euler replied, “Because, Madame, I have come from a country where
every person who speaks is hanged.”

In fact, part of Frederick’s aim in bringing Euler to Berlin was
precisely that he should speak. Frederick wanted his court to be a sort
of salon, full of brilliant people saying brilliant things to each other.
Euler was a very brilliant man indeed, but unfortunately only in
mathematics. His opinions on matters of philosophy, literature, reli-
gion, and worldly affairs, while well-informed and sensible, were
commonplace and uninspired. Further, Frederick was a manipulative
egotist who, while in principle wishing to surround himself with ge-
niuses, in practice preferred second-raters who would flatter him. Set-
ting aside a few luminaries like Voltaire and Euler, the general intel-
lectual level at Frederick’s court was probably less than scintillating.
In 1745–1747 Frederick built the Sans Souci summer palace for him-
self at Potsdam, 20 miles outside Berlin. (Euler helped design a sys-
tem of water pumps for the place.) A visitor to Sans Souci asked one
of the royal princes: “What do you do here?” The prince replied: “We
conjugate the verb s’ennuyer.” S’ennuyer means “to be bored.” The
language of Frederick’s court was French, the language of high soci-
ety all over Europe.21

Euler stuck that out for 25 years, through all the horrors of the
Seven Years War, when foreign armies twice occupied Berlin, and one
in ten of Frederick’s subjects died of hunger, disease, or by the sword.
By then a second Catherine, Catherine the Great, was on the throne
of Russia. (It is interesting that for two-thirds of the eighteenth cen-
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tury—67 years out of 100—Russia, one of the most difficult nations
to govern, was ruled by women, for the most part very successfully.)
Catherine showed every sign of being an enlightened monarch, firmly
in control of her throne. She was, furthermore, a German princess,
and it is possible Euler had some acquaintance with her at Frederick’s
court before she was shipped off to St. Petersburg to marry Peter the
Great’s grandson. Be that as it may, he left the genteel intrigues of
Sans Souci to resume his position in St. Petersburg—which, incred-
ibly, had been held open for him. He spent his last 17 years in Russia,
productive to the end, and died in an instant, in full possession of all
his powers but sight, at age 76, with a grandchild on his knee.

VIII. I have had to restrain myself considerably in this sketch of
Leonhard Euler, because he is one of my favorite people in the history
of mathematics for a number of reasons. One is that his work is a
pleasure to read. Euler always expresses himself briefly and clearly,
without any fuss, and without much of that polishing that Gauss went
in for. Euler wrote mainly in Latin, but this is not much of an obstacle
to appreciating him, as he had a spare and utilitarian style.22

Euler’s crystal-clear Latin makes one realize what western civili-
zation lost when scholars ceased writing in that language. Gauss was
the last important mathematician to do so; this was one of those
changes that came upon us after the Napoleonic wars. It is a curious
thing that while the Congress of Vienna, which marked the end of
those wars, was a gathering of reactionaries intent on restoring the
status quo ante to Europe, in fact the wars had changed everything,
and nothing could be the same after them. The historian Paul Johnson
has written a good book about this, Birth of the Modern.

Another reason I find Euler so attractive is that, without being
striking or eccentric or interesting in any particular way, he was a
very admirable human being. When you read about his life you get a
strong impression of serenity and inner strength. Euler lost the sight

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003

62 PRIME OBSESSION

in his right eye when he was barely 30 (the heartless Frederick called
him “My Cyclops”) and went completely blind in his early 60s. Nei-
ther the partial nor the full disability seems to have slowed him down
a bit. Of his thirteen children, only five survived into adolescence,
and only three outlived him. His wife Catherine died when Euler was
69; a year later he remarried—to another Gsell, Catherine’s half-
sister.

He loved children, and it is reported that he could do serious
mathematics with infants playing at his feet. (As a writer working at
home, with two small children running around, this is very impres-
sive indeed to me.) He seems to have been incapable of intrigue,
seems never to have lost a friend other than by death, and was frank
in all his dealings—though, if Strachey is to be believed, willing to
bend his principles a little for the sake of a quiet life.23 He wrote one
of the first pop-science bestsellers, Letters to a German Princess, ex-
plaining to ordinary readers why the sky is blue, why the moon looks
larger when it rises, and similar points of common bafflement.24

Underneath it all was a rock-solid religious faith. Euler had been
raised a Calvinist and never wavered in his belief. His father, like
Riemann’s, had been the pastor of a village church, and Euler, like
Riemann, had originally been intended for a clerical career. We are
told that while living in Berlin, “He assembled the whole of his family
every evening, and read a chapter of the Bible, which he accompanied
with an exhortation.” This, while attending a court at which, accord-
ing to Macaulay, “the absurdity of all the religions known among men
was the chief topic of conversation.” Hardworking, pious, stoical, de-
voted to his family, plain-living and plain-spoken—no wonder
Frederick didn’t like him. But it is time to turn from the life to the
work, and to look at Euler’s first great triumph, the Basel problem.
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5
RIEMANN’S ZETA FUNCTION

—The Basel Problem—

Find a closed form for the infinite series
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The Basel problem25 is named from the Swiss city in whose uni-
versity two of the Bernoulli brothers successively served as professor
of mathematics (Jakob, 1687−1705, Johann, 1705−1748). I mentioned
in Chapter 1.iii that both Bernoullis found proofs for the divergence
of the harmonic series. In the book where he published his brother’s
proof, and then his own, Jakob Bernoulli stated the above problem
and asked anyone who could figure it out to tell him the answer. (I
shall explain the term “closed form” in just a moment.)

Notice that the series the Basel problem is concerned with—I
shall call it “the Basel series”—is not far removed from the harmonic
series. Each term is, in fact, the square of the corresponding term in
the harmonic series. Now, if you square a number smaller than 1, you
get a still smaller number; the square of one-half is one-quarter, which
is smaller. The smaller the number you start with, the stronger is this

I.
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effect; one-quarter is only modestly smaller than one-half, but the
square of one-tenth is one-hundredth, which is a lot smaller than
one-tenth.

Every term in the Basel series is, therefore, smaller than the cor-
responding term in the harmonic series, and as you go along they get
much smaller. Since the harmonic series only barely diverges, it is not
too much to hope that the Basel series, made up of smaller, and then
much smaller, terms, converges. Calculation suggests that this is in-
deed so. The sum of the series to 10 terms is 1.5497677…, the sum to
100 terms is 1.6349839…, the sum to 1,000 terms is 1.6439345…,
and the sum to 10,000 terms is 1.6448340.… It really does seem to be
converging to some number in the neighborhood of 1.644 or 1.645.
But what number?

In situations like this, mathematicians are not satisfied just to get
an approximation, especially when the series under investigation con-
verges rather slowly, as this one does. (That sum to 10,000 terms is
still 0.006 percent short of the true, final, infinite sum, which is
1.6449340668….) Is the answer a fraction, 9108

5537  perhaps, or 560837199
340948133 ?

Or something more complicated, perhaps involving roots, 46
17 , or

the fifth root of 11983
995 , or the eighteenth root of 7766? What is it? A lay

person might think that it would be satisfying enough to know the
number to half a dozen places of decimals. No: mathematicians want
to know it exactly, if they can. Not just because they are weird
obsessives, but because they know from experience that getting that
exact value often opens unexpected doors and throws light on the
underlying math. The mathematical term of art for this exact repre-
sentation of a number is “closed form.” A mere decimal approxima-
tion, however good, is an “open form.” The number 1.6449340668…
is an open form. Look—those three dots tell you that it is open at the
right-hand end, open for you to compute a few more digits, if you
feel like it.

That was the Basel problem: to find a closed form for the series of
reciprocal squares. The problem was finally cracked in 1735, 46 years
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after being posed, by the young Leonhard Euler, toiling away in St.
Petersburg. The astonishing answer was π 2 ⁄ 6. This is the familiar π ,
the magic number 3.14159265…, the ratio of a circle’s circumference
to its diameter. What is it doing in a question that has nothing to do
with circles, or with geometry at all? This is not very astounding to
modern mathematicians, who are used to seeing π  turn up all over
the place, but it was very striking in 1735.

The Basel problem opens the door to the zeta function, which is
the mathematical object the Riemann Hypothesis is concerned with.
Before we can pass through that door, though, I must recapitulate
some essential math: powers, roots, and logs.

II. Powers arise in the first place from repeated multiplication. The
number 123 is 12 × 12 × 12, with three multiplicands; 125 is 12 ×
12 × 12 × 12 × 12, with five. What happens if I multiply 123 by 125?
That would be (12 × 12 × 12) × (12 × 12 × 12 × 12 × 12), which of
course is 128. I just add the powers, 3 + 5 = 8. This is the first great
rule of powers.

Power Rule 1: xm × xn = xm + n

(Let me just add here that the whole of this section is only con-
cerned with positive values of x. Raising zero to powers is mostly a
waste of time, and raising negative numbers to powers brings up
tricky problems I shall deal with later.)

What happens if I divide 125 by 123? That is (12 × 12 × 12 × 12 ×
12) ⁄ (12 × 12 × 12). I can cancel out three of the twelves top and
bottom, leaving 12 × 12, which, of course, is 122. You can see that this
is equivalent to just subtracting the powers.

Power Rule 2: xm ÷ xn = xm − n
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Suppose I cube 125: (12 × 12 × 12 × 12 × 12) × (12 × 12 × 12 ×
12 × 12) × (12 × 12 × 12 × 12 × 12) is 1215. Here the powers are being
multiplied.

Power Rule 3: (xm)n = xm × n

These are the most fundamental rules for powers. I shall refer to them
as “Power Rule 1” and so on throughout this book, without further
explanation. I am not quite through with power rules, though. I need
to add a few more, because so far I have used only powers that are
positive whole numbers. What about negative powers and fractional
powers? What about a zero power?

To take the last first, if a0 is going to mean anything at all, it might
as well be consistent with the power rules I already have, since they
are so commonsensical. Suppose I put m equal to n in Power Rule 2;
then the right-hand side will indeed be a0. The left-hand side will be
am ÷  am. Now, if I divide anything by itself, the answer is 1.

Power Rule 4: x0 = 1 for any positive number x

Power Rule 2 can also be used to give meaning to negative pow-
ers. Divide 123 by 125; by Power Rule 2, the answer should be 12−2. The
answer is in fact (12 × 12 × 12) ⁄ (12 × 12 × 12 × 12 × 12), which, can-
celing out three 12s top and bottom, is 1

122 .

Power Rule 5: x
x

n

n

− = 1
 (and in particular, x

x
− =1 1

)

Power Rule 3 gives a clue to what fractional powers ought to
mean. What could I do with x

1
3 ? Well, I could cube it; and if I did, by

Power Rule 3, I ought to get x1, which is just x. Therefore, x
1
3  is just

the cube root of x. (Definition of “cube root of x”: That number
which, if cubed, gives x.) Power Rule 3 then tells us the meaning of
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any fractional power; x
2
3  is the cube root of x, squared—or the cube

root of x2, which works out to the same thing.

Power Rule 6: x
m
n  is the n-th root of xm

Since 12 is 3 × 4, it follows that 125 is (3 × 4) × (3 × 4) × (3 × 4) ×
(3 × 4) × (3 × 4). This can be rearranged as (3 × 3 × 3 × 3 × 3) ×
(4 × 4 × 4 × 4 × 4). In a nutshell, 125 = 35 × 45. This is generally true.

Power Rule 7: (x × y)n = xn × yn

What about raising x to an irrational power? What would 12 2  mean,
or 12π , or 12e? Here we are back in the realm of analysis. Recall that
sequence from Chapter 1.vii, the one that converges to 2 . It looked
like this: 1

1 , 3
2 , 7

5 , 17
12 , 41

29 , 99
70 , 239

169 , 577
408 , 1393

985 , 3363
2378 , …. By taking the

sequence far enough, you can get as close as you please to 2 . Now,
since Power Rule 6 tells me the meaning of any fractional power, I can
work out 12 to the power of any of those fractions. Of course, 121 is
12. And 12

3
2  is the square root of 12, cubed: 41.569219381…. And

12
7
5  is the fifth root of 12, raised to the seventh power, which comes

out to 32.423040924…. Similarly, 12
17
12  is 33.794038815…, 12

41
29  is

33.553590738…, 12
99
70  is 33.594688567…, and so on. As you can see,

these fractional powers of 12 are closing in on a number—actually,
the number 33.588665890…. Since the fractions themselves close in
on 2 , I am highly justified in saying that 12 2 = 33.588665890….

Given a positive number x, I can, therefore, raise x to any power
at all—positive, negative, fractional, or irrational; and doing so al-
ways obeys the Power Rules I have stated, because I rigged my defini-
tions to make sure of that! Figure 5-1 shows graphs of xa for various
numbers a, ranging from −2 to 8. Notice particularly the zero-th
power of x, which is just a horizontal line at height 1 above the x-
axis—what mathematicians call “a constant function” (and Intensive
Care Unit nurses call “a flat trace”). For every argument x, the func-
tion value is 1. Notice also how fast the whole-number powers of x
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(x2, x3, x8) increase; and, much more to the point of this book, how
slowly positive fractional powers like x0.5 do so.

III. Raising numbers to powers—the proper term is “exponentia-
tion”—is, in the beginning, analogous to multiplication. Multiplica-
tion is first presented as repeated addition: 12 × 5 = 12 + 12 +
12 + 12 + 12. Then you move on to a higher level and learn how to do
12 5 1

2× , which is a bit more than just repeated addition. So it is with

1 2 3 4 5
x
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FIGURE 5-1 Powers of x.
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powers. We can define 125 very easily. It’s repeated multiplication,
12 × 12 × 12 × 12 × 12. To get to grips with 12

51
2  needs more explana-

tion—the explanation I attempted to provide in the previous section.
As I said before, mathematicians love to invert expressions. I have

an expression for P in terms of Q? All right, let’s see if I can get Q in
terms of P. This is where the analogy between exponentiation and
multiplication breaks down. Inverting multiplication is easy. If
x = a × b, then a = x ÷  b and b = x ÷  a. Division provides a complete
solution to the problem of inverting multiplication.

The analogy breaks down there because, while a × b is always,
invariably and infallibly, equal to b × a, it is unfortunately not true,
except occasionally and accidentally, that ab = ba. (The only whole-
number case with different a and b is 24 = 42.) For instance, 102 is 100,
but 210 is 1,024. If I seek to invert x = ab, therefore, I am going to need
two different methods: one to get a in terms of x and b, another to get
b in terms of x and a. The first is a breeze. Raising both sides to the
power 1

b , Power Rule 3 gives me a x b=
1

, which, by Power Rule 6,
means that a is the b-th root of x. But what is b in terms of x and a?
The Power Rules offer no clue.

This is where logs make their appearance. The answer is, b is the
log of x to base a. That is just the definition of log. The log of x to base
a (generally written “loga x”) is defined to be the number b that makes
x = ab true. From this flows the whole family of log functions: log of x
to base 2, log of x to base 10 (which older readers will remember as an
aid to calculation taught in high schools up to about 1980), and so
on. I could present them all in graphs, as I did the graphs of xa in
Figure 5-1.

I am not going to do this because I am deeply indifferent to all
members of the log family except one, log to base e, where e is the
extremely important, though unfortunately irrational, number
2.71828182845…. Log to the base e is the only kind of log I care about,
and the only kind I shall use in this book. In fact, I shall not say “log
to base e” any more, just “log.” So what is the log of x? By the above
definition, it is the number b that makes x = eb a true statement.
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Since log x is the b that makes x = eb a true statement, it is obvi-
ous that x = elog x. This is just the definition of “log x” written math-
ematically; but it is so important in what follows that I am going to
make a rule out of it.

Power Rule 8: x = elog x

That is true for every positive number x. The log of 7, for ex-
ample, is 1.945910…, because 7 = 2.7182811.945910, to six decimal
places. Negative numbers don’t have logs (though this is another thing
I reserve the right to change my mind about later); zero doesn’t have
a log, either. There is no power you can raise e to with a negative or
zero result. The domain of the log function is all positive numbers.

The log function is everywhere in this region of math. We have
already seen it in Chapter 3.viii-ix, in the Prime Number Theorem
and its equivalents. It will show up again and again in this book in
everything to do with prime numbers and the zeta function.

With the log function all over like this, I should give some more
detailed coverage of it. Figure 5-2 is a graph26 of log x, for arguments
out to 55. I’ve particularly marked the function values for arguments
2, 6, 18, and 54. These arguments go up in multiples of 3; and you can
see from the graph that the corresponding function values go up in
equal steps—that is, by addition. That’s the point I made about the
log function in Chapter 3.viii.

It’s worth enlarging on a little. The great thing about the log func-
tion is that it turns multiplication into addition. Look at those lines I
marked on the graph. The arguments are 2, 6, 18, 54—I start with 2,
multiply by 3, multiply by 3 again, then multiply by 3 again. The
function values, holding myself to four places of decimals here, and
putting up with a small rounding error, are 0.6931, 1.7918, 2.8904,
3.9890—which start with 0.6931, add 1.0987, add 1.0986, then add
1.0986 again. The log function turned multiplication (by 3) into ad-
dition (of log 3, which is 1.09861228866810…).
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This follows from the definition of log x and from the Power
Rules. From Power Rule 8, if a and b are any two positive numbers,
a × b = elog a × elog b. But from Power Rule 1, I can replace the right-
hand side like this, a × b = elog a + log b. However, a × b is just a number
itself, and so, from Power Rule 8 again, a × b = elog (a×b). Equating the
two different expressions I just got for a × b gives a new Power Rule.

Power Rule 9: log(a × b) = log a + log b

This is a wonderful thing. It means that, when faced with a diffi-
cult problem involving multiplication, by “taking logs” (i.e., by ap-
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FIGURE 5-2 The log function.
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plying the principle that if P = Q, it must also be the case that
log P = log Q) we can reduce it to a problem in addition, which may
be more manageable. It sounds almost trivial; yet this little tool is
exactly what I shall need, in Chapter 19.v, to turn the Golden Key.

Since log(a × b) = log a + log b, it follows that log(a × a ×
a × …) = log a + log a + log a.… This gives the last of my Power
Rules.

Power Rule 10: log(aN) = N × log a

Without chasing down the logic, let me just tell you that it ap-
plies to all powers of a, including fractional and negative ones. A very
important particular case is log (1 ⁄ a) = – log a,  because 1 ⁄ a is just
a−1. So once you know that log 3 is 1.09861228866810…, you imme-
diately know that log( 1

3 ) = –1.09861228866810…. That’s why the
graph of log x dives down to negative infinity as x gets closer and
closer to zero. This fact, too, will help me turn the Golden Key.

IV. Log x increases slowly, as you can see. The slowness with which
log x increases is a very fascinating and important thing all by itself.
The main point is that log x increases slower than any power of x. At
first thought, that might seem to be very obvious. When I say “power
of x,” you probably think of squares and cubes; and you know that a
graph of the squaring function or the cubing function zooms up out
of sight as the argument increases, way beyond the feeble inching-up
of the log function. True, but that’s not the point. What I have in
mind here is not a power like this, x2, or like this, x3, but rather a
power like this, x0.1.

Figure 5-3 shows some graphs of xa for small numbers a. I’ve
chosen a = 0.5, 0.4, 0.3, 0.2, and 0.1 (with the log function—dotted
line—for comparison). You can see that the smaller a is, the flatter
the graph of xa is. You can also see that for values of a below a certain
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point (actually, for a less than 1 ⁄ e, which is 0.3678794…) the log
curve cuts the curve xa not very far east (never further than ee, which
is 15.1542…).

Well, no matter how small you make a, the graph of log x is even-
tually flatter than the graph of xa. If a is bigger than 1 ⁄ e, this is true
already, even in this diagram. If a is less than 1 ⁄ e, then by going far
enough east—by taking a big enough argument x—the log x curve
eventually cuts the xa curve again, and then, forever after, lies below it.

Of course, you might have to go some way out. The log curve re-
crosses the x0.3 curve slightly east of x = 379; it re-crosses the x0.2 curve
around x = 332,105; it does not re-cross the x0.1 curve until past
x = 3,430,631,121,407,801. If I were to plot the graph of x to the power
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FIGURE 5-3: The functions xa, for small positive a.
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of one trillionth, (that is, of x0.000000000001), it would look pretty darn
flat. It would, in fact, be hard to distinguish from the “flat trace” at a
height of 1 above the x-axis—not at all like that elegant ascending
curve of the log function. The log curve would cross it a tiny distance
east of e. It’s increasing, though, even if terrifically slowly, and the log
curve is getting flatter; and sooner or later they re-cross, and then,
forever after, the log curve lies below the x0.000000000001 curve. The cross-
ing point in this particular case actually occurs at an argument too
big for me to write out; the number starts: 44,556,503,846,304,183 …
and continues for a further 13,492,301,733,606 digits.

It’s as if log x were trying to be x0. It is not x0, of course; for any
positive number x, x0 is defined to be 1, by Power Rule 4. Its graph is
the flat trace, as I showed earlier. Yet even though log x is not equal to
x0, it nonetheless manages to dip below, and stay below, x ε , for any
number ε , no matter how tiny, when x is large enough.27

The matter is, in fact, even stranger than that. Consider this state-
ment: “The function log x eventually increases more slowly than x0.001,
or x0.00001, or x0.0000001, or….” Suppose I raise this whole statement to
some power—say, the hundredth power. (This is not a very rigor-
ously mathematical procedure, I admit, but it gives a true result.)
Applying Power Rule 3, the statement will then read: “The function
(log x)100 eventually increases more slowly than x0.1, or x0.001, or x0.00001,
or….” In other words, since log x increases more slowly than any
power of x, the same is true of any power of log x. Each one of the
functions (log x)2, (log x)3, (log x)4, …, (log x)100, …, increases more
slowly than any power of x. Any power of log x eventually increases
more slowly than any power of x. The graph of (log x)N will eventually
drop below, and for ever after stay below, the graph of x ε , no matter
how big N is or how small ε  is.

This is hard to visualize. Those functions (log x)N increase fast,
and then very fast. Still, if you go far enough out to the east in Figure
5-3, every one of them will eventually, at some argument of stupen-
dous size, drop below the x0.3 curve, the x0.2 curve, the x0.1 curve, and
any other curve of this family you might care to draw. You need to go
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out east to the neighborhood of x = 7.9414 × 103959 before (log x)100

drops below the x0.1 curve; but eventually it does.

V. Some of this I am going to use right away; some I shall leave
lying here for future reference. All of it is important to the under-
standing of the Riemann Hypothesis, and I urge you to try out some
of the main points, to check your understanding of them, before pro-
ceeding. A pocket calculator is good for this. You might, for example,
find log 2 (which is 0.693147…) and log 3 (which is 1.098612…) and
confirm that by adding them together you do indeed get log 6 (which
is 1.791759…). Please notice, however, that because of the older use
for base-10 logs that I mentioned, the “log” key on many pocket cal-
culators delivers log to base 10. For the only log I care about, log to
base e, such calculators generally provide an alternative key labeled
“ln.” That’s the key you need. (The “n” stands for “natural”; log to
base e is properly called “the natural log.”)

Now, let’s return to the Basel problem.

VI. As an illustration of what I said in section I about the search for
closed-form solutions yielding important insights, Euler’s solution of
the Basel problem not only gave a closed form for the reciprocal-
squares series; as a by-product, it also gave closed forms for
1 1

2
1
3

1
4

1
54 4 4 4+ + + + +  …, 1 1

2
1
3

1
4

1
56 6 6 6+ + + +  …, and so on. So long as N

is an even number, Euler’s result tells you the precise value, as a closed
form, of the infinite series shown in Expression 5-1.

1
1

2

1

3

1

4

1

5

1

6

1

7

1

8

1

9

1

10

1

11
+ + + + + + + + + + +

N N N N N N N N N N
L

Expression 5-1
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When N is 2, the series converges on π 2⁄6, as I said. When
N is 4, it converges on π 4⁄ 90; when N is 6 it converges on
π 6⁄ 945, and so on. Euler’s argument provided an answer
for every even number N. He himself, in a later publication,
took the argument all the way out to N = 26, when the series con-
verges to 1315862 π 26

⁄ 11094481976030578125.

But what if N is odd? Euler’s result has nothing to say about that.
Neither has any other result in the 260-odd years since. We have no
clue about the closed form for 1 1

2
1
3

1
4

1
53 3 3 3+ + + + +  …, if there even is

one, nor the equivalent for any other odd number. Nobody has been
able to find closed forms for these series. We know that they con-
verge, and we can of course, by brute calculation, get their values to
any required degree of accuracy. We just don’t know what they mean.
They are, in fact, very difficult numbers. It was not until 1978 that
1 1

2
1
3

1
4

1
53 3 3 3+ + + + +  … was even proved irrational.28

So by the middle of the eighteenth century, quite a lot of
mathematicians were thinking about the infinite series in
Expression 5-1. Precise values—closed forms—were known for all
even numbers N, while for the odd numbers, approximate values
could be got by just adding up enough terms. Remember that when
N is 1, the series is just the harmonic series, which diverges. Table 5-1
shows values for Expression 5-1—which, just to remind you, is

1 1
2

1
3

1
4

1
5

1
6

+ + + + + +N N N N N …

TABLE 5-1

N Value of Expression 5-1

1 (No value)

2 1.644934066848

3 1.202056903159

4 1.082323233711

5 1.036927755143

6 1.017343061984
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(to 12 decimal places). This looks like one of those snapshots of a
function that I spoke about in Chapter 3.iv. Sure enough, it is. Recall
the statement of the Riemann Hypothesis that I gave in my Prologue.

The Riemann Hypothesis
All non-trivial zeros of the zeta function

have real part one-half.

Table 5-1 is your first glimpse of Riemann’s zeta function, and there-
fore a first step toward understanding the Riemann Hypothesis.

VII. Since, in the earlier sections of this chapter, I went to the
trouble of defining the meaning of “xa” for any number a, not just
whole numbers, I am under no obligation to restrict the number N in
Expression 5-1 to whole numbers. I can, in my imagination, let it
roam freely over fractions, negative numbers, and irrational num-
bers. There is no guarantee that the infinite series will converge for all
numbers—we already know from Chapter 1.iii that it doesn’t when
N = 1. But we can at least entertain the possibility.

In honor of this new realization, I am going to change the “N” to
a different letter, one that has less traditional association with whole
numbers. The obvious choice is, of course, “x.” Riemann himself,
however, did not use “x” in his 1859 paper. These matters were not so
settled in his day. He used “s” instead; and so momentous was that
1859 paper that every succeeding mathematician has followed him.
In studies of the zeta function, the argument is always given as “s.”

Here then, at last, is the Riemann zeta function (zeta, written “ζ ,”
being the sixth letter of the Greek alphabet).

ζ s
s s s s s s s s s s( ) = + + + + + + + + + + +1

1

2

1

3

1

4

1

5

1

6

1

7

1

8

1

9

1

10

1

11
L

Expression 5-2
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VIII. Before going any further, let me introduce a handy math-
ematical notation that cuts down on typing. (Do you think it’s easy,
getting stuff like Expression 5-2 into Microsoft Word?)

If mathematicians want to add up a lot of terms that all have the
same pattern, they use the Σ  sign. That’s a capital sigma, the eigh-
teenth letter of the Greek alphabet, the Greek “s” (for “sum”). The
way it works is, you stick the pattern “under” (which actually means
to the right, though we illogically say “under”) the sigma sign. Then
at bottom and top of the sigma, you declare where your sum will start
and end. This expression, for example,

n
n

n

=

=

∑
12

15

is mathematicians’ shorthand for 12 13 14 15+ + + . The sigma
says “add ’em up”; the expressions at the top and bottom of the sigma
tell us when to start and when to finish adding; and the expression
“under” (to the right of) the sigma tells us what, exactly, is being
added—in this case, n .

Mathematicians are not especially strict about the style of these
expressions. That one, for example, would probably be written

n
12

15

∑
since it is obvious that it must be “n” that’s going from 12 to 15. Now,
using the sigma sign, I can save myself a lot of fiddling around with
symbols by rewriting Expression 5-2 as

ζ s
ns

n

( ) =
=

∞

∑ 1

1

Or equivalently, bearing in mind Power Rule 5,

ζ s n s

n

( ) = −

=

∞

∑
1
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In fact, since “n” is so commonly and obviously used to stand for the
positive whole numbers 1, 2, 3, 4, …, mathematicians are generally
even more terse, just writing

ζ s n s

n

( ) = −∑
which, again, is Riemann’s zeta function. This is pronounced “Zeta of
s is defined to be the sum over all n of n to the power of minus s.”
Here, “all n” is understood to mean “all positive whole numbers n.”

IX. Having got the zeta function set up as a neat expression, let’s
turn our attention to that argument “s.” We know, from Chapter 1.iii,
that when s is 1, the series diverges, so that the zeta function has no
value. When s is 2, 3, 4, … it always converges, though, and we get
values for the zeta function (see Table 5-1). In fact, you can show that
the series converges for any number bigger than 1. When s is 1.5, it
converges to 2.612375…. When s is 1.1, it converges to 10.584448….
When s is 1.0001 it converges to 10,000.577222…. It might seem odd
that the series diverges when s = 1 but yet manages to converge for
s = 1.0001. This is a common situation in math, though. In fact, when
s gets very close to 1, the zeta function behaves remarkably like
1 ⁄ (s – 1). This, too, has a value for any number s except when s is
precisely equal to 1, because the denominator is then zero, and you
can’t divide by zero.

Perhaps a graph will make things clearer. Figure 5-4 is a graph of
the zeta function. You can see that as s approaches the number 1 from
the right, the function value shoots up to infinity; and as s itself goes
off to infinity at the far right, the function value gets closer and closer
to 1. (I’ve drawn in the line s = 1 and the constant function 1, both
dashed.)

The graph doesn’t show any part of the function to the left of the
line s = 1. That’s because so far I’ve been assuming that s is greater
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than 1. What if it isn’t? What if, for example, s is zero? Well, then
Expression 5-3 would look like this:

ζ (0) = 1
1

2

1

3

1

4

1

5

1

6

1

7

1

8

1

9

1

10

1

110 0 0 0 0 0 0 0 0 0
+ + + + + + + + + + +L

By Power Rule 4, this sum is 1 + 1 + 1 + 1 + 1 + 1 +…, which pretty
obviously diverges. Add a hundred terms, the sum is a hundred; add a
thousand, the sum is a thousand; add a million, the sum is a million.
Yep, it diverges.

For negative numbers, things are even worse. What value does
Expression 5-2 have if x is −1? From Power Rule 5, 2−1 is just 1

2 , 3−1 is

1 2 3 4

1

2

3

4

s

ζ( )s

FIGURE 5-4 The zeta function, for arguments greater than 1.

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003



RIEMANN’S ZETA FUNCTION 81

just 1
3 , and so on. Since 1 ⁄ 1

2 is just 2,  1 ⁄ 1
3

 is just 3, etc., the series
looks like this, 1 + 2 + 3 + 4 + 5 +…. Definitely divergent. How about
x = 1

2 ? Since 2
1
2  is just 2  etc., the series is

ζ ( 1
2 ) = 1

1

2

1

3

1

4

1

5

1

6

1

7

1

8
+ + + + + + + +L

Since the square root of any whole number is smaller than the num-
ber, each term in this series is bigger than the corresponding term in
1 1

2
1
3

1
4

1
5

1
6

1
7+ + + + + + +  …. (Basic algebra: if a is smaller than b, then

1 ⁄ a is bigger than 1 ⁄ b. For example, 2 is smaller than 4, but 1
2  is

bigger than 1
4 .) That series diverges, so this one must, too. Sure

enough, if you take the trouble to actually work out the sums and add
them up, you see that the first ten terms add up to 5.020997899…,
the first hundred add up to 18.589603824…, the first thousand add
up to 61.801008765…, the first ten thousand to 198.544645449…and
so on.

It seems that the graph shows all that can be shown of the
Riemann zeta function. There’s no more. The function has values only
when s is greater than 1. Or, as we now know to say, using the proper
term of art, the domain of the zeta function is all numbers greater
than 1. Right? Wrong!
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