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THE GREAT FUSION

The Chinese word Taiye (pro-
nounced “tie-yeah”) translates literally as “ultimate grandpa.” It is the
title given in my wife’s family to her paternal grandfather. Visiting
China in the summer of 2001, our first duty was to call on Taiye. The
family is immensely proud of him, for he has lived to age 97 in good
health and with a clear head. “Ninety-seven years old now!” they all
told me. “You should see him!” Well, I did see him—a fine cheerful
Buddha of a man, his face glowing ruddy and his mind still sharp.
Whether he was actually 97 at the time is, however, an interesting
point.

Taiye was born on the third day of the twelfth lunar month of
the lunar year named yi si in the traditional “Heaven-Earth” year-
numbering system. This day was December 28, 1905, on the Western
calendar. Since my visit occurred early in July 2001, Taiye’s age at the
time was, in the modern western reckoning, 951⁄2 years and a few
days. So why was everyone telling me that he was 97? Because in the
old Chinese style, which Taiye clove to, he was one year old at birth,
and another one year old when each Lunar New Year rolled round—
which one did, on January 24, 1906, by our calendar, 27 days after his

I.
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birth. Not yet one month in the world, and he was already two years
old! Thus, when the Lunar New Year arrived in 2001 (also on January
24, as it happened, though Lunar New Year can fall on any date be-
tween January 21 and February 20), Ultimate Grandpa hailed it as
his 97th year.

There is nothing wrong with the logic behind this traditional
Chinese system of reckoning age. You come into the world on a cer-
tain day. That day belongs to a certain year. Obviously, that is your
first year. If, 28 days later, a new year dawns—well, that will be your
second year. It all makes perfect sense. The only reason it seems odd is
that in the matter of computing our ages, modern people (in China
as well as in the West) have got accustomed to dealing with time as
something to be measured. In Taiye’s young days, the Chinese thought
of a person’s age as something to be counted.

II. This distinction between numbers for counting and numbers
for measuring reaches deep into human habits of thought and speech.
It is as if with one part of our minds we perceive the world as made
up of distinct, solid objects that can be tallied; while with another, we
see it as a collection of fabrics, grains, or fluids, to be divided up and
measured. Keeping the two notions straight does not come easily. My
son, six years old, still confuses “many” with “much.” To a friend, after
the Christmas festivities, “How much presents did you get?”

Our perceptions of the world are mirrored in our languages. The
English language takes the world to be mainly a countable place: one
cow, two fishes, three mountains, four doors, five stars. Somewhat
less frequently, our language takes the world to be measurable: one
blade of grass, two sheets of paper, three head of cattle, four grains of
rice, five gallons of gasoline. The words “blade,” “sheet,” “head,”
“grain,” and “gallon,” though of course some of them have lives of
their own, here are acting as units of measurement. The Chinese lan-
guage, by contrast with English, takes very nearly the whole of cre-
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ation to be measurable. One of the minor chores of learning Chinese
is memorizing the right “measure word” (that is a precise translation
of the Chinese grammatical term liang ci) for each noun: one head of
cow, two sticks of fish, three plinths of mountain, four fans of door,
five grains of star. In the entire Chinese language there are only two
words that can always be let loose grammatically without a measure
word: “day” and “year.” Everything else—cows, fishes, mountains,
doors, stars—is a kind of stuff that must be divided up and measured
out before we can talk about it.

The much/many confusion has occasioned much argument and
many inconveniences. At the time of the millennium, for example,
which most of us celebrated when the year 1999 turned into the year
2000, there was an irritating minority of dissidents who said we had
it all wrong. The source of their complaint was the true fact that our
common calendar was set up without a year zero. The first day of the
year 1 C.E. was preceded by the last day of the year 1 B.C.E. This was
because Dionysus Exiguus, the sixth-century monk who imposed a
Christian year-numbering system on the months and days of Julius
Caesar’s calendar, regarded years as countable things, just as our Taiye
does. The first year of the Christian era was, therefore, to be the year
1, the second was to be year 2, and so on.

The error is easily understood. Look at a common desk ruler.
(Not for the first time in this book. It is amazing how much math—
even higher math—can be referred back to the marks on a $1.89
ruler.) Yes, there are 12 inches marked on it. Yes, you can count them:
1, 2, 3, 4, …, 12. Ah, but if you are an ant, and you begin walking from
the left-hand end of the ruler to the right, and you have just covered
the first half-inch, where are you? In the middle of the first inch? Yes.
In the middle of inch 1, then? Sure, if you like. But what is the precise
measure of the distance you have walked? Well, it is 0.5 inches. Since
walking is a continuous process—since the ant will eventually traverse
every point of the ruler—this is a much more interesting and impor-
tant number for the mathematician. He therefore prefers to say that
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you are halfway (that is, .5 of the way) through the zero-th inch, giv-
ing a position 0.5.

Modern people are sufficiently sophisticated about mathematics
that they think like this quite naturally most of the time. That, in fact,
was the source of confusion for those millennium complainers—or
for the revelers late on the night of December 31, 1999, depending on
which point of view you want to take. The complainers were saying:
“If you measure the time from the starting instant of the common era
to the very end of the year 1999, you only have 1,999 complete years.
You should wait until 2,000 complete years have elapsed.” They were
imposing measuring logic on a system created according to counting
logic. The revelers, on the other hand, were saying: “Here comes year
number 2,000! Whoopee!”—pure counting logic. Yet these same rev-
elers might fall back on measuring logic if asked the age of their new
baby: “Oh, he’s just half a year old.” Which is to say, his age is 0.5
years—measuring logic, at least by contrast with the traditional Chi-
nese approach. (They might, of course, confuse the issue further by
saying: “Six months.…”)

I once got into a mild controversy with the writer and word-lover
William F. Buckley, Jr., about the word “data.” Is this a singular word or a
plural word? The word originated with the Latin verb dare, “to give.”
From this, by the ordinary processes of Latin grammar, a gerund (that
is, a verbal noun) can be formed: datum, meaning “that which is
given.” From this, in turn, you can make a plural: data—“those things
that are given.” However, we are speaking English, not Latin. Plenty of
Latin plurals are used as English singulars—agenda, for example.
Nobody says “The agenda are prepared.” English is our language; if we
borrow a word from another tongue, we can do with it as we please.

Having worked with data all my adult life, I know very well what
it is. It is a stuff, made up of innumerable tiny particles, indistinguish-
able one from another—like rice, sand, or grass. This kind of stuff
needs to be referred to, in English, with singular verb forms (“The
rice is cooked”) or measure words. If you want to pluck out one par-
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ticle and address it, you use a measure word: “A grain of rice,” “An
item of data.” This is, in fact, how people who make a living handling
data do speak, by instinct. Among people whose business is data, no-
body ever says “One datum, two data.” If people did say this, nobody
would understand them. The grammarians, however, still want us to
say “The data are.…” I predict they will lose the battle eventually.

As a final example, one that used to puzzle me in my Church of
England schooldays, consider the three days that Jesus Christ lay in
his tomb before being resurrected, according to his own prophecy,
“After three days I will rise again.” Three days? The Crucifixion oc-
curred on a Friday—Good Friday. The Resurrection occurred on a
Sunday. That’s 48 hours, measure-wise, but of course 3 days (Friday,
Saturday, Sunday) counting-wise, which is how the Hellenized intel-
lectuals who compiled the New Testament reckoned it.

The Riemann Hypothesis
All non-trivial zeros of the zeta function

have real part one-half.

The Riemann Hypothesis was born out of an encounter, what
my chapter heading calls a great fusion, between counting logic and
measuring logic. To put it in precise mathematical terms; it arose
when some ideas from arithmetic were combined with some from
analysis to form a new thing, a new branch of the mathematical tree,
analytic number theory.

To summarize the traditional categories of mathematics that I
gave in Chapter 1.viii.

� Arithmetic—The study of whole numbers and fractions.
� Geometry—The study of figures in space.
� Algebra—The use of abstract symbols to represent mathemati-

III.
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cal objects (numbers, lines, matrices, transformations), and
the study of the rules for combining those symbols.

� Analysis—The study of limits.

This fourfold scheme was well established in people’s minds
around 1800, and the great fusion I am going to describe in this chap-
ter was a fusion of ideas which, until 1837, had lived separate lives
under two of the above headings, arithmetic and analysis. This fusion
created the discipline of analytic number theory.

We are quite blasé about these leaps of imagination nowadays,
and perhaps a little better at them. Today, in fact, as well as analytic
number theory, there is an algebraic number theory and a geometric
number theory. (I shall introduce some algebraic number theory in
Chapter 20.v.) In the 1830s, however, it was a very striking thing, to
yoke together concepts from two areas previously thought to be un-
connected. Before I can introduce you to the principal player in this
phase of the story, though, I need to say a little more about those two
disciplines he brought together.

IV. At the time I am speaking of—the early nineteenth century—
analysis was still the newest and sexiest branch of math, where the
greatest advances were being made and the keenest minds were work-
ing. We knew more about arithmetic, geometry, and algebra at the
end of the nineteenth century than we did at the beginning, but we
knew way more about analysis. At the opening of that century, in fact,
the most fundamental concept of analysis, the concept of a limit, was
not clearly understood even by the best minds. If you had asked Euler,
or even the young Gauss,what analysis was all about, he would have
said: “It is about the infinite and the infinitesimal.” If you had then
asked Euler what, precisely, the infinite is, he would have had a
coughing fit and left the room, or else opened a discussion about the
meaning of “is.”

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003



88 PRIME OBSESSION

Analysis really dates from the invention of calculus by Newton
and Leibnitz in the 1670s. Certainly the idea of limit, the idea that
separates analysis from the rest of math, is fundamental to calculus. If
you ever sat through a calculus class at school, you probably have
some dim memory of a graph showing a curve with a straight line
intersecting it at two points. “Now,” says the instructor, “if you let the
two points come closer and closer together, in the limit…” and you
forget the rest.

Calculus is not the whole of analysis—the divergence of the har-
monic series is a theorem in analysis, but it does not belong to calcu-
lus, which did not exist in Nicole d’Oresme’s time. There are other
quite large areas of analysis that do not strictly belong in calculus.
Measure theory, for example, developed by Henri Lebesgue in 1901,
and a chunk of set theory. I think it’s fair to say, though, that even
these newer non-calculus areas of analysis were opened up with the
idea of improving calculus—in Lebesgue’s case, of getting a better
definition of “integral.”

The concepts that analysis deals with—“the infinite and the in-
finitesimal,” as Euler would have said; “limits and continuity,” his
modern counterpart would insist—are among the most difficult for
the human mind to grasp. This is why calculus is so fearsome to so
many intelligent people. The causes of all the bafflement were stated
very early on in the history of math—in about 450 B.C.E., by a Greek
philosopher named Zeno. How (asked Zeno) is motion possible? How
can we say that an arrow moves, if, at any given instant, it must be
somewhere? If all time is composed of instants, and motion is not
possible in any given instant, then how is motion possible at all?

In the early eighteenth century, when calculus first became
known to the general educated public, the notion of infinitesimals
came in for much scorn. The Irish philosopher George Berkeley
(1685−1753—the California town is named after him) was a notable
skeptic: “And what are these evanescent increments? They are neither
finite quantities, nor quantities infinitely small, nor yet nothing. May
we not call them the ghosts of departed quantities?”
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The difficulty people have in grasping these ideas is a reminder
that mathematical thinking is, at some level, deeply unnatural. It goes
against all the grain of human thought and language. Never mind
analysis, this is true even of basic arithmetic. In the preface to
Principia Mathematica, Whitehead and Russell note that

[T]he very abstract simplicity of the ideas of this work defeat lan-

guage. Language can represent complex ideas more easily. The

proposition “a whale is big” represents language at its best, giving

terse expression to a complicated fact; while the true analysis of “one

is a number” leads, in language, to an intolerable prolixity.

(They weren’t kidding. Principia Mathematica takes 345 pages to de-
fine the number “1.”)

This is surely right. A whale is, by any standard of complexity
that makes sense, a vastly more complicated thing than “five,” yet it is
a much easier thing for the human mind to apprehend. Any tribe of
human beings that was acquainted with whales would certainly have
a word for them in their language; yet there are peoples whose lan-
guage has no word for “five” even though five-ness is there, quite lit-
erally, at their fingertips! I repeat, mathematical thinking is a deeply
unnatural way of thinking, and this is probably why it repels so many
people. And yet, if that repulsion can just be overcome, what benefits
flow! Consider the 2,000-year struggle to domesticate the concept of
“zero”—a number widely accepted as mathematically legitimate only
about 400 years ago. Where should we be nowadays without it?

Arithmetic, by contrast with analysis, is widely taken to be the
easiest, most accessible branch of math. Whole numbers? Obviously
useful for counting. Negative numbers? Indispensable if you want to
know the temperature on a cold day. Fractions? Well, of course I know
that a 3

8  nut won’t fit onto a 13
32  bolt. If you gave me a little time with

paper and pencil, I could probably tell you whether a 15
23  nut could fit

on a 29
44  bolt. What’s to be afraid of?
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In fact, arithmetic has the peculiar characteristic that it is rather
easy to state problems in it that are ferociously difficult to prove. It
was in 1742 that Christian Goldbach put forward his famous conjec-
ture that every even number greater than 2 can be expressed as the
sum of two primes. Twenty-six decades of effort by some of the best
minds on the planet have failed to prove or disprove this simple as-
sertion (which has inspired at least one novel, Apostolos Doxiadis’s
Uncle Petros and Goldbach’s Conjecture29). There are a thousand con-
jectures like this in arithmetic30; some proved, most still open.

This is undoubtedly what Gauss had in mind when he declined
to enter into a prize competition for the solution of Fermat’s Last
Theorem. To Heinrich Olbers, who had urged him to compete, Gauss
replied “I confess that Fermat’s Theorem … has very little interest for
me, because I could easily lay down a multitude of such propositions,
which one could neither prove nor dispose of.”

Gauss’s indifference is in this case a minority viewpoint, it must
be said. A problem that can be stated in a few plain words, yet which
defies proof by the best mathematical talents for decades or—in the
case of Goldbach’s Conjecture or Fermat’s Last Theorem—for centu-
ries, has an irresistible attraction for most mathematicians. They
know that they can achieve great fame by solving it, as Andrew Wiles
did when he proved Fermat’s Last Theorem. They know, too, from
the history of their subject, that even failed attempts can generate
powerful new results and techniques. And there is, of course, the
Mallory factor. When the New York Times asked George Mallory why
he wanted to climb Mount Everest, Mallory replied: “Because it’s
there.”

V. The connection between measuring and continuity is this. Since
there is no theoretical limit to the accuracy with which a quantity can
be measured, the list of all possible measurements is infinite, and in-
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finitely fine. Between a measurement of 2.3 inches and one of 2.4
inches there are intermediate, more precise, measurements of 2.31,
2.32, 2.33…, 2.39 inches; and these in turn can be subdivided ad in-
finitum. We can, therefore, in imagination, travel connectedly from
any measuring number to any other, passing over the infinitude of
other measuring numbers that lie between them, without ever find-
ing ourselves without (so to speak) a number to stand on. This idea
of connectedness—of traversing some space or some interval with-
out ever having to leap over a void—lies behind the vitally important
mathematical concepts of continuity and limit. In other words, it lies
behind all of analysis.

When counting, by contrast, there is nothing between seven and
eight; we must leap from one to the other, with no stepping-stones in
between. You can measure something at seven and a half units, but
you can’t count seven and a half objects. (You might object to this,
saying “What if I say I have seven and a half apples? Isn’t that a count-
ing statement?” To which the answer is “I might allow you to say so …
but only if you’re sure that is precisely one-half of an apple, as pre-
cisely as Larry, Curly, and Moe are precisely three people. Could it not
be 0.501 of an apple, or 0.497…?” And at once, if we want to resolve
the issue, we must pass into the realm of measuring. “Seven and a half
string quartets” is just cheating.)

The great fusion between arithmetic and analysis—between
counting and measuring, between numbers staccato and numbers
legato—came about as the result of an inquiry into prime numbers,
conducted by Lejeune Dirichlet in the 1830s. Dirichlet (1805−1859)
was, names notwithstanding, German, from a small town near
Cologne, where he got most of his education.31 The fact that he was a
German deserves a brief detour by itself; for the fusion of ideas from
arithmetic and analysis, carried out by Dirichlet and Riemann, hap-
pened within a broader social change in mathematics at large, the rise
of the Germans.
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VI. If you draw up a list of the dozen or so greatest mathematicians
at work in 1800, it looks something like this: Argand, Bolyai, Bolzano,
Cauchy, Fourier, Gauss, Germain, Lagrange (just), Laplace, Legendre,
Monge, Poisson, Wallace. A different writer, or this writer in a differ-
ent mood, might of course add a name here or subtract one there, but
without making any difference to the most striking feature of the list,
which is the near-total absence of Germans. Gauss is the only one.
There is one Scot, one Czech, one Hungarian, and one “disputed”
(Lagrange, baptized Giuseppe Lagrangia, is claimed by both Italy and
France). The rest are all French.

There were a great many more mathematicians at work in 1900,
so a list made up for that year would be correspondingly more likely
to start a fistfight. However, I believe that the following attains some
local minimum of controversiality: Borel, Cantor, Carathéodory,
Dedekind, Hadamard, Hardy, Hilbert, Klein, Lebesgue, Mittag-Leffler,
Poincaré, Volterra. Four Frenchmen, an Italian, an Englishman, a
Swede, and five Germans.32

The rise of the Germans to prominence in mathematics is inti-
mately related to some of the historical events I sketched in Chapters
2 and 4. For all of Frederick the Great’s reforms, the defeat at Jena in
1806 showed the Prussians that they still had some way to go in mod-
ernizing and strengthening their state. The rising nationalist passions
stimulated by the long wars against Napoleon, and by the Romantic
Movement, were an added spur to reform, in spite of having been
thwarted (as the nationalists saw it) by the failure of the Congress of
Vienna to unify the German-speaking peoples. In the years after Jena,
the Prussian army was reorganized on a basis of universal conscrip-
tion, serfdom was abolished, restrictions on industry were lifted,
taxation and the whole financial system were overhauled, and the
educational reforms of Wilhelm von Humboldt, already mentioned
in Chapter 2.iv, were instituted. The lesser German states took their
lead from Prussia, and Germany at large soon became a place hospi-
table to science, industry, progress, education—and, of course, math-
ematics.
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It should perhaps be added that there was another, lesser, reason
for the rise of nineteenth-century German mathematics. There was
Gauss. His is the only German name in that list I drew up for 1800;
but there go ten dimes to the dollar, and one Gauss was worth at
least ten ordinary mathematicians. The fact that Gauss was in his ob-
servatory at Göttingen and teaching (though he disliked teaching
and did as little as he could get away with) was sufficient to put Ger-
many, and Göttingen, on the mental map of anyone interested in
mathematics.

VII. That is the world in which Lejeune Dirichlet grew up. Born in
1805, he was of the generation before Riemann. The son of a post-
master in a small town 20 miles east of Cologne, in Prussia’s Rhine
province, Dirichlet was also among the first generation to benefit
from von Humboldt’s reformed gymnasium system of secondary
education. He must have been an exceptionally quick study, for by
age 16 he had acquired all the qualifications necessary for university
entrance. Already hooked on mathematics, he set off for what was
still the world capital of mathematical knowledge, Paris, carrying with
him the book he treasured above all others, Gauss’s Disquisitiones
Arithmeticae. In Paris, 1822−1825, Dirichlet attended lectures given
by many of the great French stars of that time, including at least four
from the list I presented earlier: Fourier, Laplace, Legendre, and Pois-
son.

In 1827, now 22 years old, Dirichlet returned to Germany to teach
at the University of Breslau in Silesia. (Breslau is now in Poland, and
appears on modern maps as the city of Wroc»aw.) He gained this
position with the assistance and encouragement of Alexander von
Humboldt, the explorer, and brother of Wilhelm. Both von
Humboldts were key players in these early nineteenth-century Ger-
man cultural developments.
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Outside Berlin, however, German universities were in the condi-
tion I have described in Chapter 2.vii, given over mainly to the train-
ing of teachers, lawyers, and so on. Dissatisfied with Breslau, Dirichlet
got a position in Berlin and spent most of his professional career—
1828−1855—teaching there. Among those he taught was a brilliant
but shy young scholar from the Wendland region of north Germany,
Bernhard Riemann, who had transferred from the University of
Göttingen in search of the finest mathematical instruction. I shall
have much more to say about Dirichlet’s influence on Riemann in
Chapter 8; here I note only the connection, and the fact that through
it, Riemann came to revere Dirichlet, considering him to be the sec-
ond greatest mathematician alive, after Gauss.

Dirichlet married Rebecca Mendelssohn, one of the sisters of the
composer Felix Mendelssohn, thereby forming one of the many
Mendelssohn-mathematics connections.33

We have some sketches of Dirichlet and his teaching style during
his Berlin years from Thomas Hirst, an English mathematician and
diarist who spent much of the 1850s traveling in Europe, taking in
mathematics wherever he could find it. During the fall and winter of
1852−1853 he was in Berlin, where he befriended Dirichlet and at-
tended his lectures. From Hirst’s diary:

31st October 1852: Dirichlet cannot be surpassed for richness of ma-

terial and clear insight into it: as a speaker he has no advantages—

there is nothing like fluency about him, and yet a clear eye and un-

derstanding make it dispensable: without an effort you would not

notice his hesitating speech. What is peculiar in him, he never sees

his audience—when he does not use the black-board at which time

his back is turned to us, he sits at the high desk facing us, puts his

spectacles up on his forehead, leans his head on both hands, and

keeps his eyes, when not covered with his hands, mostly shut. He

uses no notes, inside his hands he sees an imaginary calculation,

and reads it out to us—that we understand it as well as if we too saw

it. I like that kind of lecturing.
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14th November 1852: …Wednesday evening I spent with Dirichlet:

saw Mrs. Dirichlet again, found she was sister to Mendelssohn—she

played me several of her brother’s pieces, to which I listened with

great willingness.

20th February 1853: …Dirichlet has also his peculiarities—one is of

forgetting time; he pulls his watch out, finds it past three, and runs

out without even finishing the sentence.

VIII. For the purposes of this story, Dirichlet’s principal signifi-
cance is as follows. Inspired by a result Euler had proved precisely 100
years before, a result I hereby name “the Golden Key,” Dirichlet in
1837 brought together ideas from analysis and arithmetic to prove an
important theorem about prime numbers. This is generally consid-
ered to be the beginning of analytic number theory; of arithmetic
with limits. The title of Dirichlet’s groundbreaking paper was, I am
sorry to say, Beweis des Satzes, dass jede unbegrenzte arithmetische Pro-
gression, deren erstes Glied und Differenz ganze Zahlen ohne gemein-
schaftlichen Factor sind, unendlich viele Primzahlen enthält—“Proof
of the theorem that each unlimited arithmetic progression, whose
first member and difference are whole numbers without common
factor, contains infinitely many prime numbers.”

Take any two positive whole numbers and repetitively add one to
the other. If the two numbers have a common factor, every resulting
number has that factor, too; repetitively adding 6 to 15 gives you 15,
21, 27, 33, 39, 45, … all of which have 3 as a factor. If the two numbers
have no common factor, however, there is the possibility of getting
some primes in the list. If, for example, I repetitively add 6 to 35, I get
35, 41, 47, 53, 59, 65, 71, 77, 83, … which has lots of primes—along,
of course, with many non-primes like 65 and 77. How many primes?
Could this sequence contain an infinity of primes? In other words,
could it be that, for any number N, no matter how big, I could, by
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repetitively adding 6 to 35 enough times, turn up more than N
primes? Could any sequence like this, made from any two numbers
with no common factor, contain an infinity of primes?

Yes, it could. This is, in fact, precisely the case. Take any two num-
bers with no common factor and repetitively add one to the other.
You will generate an infinity of primes (mixed with an infinity of
non-primes). Gauss had conjectured that this was the case—know-
ing Gauss’s powers, one is tempted to say that he intuited it—but it
was decisively proved by Dirichlet in that 1837 paper. It was in
Dirichlet’s proof that the first part of the great fusion was accom-
plished.

The truth is even more interesting. Take any positive whole num-
ber, say, 9. How many of the numbers less than 9 have no factor in
common with it, not counting 1 as a factor? Well, there are six such
numbers, and here they are: 1, 2, 4, 5, 7, 8. Take each one of these in
turn, and repetitively add 9 to it.

1: 10, 19, 28, 37, 46, 55, 64, 73, 82, 91, 100, 109, 118, 127, …

2: 11, 20, 29, 38, 47, 56, 65, 74, 83, 92, 101, 110, 119, 128, …

4: 13, 22, 31, 40, 49, 58, 67, 76, 85, 94, 103, 112, 121, 130, …

5: 14, 23, 32, 41, 50, 59, 68, 77, 86, 85, 104, 113, 122, 131, …

7: 16, 25, 34, 43, 52, 61, 70, 79, 88, 97, 106, 115, 124, 133, …

8: 17, 26, 35, 44, 53, 62, 71, 80, 89, 98, 107, 116, 125, 134, …

Not only does every one of those sequences contain an infinity of
primes (I have underlined them), but each of the six sequences con-
tains the same proportion of primes. In other words, if you imagine
each sequence stretching out to the neighborhood of some very large
number N, instead of merely to the neighborhood of 134, then each
contains about the same number of primes, about 1

6 (N ⁄ log N), if the
Prime Number Theorem is true (which had not yet been proved in
Dirichlet’s time). If N is 134, 1

6 (N ⁄ log N) is about 4.55983336…. The
six sequences I’ve shown turn up 5, 5, 4, 5, 4, and 5 primes, for an
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average of 4.6666…; high by 2.3 percent, which is pretty good for
such a small sample size.

To prove his result, Dirichlet began with a form of arithmetic
developed at great length by Gauss in Disquisitiones Arithmeticae.
Mathematicians call it “the arithmetic of congruences.” You can
think of it as clock arithmetic. Temporarily replace the 12 on a clock
face with 0. The 12 hours of the clock now read 0, 1, 2, 3, … up to
11. If the time is eight o’clock, and you add 9 hours, what do you
get? Well, you get five o’clock. So in this arithmetic, 8 + 9 = 5; or, as
mathematicians say, 8 + 9 ≡ 5 (mod 12), pronounced “eight plus nine
is congruent to five, modulo twelve.” The phrase “modulo twelve”
means “I am working from a clock-face with twelve hours marked, 0
to 11.” This may seem trivial, but in fact the arithmetic of con-
gruences goes very deep and is full of strange and difficult results.
Gauss was a great grand master of it; not one of the seven sections
of Disquisitiones Arithmeticae is free from that “≡” sign.

The Disquisitiones, remember, was the constant companion of
Dirichlet’s younger years. When he came to this problem, in 1836 or
1837, he was in his early 30s and must have completely internalized
Gauss’s work on congruences. Then somehow, Euler’s 1737 result—
“the Golden Key”—came to his attention. It gave him an idea; he put
the two things together, applied some elementary techniques of analy-
sis, and got his proof.

IX. Dirichlet was thus the first to pick up the Golden Key, the link
between arithmetic and analysis, and make serious use of it. In terms
of the analogy I am using, it would be a bit too much to say that he
turned the key. I would rather say that he picked it up, sensed its
beauty and potential power, set it down again, then used it as a model
for a similar key—a silver key, you might say—to unlock the particu-
lar problem he had in front of him. The great fusion, analytic number
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theory, did not appear in its full glory until 22 years later, in Riemann’s
paper of 1859.

Recall, though, that Riemann was one of Dirichlet’s students and
certainly knew of the older man’s work. In the opening paragraph of
the 1859 paper, in fact, he mentioned Dirichlet’s name in conjunc-
tion with that of Gauss. They were his two mathematical idols. If it
was Riemann who turned the key, it was Dirichlet who first showed it
to him and demonstrated that it was a key to something or other; and
it is to Dirichlet that the immortal glory of inventing analytic num-
ber theory properly belongs.

But what, exactly, is this Golden Key? What was it that Leonhard
Euler, working away by candlelight in his room, the secret police of
the Bironovschina prowling the streets of St. Petersburg outside, left
lying around for Dirichlet to find a hundred years later?
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7
THE GOLDEN KEY,
AND AN IMPROVED

PRIME NUMBER THEOREM

The patient reader will have noticed
that the mathematical chapters of this book have been moving on
two tracks. Chapters 1 and 5 were all about those infinite sums, lead-
ing up to a mathematical object named, by Riemann, “the zeta func-
tion”; Chapter 3 was concerned with primes, taking its lead from the
title of Riemann’s 1859 paper and proceeding from there to the Prime
Number Theorem (PNT). Obviously, both issues—the zeta function
and the primes—are connected through Riemann’s interest in them.
In fact, by yoking the two concepts together in a certain way, by turn-
ing the Golden Key, Riemann opened up the whole field of analytic
number theory. But how did he do that? What’s the connection? What
is the Golden Key? In this chapter I aim to answer that question—to
show you the Golden Key. Then I shall begin preparations for turning
the Golden Key by offering an improved version of the PNT.

I.
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II. It begins with the “sieve of Eratosthenes.” The Golden Key is, in
fact, just a way that Leonhard Euler found to express the sieve of Era-
tosthenes in the language of analysis.34

Eratosthenes of Cyrene (nowadays the little town of Shahhat in
Libya) was one of the librarians at the great library of Alexandria.
Around 230 B.C.E.—70 years or so after Euclid—he developed his
famous sieve method for finding prime numbers. It works like this.
First, write down all the whole numbers, starting with 2. Of course,
you can’t write them all, so let’s make do with 100 or so.

2 3 4 5 6 7 8 9 10 11 12 13 14 15

16 17 18 19 20 21 22 23 24 25 26 27 28 29

30 31 32 33 34 35 36 37 38 39 40 41 42 43

44 45 46 47 48 49 50 51 52 53 54 55 56 57

58 59 60 61 62 63 64 65 66 67 68 69 70 71

72 73 74 75 76 77 78 79 80 81 82 83 84 85

86 87 88 89 90 91 92 93 94 95 96 97 98 99

100 101 102 103 104 104 106 107 108 109 110 111 112 113

Now, starting from 2, and leaving 2 untouched, remove every
second number from 2 on. The result is

2 3 . 5 . 7 . 9 . 11 . 13 . 15

. 17 . 19 . 21 . 23 . 25 . 27 . 29

. 31 . 33 . 35 . 37 . 39 . 41 . 43

. 45 . 47 . 49 . 51 . 53 . 55 . 57

. 59 . 61 . 63 . 65 . 67 . 69 . 71

. 73 . 75 . 77 . 79 . 81 . 83 . 85

. 87 . 89 . 91 . 93 . 95 . 97 . 99

. 101 . 103 . 104 . 107 . 109 . 111 . 113

The first number left unscathed after 2 is 3. Leave 3 untouched,
but remove every third number from 3 on, if it hasn’t already been
removed. The result is
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2 3 . 5 . 7 . . . 11 . 13 . .

. 17 . 19 . . . 23 . 25 . . . 29

. 31 . . . 35 . 37 . . . 41 . 43

. . . 47 . 49 . . . 53 . 55 . .

. 59 . 61 . . . 65 . 67 . . . 71

. 73 . . . 77 . 79 . . . 83 . 85

. . . 89 . 91 . . . 95 . 97 . .

. 101 . 103 . . . 107 . 109 . . . 113

The first number left unscathed after 3 is 5. Leave 5 untouched, but
remove every fifth number from 5 on, if it hasn’t already been re-
moved. The result is

2 3 . 5 . 7 . . . 11 . 13 . .

. 17 . 19 . . . 23 . . . . . 29

. 31 . . . . . 37 . . . 41 . 43

. . . 47 . 49 . . . 53 . . . .

. 59 . 61 . . . . . 67 . . . 71

. 73 . . . 77 . 79 . . . 83 . .

. . . 89 . 91 . . . . . 97 . .

. 101 . 103 . . . 107 . 109 . . . 113

The first number left unscathed after 5 is 7. The next step would
be to leave 7 untouched, but remove every seventh number from 7
on, if it hasn’t already been removed. The first number left unscathed
after 7 would then be 11, and so on.

If you keep doing this for ever, the numbers you are left with are
all the primes. That is the sieve of Eratosthenes. If you stop just before
processing prime p—that is, just before removing every pth number
that wasn’t already removed—you have all the primes less than p2.
Since I stopped before processing 7, I have all the primes up to 72,
which is 49. After that you see some numbers, like 77, that are not
prime.

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003



102 PRIME OBSESSION

III. The sieve of Eratosthenes is pretty straightforward, and 2,230
years old. How does it get us into the middle of the nineteenth cen-
tury, and deep results in function theory? Here’s how.

I am going to repeat the process I went through above. (That’s
why I went through it so painstakingly.) This time, however, I’m go-
ing to apply it to Riemann’s zeta function, which I defined at the end
of Chapter 5. Here is the zeta function for some number s bigger
than 1.

ζ s
s s s s s s s s s s( ) = + + + + + + + + + + +1

1

2

1

3

1

4

1

5

1

6

1

7

1

8

1

9

1

10

1

11
K

Note that writing it in this way involves writing out all the positive
whole numbers—which is how we started off the sieve of Era-
tosthenes (except that this time I included 1).

What I’m going to do is multiply both sides of the equals sign by
1
2s . This gives me

1

2

1

2

1

4

1

6

1

8

1

10

1

12

1

14

1

16

1

18s s s s s s s s s s
sζ( ) = + + + + + + + + +K

because of Power Rule 7 (which, for example, makes 2s times 7s equal
to 14s). Now I’ll subtract the second of these expressions from the
first. On the left-hand sides I have one of ζ (s), and I have 1

2s  of it.
Subtracting

1
1

2
1

1

3

1

5

1

7

1

9

1

11

1

13

1

15

1

17

1

19
−



 ( ) = + + + + + + + + + +

s s s s s s s s s s
sζ K

The subtraction eliminated all the even-numbered terms from
the infinite sum. I’m left with just the odd-numbered terms.

Remembering the sieve of Eratosthenes, I’ll now multiply both
sides of this equals sign by 1

3s , 3 being the first unscathed number on
the right-hand side.

1

3
1

1

2

1

3

1

9

1

15

1

21

1

27

1

33

1

39

1

45

1

51

s s

s s s s s s s s s

s−



 ( ) =

+ + + + + + + + +

ζ

K
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Now subtract this expression from the one before. When sub-
tracting the left-hand sides, treat 1 1

2
−( )s sζ( ) as a blob, a single num-

ber (which of course it is, for any given s). I have one of this blob, and
I have 1

3s  of it. Subtracting, I get 1 1
3

−( )s  of it.

1
1

3
1

1

2

1
1

5

1

7

1

11

1

13

1

17

1

19

1

23

1

25

1

29

−





−



 ( ) =

+ + + + + + + + + +

s s

s s s s s s s s s

sζ

K

All the multiples of 3 have vanished from the infinite sum. The first
unscathed number on the right is now 5.

If I multiply both sides by 1
5s , the result is

1

5
1

1

3
1

1

2

1

5

1

25

1

35

1

55

1

65

1

85

1

95

1

115

s s s

s s s s s s s s

s−





−



 ( ) =

+ + + + + + + +

ζ

L

And now, subtracting this equation from the previous one, and this
time treating 1 11

3
1
2

−( ) −( )s s sζ( ) as a single blob, I have one of it, and I
have 1

5s  of it. Subtracting

1
1

5
1

1

3
1

1

2

1
1

7

1

11

1

13

1

17

1

19

1

23

1

29

1

31

−



 −



 −



 ( ) =

+ + + + + + + + +

s s s

s s s s s s s s

sζ

K

All the multiples of 5 vanished in the subtraction, and the first num-
ber left unscathed on the right is 7.

Notice the resemblance to the sieve of Eratosthenes? Actually, you
should first notice the difference. When doing the original sieve, I
chose to leave each original prime standing, deleting only its mul-
tiples by 2, 3, 4, .… Here, I eliminate the original prime from the
right-hand side in the subtraction, along with all its multiples.

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003



104 PRIME OBSESSION

If I keep doing this up to some decently large prime, let’s say 997,
I have this.

1
1

997
1

1

991
1

1

5
1

1

3
1

1

2
−





−





−





−





−



 ( ) =

s s s s s
sK ζ

1
1

1009

1

1013

1

1019

1

1021
+ + + + +

s s s s
K

Now, that right-hand side, if s is any number bigger than 1, is just
a tiny bit bigger than 1 itself. If s is 3, for example, it works out to
1.00000006731036081534.… So it is not too improbable to say that if
you repeated the process forever, you’d get the result shown in Ex-
pression 7-1.

K 1
1

13
1

1

11
1

1

7
1

1

5
1

1

3
1

1

2
1−





−





−





−





−





−



 ( ) =

s s s s s s
sζ

Expression 7-1

for any number s bigger than 1, with the left-hand side having one
bracketed expression for every prime number, stretching away for-
ever to the left. Dividing each side of the expression repeatedly by
each of the parentheses in turn, I get the result shown in Expression
7-2.

ζ s

s s s s s s

( ) =
−

×
−

×
−

×
−

×
−

×
−

×1

1
1

2

1

1
1

3

1

1
1

5

1

1
1

7

1

1
1

11

1

1
1

13

K

Expression 7-2

IV. That is the Golden Key. To show it to you in all its elegance, let
me clean it up a little. I don’t like fractions with fractional denomina-
tors any more than you do, and there is a useful bit of mathematical
notation I can introduce here to save on typing.
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First, remember from Power Rule 5 that a−N means 1 ⁄ aN, and a−1

means 1 ⁄ a. I can therefore write Expression 7-2 somewhat more suc-
cinctly as

ζ s s s s s s( ) = −( ) −( ) −( ) −( ) −( )− − − − − − − − − −
1 2 1 3 1 5 1 7 1 11

1 1 1 1 1
K

There is an even neater way to write this. Recall the Σ  notation from
Chapter 5.viii. When I am adding up a bunch of terms with the same
pattern, I can write the sum in shorthand using the Σ  sign. Well,
there is an equivalent thing for when I am multiplying terms that all

conform to a pattern, the Π  sign. That’s a capital Greek letter “pi,” for

“product.” Here is Expression 7-2 written using the Π  sign.

ζ s p s

p

( ) = −( )− −∏ 1 1

This is pronounced “Zeta of s equals the product over all primes of
one minus p to the minus s, to the minus one.” The little “p” beneath

the Π  sign is understood to mean “over all primes.”35 Remembering
the definition of ζ (s) as an infinite sum, I can rewrite the left-hand
side and get Expression 7-3.

The Golden Key

n ps

n

s

p

− − −∑ ∏= −( )1 1

Expression 7-3

Both the sum on the left and the product on the right go all the
way to infinity. This, in fact, offers another proof that the primes never
end. If they did end, the right-hand side product would end, there-
fore working out to some finite number, no matter what the value of
s. When s = 1, however, the left-hand side is the harmonic series from
Chapter 1, which “adds up to infinity.” Since it cannot be the case that
an infinity on the left equals a finite number on the right, the number
of primes must be infinite.
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V. What, you may be wondering, is so all-fired special about Ex-
pression 7-3, that I have given it such a grandiloquent name?

The answer to that won’t become entirely clear until a later chap-
ter, when I actually turn the Golden Key. At this point, the main thing
to be impressed by—mathematicians, at any rate, find it extremely
impressive—is the fact that on the left-hand side of Expression 7-3
we have an infinite sum running through all the positive whole num-
bers 1, 2, 3, 4, 5, 6, …, while on the right-hand side we have an infinite
product running through all the prime numbers 2, 3, 5, 7, 11, 13, ….

Expression 7-3—the Golden Key—is actually named “the Euler
product formula.”36 It first saw the light of day, though arranged
slightly differently, in a paper with the title Variae observationes circa
series infinitas, written by Leonhard Euler and published in 1737 by
the St. Petersburg Academy. (The title translates as “Various Observa-
tions about Infinite Series”—compare the Latin with the translation,
and you can see what I meant back in Chapter 4.viii when I spoke of
the ease of reading Euler’s Latin.) The actual statement of the Golden
Key in that paper is as follows:

THEOREMA 8
Si ex serie numerorum primorum sequens formetur expressio

2 3 5 7 11

2 1 3 1 5 1 7 1 11 1

n n n n n

n n n n n

etc

etc

⋅ ⋅ ⋅ ⋅ ⋅
−( ) −( ) −( ) −( ) −( )

.

.

erit eius valor aequalis summae huius seriei

1
1

2

1

3

1

4

1

5

1

6

1

7
+ + + + + + +

n n n n n n
etc.

The Latin means “If from the series of prime numbers the fol-
lowing expression be formed … its value will be equal to the sum of
this series….” Again, once you know a basic few dozen word endings
(“-orum,” a genitive; “-etur,” a present subjunctive passive, etc.),
Euler’s Latin holds no terrors.
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When jotting down the ideas that make up this book, I first
looked through some of the math texts on my shelves to find a proof
of the Golden Key suitable for non-specialist readers. I settled on one
that seemed to me acceptable and incorporated it. At a later stage of
the book’s development, I thought I had better carry out authorial
due diligence, so I went to a research library (in this case the excellent
new Science, Industry and Business branch of the New York Public
Library in midtown Manhattan) and pulled out the original paper
from Euler’s collected works. His proof of the Golden Key covers ten
lines and is far easier and more elegant than the one I had selected
from my textbooks. I thereupon threw out my first choice of proof
and replaced it with Euler’s. The proof in part III of this chapter is
essentially Euler’s. It’s a professorial cliché, I know, but it’s true none-
theless: you can’t beat going to the original sources.

VI. Having shown you the Golden Key, I now have to begin prepa-
rations for turning it. This involves recapitulating a fair amount of
math, including a very small quantity of calculus. In the rest of this
chapter, I am going to present all the calculus you need to understand
the Hypothesis and its significance. Then, making a virtue of neces-
sity, I shall employ that calculus to present an improved version of
the PNT—a version much more relevant to Riemann’s work.

Calculus instruction traditionally begins with a graph. The graph
I am going to start with is the one in Chapter 5.iii, showing the log
function—I have reproduced it here as Figure 7-1. Imagine you are a
very small—infinitesimal, if you can manage it—homunculus, climb-
ing up the graph of the log function from left to right. At first, if you
start somewhere close to zero, the ascent is very steep, and you need
rock-climbing gear. As you go on, however, it gets less and less steep.
By the time you get to arguments around 10, you can get upright and
actually walk it.
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1

2
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Log x

FIGURE 7-1 The function log x.

The steepness of the curve varies from point to point. At every
point it has a definite numerical value, though, just as your automo-
bile has a definite speed at any point while you are accelerating—
namely, the speed you see if you glance at the speedometer. If you
glance again an instant later, you see a slightly different speed; but at
every point in time there is some definite speed. Just so, for any argu-
ment in its domain (which is all numbers greater than zero), the log
function has some definite gradient.

How do we measure that gradient, and what is it? First, let me
define “gradient” for a sloping straight line. It is the vertical rise di-
vided by the horizontal span. If, in covering a horizontal distance of 5
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units, I rise a vertical distance of 2 units, the gradient is 2 in 5, or 0.4.
See Figure 7-2.

2

5

FIGURE 7-2 Gradient.

To get the gradient of a curve at any point, I construct the one
straight line that touches the curve at that point. Plainly there is only
one such line; if I “roll” the line a little (imagine it’s a steel rod, and
the curve a steel band), it touches the curve at a slightly different
point. The gradient of the curve at the point is the gradient of that
unique touching straight line. The gradient of log x at the argument
x = 10 turns out, if you measure it, to be 1

10 . The gradient at argument
20 is less, of course; it measures 1

20 . The gradient at argument 5 is
steeper; it measures 1

5 . It is, in fact, yet another amazing property of
the log function that the gradient at any argument x is 1 ⁄ x, the recip-
rocal of x, also known as x−1.

If you ever did a calculus course, this all sounds pretty familiar.
The starting point of calculus is, in fact, this: From any function f
I can derive another function g, which measures the gradient of f at
any argument. If f is log x, then g is 1 ⁄ x. This derived function is
called, believe it or not, “the derivative” of f. For example, 1 ⁄ x is the
derivative of log x. If you are presented with some function f, the pro-
cess of finding the derivative is called “differentiation.”

Differentiation follows some easy rules. It is, for example trans-
parent to several basic arithmetic operations. If the derivative of f is g,
then the derivative of 7f is 7g. (So the derivative of 7 times log x is 7
times 1 ⁄ x.) The derivative of f-plus-g is the derivative of f plus the
derivative of g. This breaks down for multiplication, though; the de-
rivative of f-times-g is not the derivative of f times the derivative of g.
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In this book, the only functions besides log x whose derivatives I
am concerned with are the simple power functions xN. I am going to
tell you without proving it that for any number N, the derivative of xN

is NxN−1. Table 7-1 is a partial table of the derivatives of all the power
functions.

TABLE 7-1 Derivatives of xN.

Function … x−3 x−2 x−1 x0 x1 x2 x3 …

Derivative … −3x−4 −2x−3 −x−2 0 1 2x 3x2 …

Of course x0 is just 1, its graph a flat horizontal line. It has no gradi-
ent, zero gradient. If you differentiate any fixed number, you get zero.
And x1 is just x; the graph is a straight line going diagonally upward,
exiting the graph paper at the top right corner; the gradient is a steady
1. Note that there is no power whose derivative is x−1, though x0 looks
to be in the right position. That is not surprising, since we already
know that the derivative of log x is x−1. Once again, log x looks as
though it is trying to pass itself off as x0.

VII. You no doubt recall my saying more than once that mathema-
ticians love to be able to invert things. Here is P in terms of Q; what is
Q in terms of P? That is how I brought up the log function in the first
place—as the inverse of the exponential function. If a = eb, then what
is b in terms of a? It’s log a.

Suppose then, that I differentiate function f and get function g.
Then g is the derivative of f. And f is the … what? of g? What is the
inverse of differentiation?  The derivative of log x is 1 ⁄ x, so log x is
the … what? of 1 ⁄ x? Answer: It’s the integral, that’s what. The inverse
of a derivative is an integral, and the inverse of differentiation is inte-
gration. Since the whole business is transparent to multiplication by a
fixed number, turning Table 7-1 upside down and fiddling a little
gives the inverse table shown in Table 7-2.
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TABLE 7-2 Integrals of xN.

Function … x–3 x–2 x–1 x0 x1 x2 x3 …

Integral … − −1
2

2x –x–1 log x x 1
2

2x 1
3

3x 1
4

4x …

And in fact, so long as x is not equal to −1, the integral of xN is
xN+1⁄ (N + 1). (And looking at that table, you see again how the func-
tion log x strives to behave as if it were x0, which of course it is not.)

If derivatives are good for telling us the gradient of a function—
that is, the rate at which it is changing at any point—what are inte-
grals good for? Answer: For finding the areas under graphs.

The function I’ve shown in Figure 7-3—it is actually the func-
tion 1 ⁄ x4, which is to say of x−4—embraces a certain area between the
arguments x = 2 and x = 3. To calculate that area, you first figure out
the integral function of x−4. That, by the general rule above, is − −1

3
3x ,

that is, –1 ⁄ (3x3). Like any other function, this has a value for every
argument in its domain. To find the area from argument 2 to argu-
ment 3, you calculate the value of the integral at argument 3, then
calculate the value at argument 2, then subtract the second value from
the first.

1 2 3 4
x

0.05

0.10

x–4

FIGURE 7-3 What integration is good for.
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When x = 3, the value of –1 ⁄ (3x3) is − 1
81 ; when x = 2 it is − 1

24 .
Subtract, remembering that subtracting a negative number is
the same as adding the corresponding positive number, −( ) −1

81

−( ) = −1
24

1
24

1
81 , which is 19

648 , about 0.029321.

Mathematicians have a way to write this, x dx−∫ 4

2

3

, read as “the

integral of x to the minus fourth power, with respect to x, from 2 to
3.” (Don’t worry too much about that “with respect to x.” Its purpose
is to declare x as the main variable we are working with, whose inte-
gral has to be figured out. If there happen to be any other variables
under the integral sign, they are just hanging out there; they are not
being integrated. Chapter 19 has an illustration.)

Now, sometimes you can let the right-hand end of the integra-
tion go off to infinity and get a finite area. It’s like infinite sums. If the
values are right, they can converge to a finite value. Same here. If the
function is right, the area under it can be finite even though infinitely
long. Integrals are connected to sums at a deep level. The integral
sign—first used by Leibnitz in 1675—is just an elongated “S” for
“sum.”

Look, suppose instead of stopping that area at 3, I took it all the
way out to x = 100. Then, since the cube of 100 is 1,000,000, my cal-
culation would have gone like this:

−





− −





= −1

3 000 000

1

24

1

24

1

3 000 000, , , ,

If I went even further, obviously that second fraction would be even
smaller. As I head off to infinity, it dwindles away to zero, and I am

surely justified in writing x dx−
∞

∫ =4

2

1
24 . Notice how the x disappears

when I actually use integrals to work out an area. I substitute num-
bers for it, and end up with a number for my answer.

That’s it. That’s all the calculus in this book, I swear. However,
although I am not going to introduce any more calculus, I am going
to start using calculus right away. I am going to use it to define a
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completely new function, one that is terrifically important in the
theory of prime numbers and the zeta function.

VIII. First, consider the function 1 ⁄ log t. Figure 7-4 shows a graph
of it. I have changed my symbol for argument from x to t, because I
have a use for x other than as a dummy variable.

I have also shaded an area under the graph, because I am going to
do a spot of integration. Integration, as I presented it just now, is a
way to calculate the area under a function. First you figure out the
integral of the function, then you hit the calculator. So, what is the
integral of 1 ⁄ log t?

2 x 4
t

–2

2

4

1
log( )t

FIGURE 7-4 The function 1 ⁄ log t.
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Unfortunately, there is no ordinary household function that can
be used to express the integral of 1 ⁄ log t. This integral is, however,
very important. It turns up a lot in our researches into the Riemann

Hypothesis. Since we don’t want to keep having to write 1
0

/ logt dt
x

( )∫
every time we refer to the darn thing, we simply define it to be a new
function, and issue it a certificate declaring it a sound and respectable
function in good standing with its peers.

This new function has the name “the log integral function.” The
usual symbol for it is Li(x). (Sometimes “li(x).”) It is defined to be37

the area under that graph—the graph of 1 ⁄ log t—from zero to x.
This involves a certain sleight of hand, because 1 ⁄ log t has no

value at t = 1 (because the log of 1 is zero). I am going to skate breez-
ily over that little difficulty, assure you that there is a way to finesse it,
and note only that when calculating integrals, areas below the hori-
zontal axis count as negative, so that the area to the right of 1 works
to cancel out the area to the left, as t increases. In other words, Li(x) is
the shaded area in Figure 7-4, with the negative to the left of t = 1
netted against the positive to the right (when x lies to the right).

Figure 7-5 is a graph of Li(x). Notice that it has negative values
when x is less than one (because that area in Figure 7-4 is negative),
that it dives off to negative infinity at x = 1 (as you would expect), but
that as x advances to the right of 1, the positive area increasingly can-
cels out the negative so that Li(x) comes back from negative infinity,
reaches zero (i.e., the negative area is entirely canceled out) at
x = 1.4513692348828…, and thereafter increases steadily. Its gradient
at any point is, of course, 1 ⁄ log x. And that, please note, is, as I showed
in Chapter 3.ix, the probability that a whole number in the neighbor-
hood of x is a prime number.38

Which is why this function is so important in number theory.
You see, as N gets larger, Li(N) ~ N ⁄ log N. Now, the PNT asserts that
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π (N) ~ N ⁄ log N. A moment’s thought will convince you that the
twiddle sign is transitive—that is, if P ~ Q and Q ~ R, then it must be
the case that P ~ R. So if the PNT is true—which we know it is, it was
proved in 1896—then it must also be true that π (N) ~ Li(N).

This is not merely true; it is, in a manner of speaking, truer. I
mean, Li(N) is actually a better estimate of π (N) than N ⁄ log N is.
A much better estimate.

2 4 6 8
x

–4

–2

2

4

Li(x)

FIGURE 7-5 The function Li(x).
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TABLE 7-3

N π (N)
N

N
N

log
− ( )π Li(N) − π (N)

100,000,000 5,761,455 −332,774 754

1,000,000,000 50,847,534 −2,592,592 1,701

10,000,000,000 455,052,511 −20,758,030 3,104

100,000,000,000 4,118,054,813 −169,923,160 11,588

1,000,000,000,000 37,607,912,018 −1,416,706,193 38,263

10,000,000,000,000 346,065,536,839 −11,992,858,452 108,971

100,000,000,000,000 3,204,941,750,802 −102,838,308,636 314,890

Table 7-3 shows that Li(x) is central to our whole inquiry. In fact, the
PNT is most often stated as π (N) ~ Li(N), rather than as
π (N) ~ N⁄ log N. Because the twiddle sign is transitive, the two things
are equivalent, as can be seen in Figure 7-6. Out of Riemann’s 1859
paper came a precise, though unproven, expression for π (x), and
Li(x) leads off that expression.

The PNT (Improved Version)

π (N) ~ Li(N)

Note just one more thing about Table 7-3. For all the values of N
shown in the table, N ⁄ log N gives a low estimate for π (N), while
Li(x) gives a high one. I am just going to leave that lying there as a
comment, for future reference.
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FIGURE 7-6 The PNT.
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8
NOT ALTOGETHER UNWORTHY

So far I have presented the deep
background to the Riemann Hypothesis—to the Prime Number
Theorem (PNT) and to Riemann’s 1859 paper on that topic, in which
the Hypothesis was first stated. In this chapter I shall describe the
immediate background to that paper. This is really two stories inter-
twined: the story of Bernhard Riemann and the story of Göttingen
University in the 1850s, with brief side trips to Russia and New Jersey
for some local color.

You should keep in mind a broad general picture of European
intellectual life in the 1830s, 1840s, and 1850s. It was, of course, a
time of great change. The upheavals of the Napoleonic wars had let
loose new forces of nationalism and reform. The Industrial Revolu-
tion was on the march. The shifts in thought and feeling we custom-
arily collect under the heading “the Romantic Movement” had seeped
down to the general population everywhere. The 1830s, when spirits
had revived after the exhaustion of the long wars, were an unsettled
time, marked by the July revolution in France, a nationalist uprising
in Poland (at that time part of the Russian empire39), agitation among

I.
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the Germans for national unity, and the great Reform Bills in Britain.
Alexis de Tocqueville visited the United States and wrote a penetrat-
ing analysis of that curious new experiment in popular government.
In the following decade darker forces stirred, culminating in 1848,
“the year of revolutions,” whose disturbances, as we saw in Chapter 2,
penetrated for a moment even the deep reserve of Bernhard Riemann.

Göttingen was for all this period a provincial backwater illumi-
nated mainly by the presence of Gauss. The university’s one moment
of political prominence occurred in 1837 with the dismissal of the
“Göttingen Seven” that I already mentioned, the main effect of which
was to lower the prestige of the university. Paris remained the great
center of mathematical research, with Berlin rising fast. In Paris
Cauchy and Fourier had overhauled analysis, laying the foundations
of the modern treatment of limits, continuity, and the calculus. In
Berlin new advances were being made by Dirichlet in arithmetic, by
Jacobi in algebra, by Steiner in geometry, and by Eisenstein in analy-
sis. Anyone who wanted to do serious mathematics in the 1840s
needed to be in Paris or Berlin. That is why young Bernhard Riemann,
20 years old in the spring of 1847, disappointed with the standard of
instruction at Göttingen and very keen indeed to do serious math-
ematics, went to Berlin. He studied there for two years, during which
the greatest influence on him was Lejeune Dirichlet, the man who
had picked up the Golden Key in 1837. Dirichlet took a personal lik-
ing to the shy, poverty-stricken young Riemann, an attitude which
Riemann, in the words of Heinrich Weber, “reciprocated with respect-
ful gratitude.”

Returning to Göttingen after the Easter break in 1849, Riemann
embarked upon his doctorate course, under the supervision of Gauss
himself. Plainly, his hope was to become a lecturer at the university.
That was a long road to travel, though. To lecture at Göttingen re-
quired not only a doctorate, but also a further qualification, the “ha-
bilitation,” a sort of second doctorate, with a thesis to be prepared
and a trial lecture to be given. The whole thing, doctorate and habili-
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tation, took Riemann more than five years—from age 221⁄2 to nearly
age 28—during which he had no income at all.

Right away, Riemann enrolled for some courses in physics and
philosophy along with math. These were required subjects for those
wishing to teach in the gymnasium high-school system, pretty much
Riemann’s only career choice if he could not get a lecturing position.
He might have been hedging his bets by taking these courses. He had,
however, a deep interest in both subjects, so it is probable that pure
personal inclination was at least as much of a factor in his enrolling
for them. Standards at Göttingen had improved, too. The physicist
Wilhelm Weber, one of the Göttingen Seven cashiered in 1837, had
returned to the university to teach, the political climate having thawed
considerably. An old friend and colleague of Gauss’s—the two of
them had together invented the electric telegraph—Weber taught a
course in experimental physics, which Riemann attended.40

II. Those five years of unpaid research work must have been hard
ones for Bernhard Riemann. He was far from home; it was 120 miles
from Göttingen to Quickborn, a two-day journey in great discom-
fort, and expensive. He did, though, have some company. In 1850
Richard Dedekind arrived at the university. Dedekind was 19, five
years younger than Riemann, and was also aiming for a doctorate. It
is plain from Dedekind’s biographical note on Riemann in the Col-
lected Works that he felt affection and sympathy for his older col-
league, and great admiration for his mathematical abilities; it is more
difficult to judge Riemann’s feelings in the matter.

The two men got their doctorates within a few months of each
other, Riemann in December 1851, Dedekind the following year. Both
were examined by Gauss, now in his mid-70s but keenly alert to ex-
ceptional mathematical talent. On the thesis submitted by young
Dedekind, still not mathematically mature, Gauss’s report is little bet-
ter than boilerplate approval. On Riemann’s, he gushed—and Gauss
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was a man who rarely gushed. “A substantial and valuable work, which
does not merely meet the standards required for a doctoral disserta-
tion, but far exceeds them.”

Gauss was not mistaken. (About mathematics, I doubt he ever
was.) Riemann’s doctoral dissertation is a key work in the history of
complex function theory. I shall attempt an explanation of complex
function theory in Chapter 13. For the time being, suffice it to say
that it is a very deep, powerful, and beautiful branch of analysis. To
this day, almost the first things you learn in a course on complex
function theory are the Cauchy-Riemann equations for a function to
be well behaved and worthy of further investigation. These equations
first appear in their modern form in Riemann’s doctoral dissertation.
The paper also contains the first sketches of the theory of Riemann
surfaces, a fusion of function theory with topology—the latter topic
so new at the time there was really no coherent body of knowledge
about it, only some scattered results going back to Euler’s time.41

Riemann’s doctoral thesis is, in short, a masterpiece.
Both Riemann and Dedekind then embarked on the second leg

of the academic marathon to which they had committed themselves,
the habilitation thesis and trial lecture required for a teaching posi-
tion at the university.

III. Let us leave Bernhard Riemann for a while, toiling away at that
habilitation thesis in his room at Göttingen, and step a year or two
back in time, and a thousand miles away in space, to St. Petersburg.
Considerable water has flowed under the bridges of that city since
last we were there, watching Leonhard Euler living contentedly and
working productively, even though old and blind, under the rule of
Catherine the Great. Euler died in 1783, the Empress herself in 1796.
Catherine was succeeded by her eccentric and irresponsible son Paul.
Four and a half years of Paul proved enough for the nobility, who
staged a coup, garroted Paul, and replaced him with his son Alexander.
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The nation was then soon absorbed in the conflict with Napoleon,
and her French-speaking aristocracy in the glittering social scenes
drawn by Tolstoy in War and Peace. After a postwar spell of manage-
rial despotism under Alexander, and in spite of the failed revolt of the
liberalizing faction known as Decembrists, the throne passed in 1825
to the more old-fashioned absolutism of Nicholas I.

However, the reassertion, and re-reassertion, of the absolutist
principle had not prevented great social changes, most memorably
the first great flowering of modern Russian literature under Pushkin,
Lermontov, and Gogol.42 The university at St. Petersburg, now a sepa-
rate institution from the Academy, had grown and flourished, and
new universities had been established in Moscow, Kharkov, and
Kazan. In Kazan, the university boasted the presence of the great
mathematician Nikolai Lobachevsky, who served as Rector until his
dismissal in 1846. Lobachevsky was the inventor of non-Euclidean
geometry, of which I shall have more to say shortly.43

And now, in 1849−1850, 25 years into the reign of Nicholas I,
intellectual life in Russia was enduring another spell of repression, as
Nicholas reacted to the 1848 revolutions in Europe. University enrol-
ments were slashed and Russians studying abroad were ordered home.
This was the environment in which a young lecturer at the university
of St. Petersburg produced two remarkable papers on the PNT.

The first thing to be said about Pafnuty Lvovich Chebyshev is
that his last name is a data-retrieval nightmare. Researching for this
book, I turned up 32 different transcriptions of the name: Cebysev,
Cebyshev, Chebichev, Chebycheff, Chebychev, etc., etc.

And if that unusual first name, Pafnuty, caught your eye, you are
not alone. It caught the eye of mathematician Philip J. Davis around
1971. Davis embarked on a quest to find the origins of “Pafnuty,” and
wrote an extremely funny book about his researches, The Thread
(1983). In very brief, the name “Pafnuty” is Coptic in origin
(Papnute = “the man of God”), entered Europe via Egyptian Chris-
tianity, and was the name of a minor Church Father in the fourth
century. Present at the Synod of Nicea, Bishop Paphnutius (as he is
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usually spelled) argued against priestly celibacy. A later Pafnuty noted
by Davis en passant was St. Pafnuty of Borovsk, the son of a Tartar
noble, who entered a monastery at age 20 and stayed there until he
died, aged 94, in 1478. Says the hagiographer of this Pafnuty: “He was
a virgin and an ascetic, and, because of this, a great wonderworker
and seer.” (In the middle of writing this chapter I got an e-mail from a
reader of my web column asking me to suggest a name for her
new dog. There is now a Pafnuty chasing squirrels somewhere in the
Midwest.)

Our own Pafnuty was something of a wonder-worker himself. To
him belongs the honor of having accomplished the only real advances
toward a proof of the PNT in between Dirichlet’s picking up the
Golden Key in 1837 and Riemann’s turning it in 1859. The curious
thing is that his most original work did not flow into the mainstream
of researches on the PNT, but started a lesser branch of the stream,
which went underground, to emerge only 100 years later.

Chebyshev actually wrote two papers on the PNT. The first, dated
1849, is titled “On the Function that Determines the Totality of Prime
Numbers Less Than a Given Limit”; notice the similarity to the title
of Riemann’s paper of 10 years later. In this paper Chebyshev picked
up Euler’s Golden Key, fiddled with it a little in much the way
Dirichlet had 12 years before, and produced the following interesting
result.

Chebyshev’s First Result

If π N
CN

N
( ) ~

log
 for some fixed number C,

then C must be equal to 1.

The problem, of course, was with that “if.” Chebyshev could not get
past it, and neither, for half a century, could anyone else.

Chebyshev’s second paper, dated 1850, is much more curious.
Instead of using the Golden Key, it began from a formula proved by
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the Scottish mathematician James Stirling in 1730 to get approximate
values of the factorial function for large numbers. (The factorial of N
is 1 × 2 × 3 × 4 × … × N. The factorial of 5, for example, is 120:
1 × 2 × 3 × 4 × 5 = 120. The usual symbol for the factorial of N is
“N !” Stirling’s formula says that for large values of N, the factorial of
N is about N e NN N− 2π .) Chebyshev converted this into a different
formula involving a step function—that is, a function that has the
same value across a range of arguments, then jumps to another value.

With just these tools, and some very elementary calculus,
Chebyshev got two important results. The first was a proof of
“Bertrand’s postulate,” suggested in 1845 by the French mathemati-
cian Joseph Bertrand. The postulate states that between any number
and its double (for example, between 42 and 84) there is always a
prime to be found. The second was the one shown here.

Chebyshev’s Second Result

π (N) cannot differ from 
N

Nlog
 by more than

about ten percent up or down.

This second paper was important in two ways. First, its use of a step
function might have inspired Riemann’s use of a similar function in
his 1859 paper, which I shall show in detail later. It is certain that
Riemann knew of Chebyshev’s work; the Russian mathematician’s
name appears in Riemann’s notes (spelled “Tschebyschev”).

It is Chebyshev’s line of approach in that second paper that is
more noteworthy, though. He got his results without using any com-
plex function theory. Mathematicians have a shorthand way of ex-
pressing this fact. They say that Chebyshev’s methods were “elemen-
tary.” Riemann, in his 1859 paper, did not use elementary methods.
He brought the full power of complex function theory to bear on the
issue he was investigating. The results he got were so striking that
other mathematicians followed him, and the PNT was proved at last
using Riemann’s non-elementary methods.
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That it might be possible to prove the PNT by elementary meth-
ods remained an open issue, but by the time several decades had
passed, the general opinion was that no such proof was possible. Thus,
in Albert Ingham’s 1932 text The Distribution of Prime Numbers, the
author says in a footnote “[A] ‘real variable’ proof of the prime num-
ber theorem, that is to say a proof not involving explicitly or implic-
itly the notion of an analytic function of a complex variable, has never
been discovered, and we can now understand why this should be
so….”

Then, to everybody’s astonishment, such a proof was discovered
in 1949 by Atle Selberg, a Norwegian mathematician working at the
Institute for Advanced Study in Princeton, New Jersey.44 There was
much controversy over the result, because Selberg had communicated
some of his preliminary ideas to the eccentric Hungarian mathemati-
cian Paul Erdős, who used them to create a proof of his own at the
same time. Two popular biographies of Erdős were produced after his
death in 1996, and the curious reader can find a full account of the
controversy in either. The proof is called the Erdős-Selberg proof in
Hungary, and the Selberg proof elsewhere.

In addition to his research, Chebyshev was a great teacher and
proselytizer for his subject. His disciples took his ideas and methods
to other Russian universities, inspiring interest and raising standards
everywhere. Active into his 70s, Chebyshev was also a keen inventor,
who built a series of calculating machines still preserved at museums
in Moscow and Paris. A lunar crater is named after him; it is at about
135°W 30°S.45

IV. I cannot leave Chebyshev without at least a passing mention of
his famous bias—famous among number theorists, I mean.

If you divide a prime number (other than 2) by 4, the remainder
must be either 1 or 3. Do the primes show any preference? Yes, they do:
up to p = 101, there are 12 remainder-1 primes and 13 remainder-3’s.
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Up to p = 1,009, the tallies are 81 and 87. Up to p = 10,007, they are
609 and 620. Clearly, the remainder-3’s have a small but persistent
edge over the remainder-1’s. This is an example of a Chebyshev bias,
first remarked on by Chebyshev in a letter dated 1853. This particular
bias is eventually violated at p = 26,861, when remainder-1’s snatch a
momentary lead. Even that is only a one-time aberration, though: the
first real zone of violation is the 11 primes from p = 616,877 to
617,011. Remainder-1’s hold the lead at only 1,939 of the first 5.8
million primes, which is as far as I checked. They don’t hold it once in
the last 4,988,472 of those primes.

With divisor 3, the bias is even more dramatic. Here, the remain-
der (once you get past p = 3) can be either 1 or 2, and the bias is to 2.
This bias is not violated until p = 608,981,813,029. Now that is a bias!
This violation was tracked down in 1978, by Carter Bays and Richard
Hudson. I shall have occasion to mention the Chebyshev bias again,
in Chapter 14.

V. In the fall of 1852, the first year of work on his habilitation the-
sis, Riemann met Dirichlet again. The whole episode is rather touch-
ing, and I transcribe it here from the biography by Dedekind.

In the fall vacation of 1852, Lejeune Dirichlet stayed a while in

Göttingen. Riemann, who had just returned from Quickborn, had

the good fortune to see him almost daily. Both on his first visit to

Dirichlet’s lodgings and on the following day … he consulted

Dirichlet, who was recognized as the greatest living mathematician

of the time after Gauss, for advice on his work. Riemann wrote to

his father about the meeting: “The other morning, Dirichlet spent

about two hours with me. He gave me notes I need for my Habilita-

tion thesis—they are so comprehensive that my work has been sub-

stantially lessened. I would otherwise have had to spend a long time

looking in the library for some of those things. He also went through

my thesis with me, and all in all was very friendly towards me, which
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I could hardly have expected, considering the great disparity of rank

between us. I hope he will not forget me in the future.” Some days

after this … a large group of them went out on an excursion to-

gether—a very valuable trip, as after so many hours in company

Riemann’s reserve was much diminished. The following day,

Dirichlet and Riemann met again in Weber’s house. The stimulus

provided by these personal contacts did Riemann a world of good.

Still, he wrote about it to his father thus: “You see that I am not

altogether housebound here; but the next morning I worked all the

harder, and advanced as much as if I had sat with my books all day

long.”

That last remark shows the demands Riemann placed on himself,
his powerful sense of duty, and his determination to justify every
minute of his time at Göttingen to himself, to his father (who, after
all, was supporting him), and to God.

The procedure for habilitating was that Riemann should first sub-
mit a written thesis, then prepare a trial lecture to be delivered before
the faculty. The thesis itself—it is titled “On the representability of a
function by a trigonometric series”—is a landmark paper, giving the
world the Riemann integral, now taught as a fundamental concept in
higher calculus courses. The habilitation lecture, however, far sur-
passed the thesis.

Riemann was supposed to offer three lecture titles from which
Gauss, his supervisor, would pick one to be delivered. Riemann’s three
offerings were of two topics in mathematical physics and one in ge-
ometry. Gauss picked the lecture titled “On the Hypotheses that Lie
at the Foundations of Geometry,” and Riemann delivered it to the
assembled faculty on June 10, 1854.

This is one of the top 10 mathematical papers ever delivered any-
where, a sensational achievement. Its reading was, declares Hans
Freudenthal in the Dictionary of Scientific Biography, “one of the high-
lights in the history of mathematics.” The ideas contained in this pa-
per were so advanced that it was decades before they became fully

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003



128 PRIME OBSESSION

accepted, and 60 years before they found their natural physical appli-
cation, as the mathematical framework for Einstein’s General Theory
of Relativity. James R. Newman, in The World of Mathematics, refers
to the paper as “epoch-making” and “imperishable” (but fails to in-
clude it in his huge anthology of classic mathematical texts). And the
astonishing thing is that the paper contains almost no mathematical
symbolism. Leafing through it, I see five equals signs, three square
root signs and four Σ  signs—an average of fewer than one symbol
per page! There is just one real formula. The whole thing was written
to be understood—or perhaps (see below) misunderstood—by the
average faculty member of a middling provincial university.

Riemann’s starting point was some ideas Gauss had put forward
in an 1827 paper titled “A General Investigation into Curved Sur-
faces.” Gauss had been employed for the previous few years in carry-
ing out a detailed topographical survey of the Kingdom of Bavaria
(during which, by the way, he invented the heliotrope, a device for
making long-distance observations by reflecting flashes of sunlight
from an arrangement of mirrors). Gauss’s stupendous mind had ab-
stracted from the material he was dealing with some ideas about the
properties of two-dimensional surfaces, and the way those proper-
ties might be described mathematically. Gauss’s paper is generally
regarded as the starting point for the subject named “differential
geometry.”

Riemann, in his habilitation lecture, took up these ideas and gen-
eralized them to spaces of any number of dimensions. More signifi-
cantly, he brought in quite a new way of looking at the topic. Gauss
saw it all, in his imagination, in terms of curved two-dimensional
sheets embedded in ordinary three-dimensional space from which
they could be viewed—the natural abstraction from his experiences
as a land surveyor. Riemann shifted the point of view to one that was
interior to the space under consideration.

I imagine you are familiar with the idea contained in Einstein’s
General Theory of Relativity, that the three dimensions of space and
one of time can be dealt with mathematically as a four-dimensional
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space-time, and that this four-dimensional continuum is warped and
puckered by the presence of mass and energy. From the Gaussian
point of view, the geometry of this space-time would have been de-
veloped by imagining it imbedded in a five-dimensional continuum,
in the way that Gauss thought of his two-dimensional surfaces as
embedded in ordinary three-dimensional space. That modern physi-
cists do not think of space-time in this way is due to Riemann. In fact,
if you were to go down to your local university and sign up for a
course in the General Theory of Relativity, these would be the topic
headings you might cover, in order:

� The metric tensor
� The Riemann tensor
� The Ricci tensor
� The Einstein tensor
� The stress-energy tensor
� Einstein’s equation G = 8πT

You would then have mastered the essentials of the General Theory.
Though I am concerned in this book to describe Riemann’s dis-

coveries in arithmetic and the great Hypothesis that sprang from
them, these geometrical researches of his are not entirely off the topic.
Riemann’s general cast of mind, and all his best mathematical work,
arose from a tension between two contrary sets of ideas. On the one
hand he was a great globalist, whose tendency was always to see things
in the large. A function was not, for Riemann, a mere set of points;
still less was it any of its pictorial representations as a graph or a table;
and still less a collection of expressions involving algebraic formulas.
(In one of his few recorded negative comments about anyone at all,
Riemann noted that the Berlin mathematician Gotthold Eisenstein
“stopped at formal computation.”) What, then, was a function? It was
an object, from which none of its attributes could properly be de-
tached. Riemann saw a function the way chess grandmasters are said
to see a game, all at once, as a unified whole, a Gestalt.
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Yet in tension with this was an opposing tendency, also very
marked in Riemann’s work—the tendency to reduce every math-
ematical topic to analysis. “Riemann … always thought in analytic
terms,” says Laugwitz. The writer is thinking here of the infinitesimal
aspect of analysis; of limits, continuity, smoothness—of the local
properties of numbers, functions, and spaces. It is, when you think
about it, very odd that inquiries about the infinitesimal neighbor-
hoods of points and numbers should give us the power to explain the
large global properties of functions and spaces. This is especially ap-
parent in General Relativity theory, where you start off by analyzing
microscopic regions of space-time and end by contemplating the
shape of the universe and the death throes of galaxies. That we are
able to think in this extraordinary way, in both pure and applied
mathematics, is mainly due to the mathematicians of the early nine-
teenth century, and most of all to Bernhard Riemann.

That great habilitation lecture is, in fact, as much a philosophical
document as a mathematical one. In this respect the much-remarked
obscurity of some of its passages might have been deliberate on
Riemann’s part. (Though see Freudenthal’s remark below.) What he
was speaking about at its most fundamental was the nature of space.
Now, to the average complacent elderly academic of the time—the
kind of person who would have been among the Göttingen faculty
listening to Riemann’s lecture that June day—the nature of space was
a settled matter. It had been settled 70 years earlier by Immanuel Kant
in The Critique of Pure Reason. Space is a pre-existing part of our
mental equipment, with which we organize our sense impressions,
and it is necessarily Euclidean—that is, flat, with a straight line being
the shortest distance between two points, and the angles of a triangle
adding up to 180 degrees.

The non-Euclidean geometry described by Lobachevsky in the
1830s was, seen from this point of view, a philosophical heresy.
Riemann’s paper was an enlargement of that heresy; and this might
be why he presented his ideas at such a very general level that their
connection with non-Euclidean geometry would have escaped all but
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the most mathematically adept in his audience. (But not, of course,
Gauss. Gauss had in fact invented non-Euclidean geometry for him-
self, but had not published his findings, “for fear,” as he wrote in a
letter to a friend, “of the hue and cry of the blockheads.” Nineteenth-
century Germans took their philosophy seriously.)

Hans Freudenthal, in the Dictionary of Scientific Biography note
mentioned above, has the following to say about Riemann’s philo-
sophical abilities.

One of the most profound and imaginative mathematicians of all

time, he had a strong inclination to philosophy, indeed was a great

philosopher. Had he lived and worked longer, philosophers would

acknowledge him as one of them.

I am not qualified to judge whether this is true. I can, however,
give wholehearted assent to another remark of Freudenthal’s: “Rie-
mann’s style, influenced by philosophical reading, exhibits the worst
aspects of German syntax; it must be a mystery to anyone who has
not mastered German.” I confess that, though I possess a copy of
Riemann’s collected works in the original German—it is a single vol-
ume of 690 pages—and have done my best with his actual words,
where he departs from straightforward mathematical exposition—
as, for example, in the habilitation lecture—I have approached his
tremendous thoughts mainly through translations and secondary
sources.46

VI. Dedekind habilitated shortly after Riemann, and both math-
ematicians began lecturing in the fall-winter term of 1854, Riemann
now 28, Dedekind 23. For the first time in his life, Riemann had a
salary. It can’t have been much of a salary, though. Ordinary lecturers
were paid by the students who attended their lectures (technically by
the university, which forwarded the students’ fees to the lecturers).
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There were few students of mathematics at Göttingen at this time—
Riemann’s first lecture drew eight—and lectures were frequently can-
celed because nobody enrolled for them. Riemann and Dedekind
seem to have attended each other’s lectures, though whether they paid
each other the requisite fees, I have not been able to discover.

There was further the problem that Riemann seems to have been
a poor lecturer. Dedekind is frank about this.

There is no doubt that lecturing caused large difficulties for

Riemann in the first years of his academic career. His brilliant intel-

lect and prescient imagination were usually not apparent. What ap-

peared rather were large steps in the logic of his arguments, steps

that were difficult for lesser intellects to follow. If he was asked to

elaborate the missing links, he became flustered and could not ad-

just himself to the slower train of thought of the inquirer…. His

attempts to judge from his students’ expression whether he was go-

ing too fast or not, also disturbed him when, against his expecta-

tions, they caused him to feel that he should prove a point that

seemed perfectly natural to him….

Dedekind, ever sympathetic to his subject, goes on to claim that
Riemann’s lecturing style improved over the years. This might be true;
but surviving letters by Riemann’s students suggest that as late as 1861
“His thoughts frequently failed him and he was unable to explain the
simplest things.” Riemann’s own take on the matter is, as usual, rather
touching. Writing to his father after his first lecture, which was on
October 5, 1854, he says “I hope that in half a year I shall feel easier
about my lectures, and the thought of them will not spoil my stay in
Quickborn and my being together with you, as last time.” This was a
desperately shy man.

VII. The great event of that fall-winter term was the death of Gauss
on February 23, 1855, at the age of 77. Though not in good health

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003

NOT ALTOGETHER UNWORTHY 133

toward the end, he died quickly, of a heart attack, while sitting in his
favorite chair in his beloved observatory.47

Gauss’s professorship was immediately offered to Dirichlet, who
accepted, arriving in Göttingen a few weeks later. Recalling how gen-
erously Dirichlet had treated him in Berlin, and their bonding during
the older man’s visit to Göttingen in 1852, Riemann must have been
pleased. Gauss’s brain, meanwhile, was pickled and stored in the
university’s physiology department, where it remains to this day.

Dirichlet was pleased, too; he had been seriously overworked in
Berlin. Whether his wife was pleased is not so certain. Accustomed to
the high society of Berlin, Rebecca Dirichlet, née Mendelssohn, must
have thought Göttingen very dull and provincial. She did her best
with the place, organizing balls—Dedekind mentions one attended
by 60 or 70 people—and musical soirées in the Berlin style. Dedekind
himself thrived in this environment, being sociable and musical. Rie-
mann was, of course, a different case, and if his friend ever persuaded
him to attend one of these functions, poor Riemann must have en-
dured it in an agony of self-consciousness.

He experienced much deeper agony in October of that year, 1855,
when his father died, followed very shortly by his younger sister Clara.
Now the cherished link with Quickborn was broken. Riemann’s
brother had a position as postal clerk in Bremen and Riemann’s three
remaining sisters, having no other means of support, nor even ac-
commodation (since the vicarage at Quickborn was taken over by the
new pastor), went to live with him there.

Poor Riemann must have been devastated. He threw himself into
work, and in 1857 produced the landmark paper on function theory
that I mentioned in Chapter 1, the paper that made his name known.
The effort, however, combined with grief, precipitated a nervous
breakdown. Dedekind’s family had a summer home in the Harz
mountains a few miles west of Göttingen. He persuaded Riemann to
spend a few weeks there and joined him briefly, going for walks with
him.
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After Riemann’s return to Göttingen in November, he was ap-
pointed Assistant Professor at the university, with a modest salary of
300 thalers a year. But now calamities came thick and fast. His brother
Wilhelm died in Bremen that same month, then, early the following
year, his sister Marie. The family that Riemann adored, and that was
the entire focus of his emotional life, was disappearing before his eyes.
He brought the two surviving sisters to stay with him at Göttingen.

In the summer of 1858 Dirichlet suffered a heart attack while
lecturing in Switzerland and was brought back to Göttingen only with
much difficulty. While he was lying gravely ill, his wife died suddenly
of a stroke. Dirichlet himself followed her the next May. (His brain
joined Gauss’s in the department of physiology.) Gauss’s chair was
now empty.

VIII. From the death of Gauss to the death of Dirichlet was four
years, two months, and twelve days. In that span, Riemann lost not
only the two colleagues he had esteemed above all other mathemati-
cians, but also his father, his brother, two of his sisters, and the vicar-
age at Quickborn—the one place that had been a home and refuge to
him since his infancy.

While his emotional life had been visited by these traumas,
Riemann’s star in the world of mathematics had been rising. By the
end of the 1850s, the brilliance and originality of his work were
known, at some level, to mathematicians all over Europe. The pain-
fully shy young student who had shown up to begin his doctoral stud-
ies 10 years earlier was now a mathematician of note, and Göttingen,
which had entered the 1850s as the home of Gauss, was beginning to
be spoken of as the home of Gauss, Dirichlet, and Riemann. (Though
not of Dedekind, whose best work was still in front of him. Dedekind
had, in fact, left Göttingen to take up a post in Zürich in the fall of
1858.)
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It was, therefore, not very surprising that the authorities selected
Riemann as the second successor of Gauss. On July 30, 1859, he was
given a full professorship, an assured livelihood, and—probably as an
acknowledgment of his need to support his two surviving sisters—
Gauss’s apartments at the observatory. Other honors soon followed.
The first came on August 11, when he was appointed a corresponding
member of the Berlin Academy. Riemann returned to Berlin a little
more than 10 years after he had left, but now he came with a modest
set of laurels on his brow, to be received with honor by the great
names of German mathematics: Kummer, Kronecker, Weierstrass,
Borchardt.

To crown his triumph, Riemann gave the Academy his paper on
“the number of primes less than a given quantity.” In the paper’s first
sentence he acknowledged the two men, both now dead, with whose
aid—though given much more willingly in Dirichlet’s case than in
Gauss’s—he had scaled the heights. In the second sentence he showed
the Golden Key. In the third he named the zeta function. Here, in fact,
are the first three sentences of Riemann’s 1859 paper.

For the consideration which the Academy has shown to me by

admitting me as one of its corresponding members, I believe I can

best express my thanks by availing myself at once of the privilege

thereby given me to communicate an inquiry into the frequency of

prime numbers; a subject which, through the interest shown in it by

Gauss and Dirichlet over a long period, appears not altogether un-

worthy of such a communication.

I take as my starting-point for this inquiry Euler’s observation

that the product

1

1
1

1

−
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p
n

s

s

for all prime numbers p and all whole numbers n. The function of a

complex variable s which both these expressions stand for, so long

as they converge, I signify by ζ (s).

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003



136 PRIME OBSESSION

The Riemann Hypothesis, which appears on the fourth page of
that paper, asserts a certain fact about the zeta function. To advance
in our understanding of the Hypothesis, we must now go deeper into
the zeta function.
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9
DOMAIN STRETCHING

We are starting to close in on the
Riemann Hypothesis. Let me state it again, just as a refresher.

The Riemann Hypothesis
All non-trivial zeros of the zeta function

have real part one-half.

Well, we’ve got a handle on the zeta function. If s is some number
bigger than 1, the zeta function is as shown in Expression 9-1.

ζ s
s s s s s s s s s s( ) = + + + + + + + + + + +1

1
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Expression 9-1

or, to be somewhat more sophisticated about it

ζ s n s

n

( ) = −∑

I.
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where the terms of the infinite sum run through all the positive whole
numbers. I have showed how, by applying a process very much like
the sieve of Eratosthenes to this sum, it is equivalent to
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that is,
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where the terms of the infinite product run through all the primes.
And so
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p

− − −∑ ∏= −( )1 1

which I have called the Golden Key.
So far, so good, but what is this about non-trivial zeros? What is a

zero of a function? What are the zeros of the zeta function? And when
are they non-trivial? Onward and upward.

II. Forget about the zeta function for a moment. Here is a com-
pletely different infinite sum.

S(x) = 1 + x + x2 + x3 + x4 + x5 + x6 + …

Does this ever converge? Sure. If x is 1
2 , the sum is just Expression

1-1 in Chapter 1.iv, because 1
2

2
1
4( ) = , 1

2

3
1
8( ) = , etc. Therefore,

S 1
2( ) = 2, because that’s what that sum converged to. What’s more, if

you think about the rule of signs, −( ) =1
2

2
1
4 , −( ) = −1

2

3
1
8 , etc. There-

fore, S −( )1
2 = 2

3 , from Expression 1-2 in Chapter 1.v.  Similarly, Ex-
pression 1-3 means that S 1

3
1
21( ) = , while Expression 1-4 gives
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S −( ) =1
3

3
4 . Another easy value for this function is S(0) = 1, since zero

squared, zero cubed, and so on are all zero, and only the initial 1 is left
standing.

If x is 1, however, S(1) is 1 + 1 + 1 + 1 + …, which diverges. If x is
2, the divergence is even more obvious, 1 + 2 + 4 + 8 + 16 + …. When
x is −1 a weird thing happens. By the rule of signs, the sum becomes
1 − 1 + 1 − 1 + 1 − 1 + ….  This adds up to zero if you take an even
number of terms, to one if you take an odd number. This is definitely
not going off to infinity, but it isn’t converging, either. Mathemati-
cians consider it a form of divergence. For −2 things are even worse.
The sum is 1 − 2 + 4 − 8 + 16 − …, which seems to go off to infinity
in two different directions at once. Again, you definitely can’t call this
convergence, and if you call it divergence, nobody will argue with
you.

In short, S(x) has values only when x is between −1 and 1, exclu-
sive. Elsewhere it has no values. Table 9-1 shows values of S(x) for
arguments x between −1 and 1.

TABLE 9-1 Values of S(x) = 1 + x + x2 + x3 + …

x S(x)

−1 or below (No values)

−0.5 0.6666…

−0.3333… 0.75

0 1

0.3333… 1.5

0.5 2

1 or above (No values)

That’s all you can get from the infinite sum. If you make a graph, it
looks like Figure 9-1, with no values at all for the function west of −1
or east of 1. If you remember the term of art, the domain of this
function is from −1 to 1, exclusive.
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–2 –1 1 2
x

1

2

3

4

S(x)

FIGURE 9-1 The function S(x) = 1 + x + x2 + x3 + …

III. But look, I can rewrite that sum

S(x) = 1 + x + x2 + x3 + x4 + x5 + …

like this

S(x) = 1 + x(1+ x + x2 + x3 + x4 + …)

Now, that series in the parenthesis is just S(x). Every term that is in
the one is also in the other. That means they are the same.

In other words, S(x) = 1 + xS(x). Bringing the rightmost term
over to the left of the equals sign, S(x) − xS(x) = 1, which is to say
(1 − x) S(x) = 1. Therefore, S(x) = 1 ⁄ (1 – x). Can it be that behind
that infinite sum is the perfectly simple function 1 ⁄ (1 – x)? Can it be
that Expression 9-2 is true?

1

1
1 2 3 4 5 6

−
= + + + + + + +…

x
x x x x x x

Expression 9-2
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It certainly can. If x = 1
2 , for example, then 1 ⁄ (1 – x) is 1 ⁄ (1 – 1

2 ),
which is 2. If x = 0, 1 ⁄ (1 – x) is 1 ⁄ (1 – 0), which is 1. If x = – 1

2 , 1 ⁄ (1 – x)
is  1 ⁄ (1 – (– 1

2 )), which is 1 ⁄ 1 1
2 , which is 2

3 . If x = 1
3 , 1 ⁄ (1 – x) is

1 ⁄ (1 – 1
3 ), which is 1 ⁄ 2

3 , which is 1 1
2 . If x = – 1

3 , 1 ⁄ (1 – x) is 1 ⁄ (1 –
(– 1

3 )), which is 1 ⁄ 1 1
3 , which is 3

4 . It all checks out. For all the argu-
ments – 1

2 , – 1
3 , 0, 1

3 , 1
2 , for which we know a function value, the value

is the same for the infinite series S(x) as it is for the function 1 ⁄ (1 – x).
Looks like they are actually the same thing.

But they are not the same thing, because they have different do-
mains, as Figures 9-1 and 9-2 illustrate. S(x) only has values between
−1 and 1, exclusive. By contrast, 1 ⁄ (1 – x) has values everywhere, ex-
cept at x = 1. If x = 2, it has the value  1 ⁄ (1 – 2), which is −1. If x = 10,
it has the value 1 ⁄ (1 – 10), which is − 1

9 . If x = −2, it has the value
1 ⁄ (1 – (–2)), which is 1

3 . I can draw a graph of 1 ⁄ (1 – x). You see that
it is the same as the previous graph between −1 and 1, but now it has
values west of 1 and east of (and including) −1, too.

–2 –1 1 2 3
x

1

2

3

4

1/(1–x)

FIGURE 9-2 The function 1/(1 − x).
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The moral of the story is that an infinite series might define only
part of a function; or, to put it in proper mathematical terms, an
infinite series may define a function over only part of its domain. The
rest of the function might be lurking away somewhere, waiting to be
discovered by some trick like the one I did with S(x).

IV. That raises the obvious question: is this the case with the zeta
function? Does the infinite sum I’ve been using for the zeta func-
tion—Expression 9-1—describe only part of it? With more yet to be
discovered? Is it possible that the domain of the zeta function

ζ s
s s s s s s s s s s( ) = + + + + + + + + + + +1

1

2

1

3

1

4

1

5

1

6

1

7

1

8

1

9

1

10

1

11
L

is bigger than just “all numbers greater than 1”?
Of course it is. Why would I be going to all this trouble other-

wise? Yes, the zeta function has values for arguments less than 1. In
fact, like 1 ⁄ (1 – x), it has a value at every number with the single
exception of x = 1.

At this point, I’d like to draw you a graph of the zeta function
showing all its features across a good range of values. Unfortunately, I
can’t. As I mentioned before, there is no really good and reliable way
to show a function in all its glory, except in the case of the simplest
functions. To get intimate with a function takes time, patience, and
careful study. I can graph the zeta function piecemeal, though. Fig-
ures 9-3 through 9-10 show values of ζ (s) for some arguments to the
left of s = 1, though I have had to draw each to a different scale. You
can tell where you are by the argument (horizontal) and value (verti-
cal) numbers printed on the axes. In the scale marks, “m” means “mil-
lion,” “tr” means “trillion,” “mtr” means “million trillion,” and “btr”
means “billion trillion.”

In short, when s is just less than 1 (Figure 9-3), the function value
is very large but negative—as if, when you cross the line s = 1 heading
west, the value suddenly flips from infinity to minus infinity. If you
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continue traveling west along Figure 9-3—that is, bringing s closer
and closer to zero—the rate of climb slows down dramatically. When
x is zero, ζ (s) is – 1

2 . At s = −2 the curve crosses the s-axis—that is,
ζ (s) is zero.

It then (we are still headed west, and now in Figure 9-4) climbs
up to a modest height (actually 0.009159890…) before turning down
and crossing the axis again at s = −4. The graph drops down to a shal-
low trough (−0.003986441…) before rising again to cross the axis at
s = −6. Another low peak (0.004194), a drop to cross the axis at s =
−8, a slightly deeper trough (−0.007850880…), across the axis at −10,
now a really noticeable peak (0.022730748…), across the axis at s =
−12, a deep trough (−0.093717308…), across the axis at s = −14, and
so on.

The zeta function is zero at every negative even number, and the
successive peaks and troughs now (Figures 9-5 to 9-10) get rapidly
more and more dramatic as you head west. The last trough I show,
which occurs at s = –49.587622654…, has a depth of about
305,507,128,402,512,980,000,000. You see the difficulty of graphing
the zeta function all in one piece.

–2 –1 0.5
s

–3

–2

–1

ζ( )s

FIGURE 9-3

–10 –8 –6 –4 –2
s

–0.2

–0.1

ζ( )s

–12–14

FIGURE 9-4

FIGURES 9-3 through 9-10

Graphs of ζ (s) when s is less than 1.
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–20 –18 –16
s

–5

5

10

15

20

25

30

ζ( )s

FIGURE 9-5

–22
s

–80000

–60000

–40000

–20000

5000

ζ( )s

–26 –24

FIGURE 9-6

–32 –30 –28
s

–50m

100 m

200 m

300 m

400 m

500 m

600 m

700 m

ζ( )s

FIGURE 9-7

–36 –34
s

–20tr

–10tr

ζ( )s

–38

FIGURE 9-8

–44 –42 –40
s

1mtr

2mtr

ζ( )s

FIGURE 9-9

–48 –46
s

–300btr

–200btr

–100btr

ζ( )s

–50

FIGURE 9-10
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V. But how do I get these values for ζ (s) when s is less than 1? I’ve
already shown that the infinite series in Expression 9-1 doesn’t work.
What does work? If, to save my life, I had to calculate the value of
ζ (−7.5), how would I set about it?

This I can’t fully explain, because it needs way too much calculus.
I can give the general idea, though. First, let me define a new func-
tion, using an infinite series slightly different from the one in Expres-
sion 9-1. This is the η  function; “η ” is “eta,” the seventh letter of the
Greek alphabet, and I define the eta function as

η s
s s s s s s s s s s( ) = − + − + − + − + − + −1

1

2

1

3

1

4

1

5

1

6

1

7

1

8

1

9

1

10

1

11
K

In a rough sort of way, you can see that this has a better prospect of
converging than Expression 9-1. Instead of relentlessly adding num-
bers, we are alternately adding, then subtracting, so each number will
to some extent cancel out the effect of the previous number. So it
happens. Mathematicians can prove, in fact—though I’m not going
to prove it here—that this new infinite series converges whenever s is
greater than zero. This is a big improvement on Expression 9-1, which
converges only for s greater than 1.

What use is that for telling us anything about the zeta function?
Well, first note the elementary fact of algebra that A − B + C − D + E −
F + G − H + … is equal to (A + B + C + D + E + F + G + H + …) mi-
nus 2 × (B + D + F + H + …).

So I can rewrite η (s) as

 1
1

2

1

3

1

4

1

5

1

6

1

7

1

8

1

9

1

10
+ + + + + + + + + +



s s s s s s s s s

L

minus

2
1

2

1

4

1

6

1

8

1

10
× + + + + +



s s s s s

L

The first parenthesis is of course just ζ (s). The second parenthesis
can be simplified by Power Rule 7, (ab)n = anbn. So every one of those
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even numbers can be broken up like this: 1
10

1
2

1
5s s s= × , and I can take

out 1
2s  as a factor of the whole parenthesis. Leaving what inside the

parenthesis? Leaving ζ (s)! In a nutshell

η (s) = 1 2
1

2
− ×



s  times ζ (s)

or, writing it the other way round and doing a last bit of tidying

ζ (s) = η (s) ÷ −




−1

1

2 1s

Now, this means that if I can figure out a value for η (s), then I can
easily figure out a value for ζ (s). And since I can figure out values for
η (s) between 0 and 1, I can get a value for ζ (s) in that range, too, in
spite of the fact that the “official” series for ζ (s) (Expression 9-1)
doesn’t converge there.

Suppose s is 1
2 , for example. If I add up 100 terms of η 1

2( ) I get
0.555023639…; if I add up 10,000 I get 0.599898768…. In fact, η 1

2( )
has the value 0.604898643421630370…. (There are shortcuts for do-
ing this without adding up zillions of terms.) Armed with this, I can
calculate a value for ζ 1

2( ) ; it comes out to −1.460354508…, which
looks pretty much right, based on the first one in that last batch of
graphs.

But hold on there a minute. How can I juggle these two infinite
series at the argument s = 1

2 , where one of the series converges and
one doesn’t? Well, strictly speaking, I can’t, and I have been playing a
bit fast and loose with the underlying math here. I got the right an-
swer, though, and could repeat the trick for any number between zero
and 1 (exclusive), and get a correct value for ζ (s).

VI. Except for the single argument s = 1, where ζ (s) has no value, I
can now provide a value for the zeta function at every number s
greater than zero. How about arguments equal to or less than zero?
Here things get really tough. One of the results in Riemann’s 1859
paper proves a formula first suggested by Euler in 1749, giving
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ζ (1 − s) in terms of ζ (s). So if you want to know the value of, say,
ζ (−15), you can just calculate ζ (16) and feed it into the formula. It’s
a heck of a formula, though, and I give it here just for the sake of
completeness.48

ζ π π ζ1 2
1

2
11−( ) = −





−( ) ( )− −s
s

s ss s sin !

Here π , in both occurrences, is the magic number 3.14159265…,
“sin” is the good old trigonometric sine function (with the argument
in radians), and ! is the factorial function I mentioned in Chapter
8.iii. In high school math, you meet the factorial function only in
relation to positive whole numbers: 2! = 1 × 2, 3! = 1 × 2 × 3,
4! = 1 × 2 × 3 × 4, and so on. In advanced math, though, there is a
way to define the factorial function for all numbers except the nega-
tive integers, by a domain-stretching exercise not unlike the one I just
did. For example, −( )1

4 ! turns out to be 0.8862269254…(half the
square root of π , in fact), 1

2( ) ! = 1.2254167024…, etc. The negative
integers create problems in the formula, but they are not major prob-
lems, and I shall say nothing about them here. Figure 9-11 shows the
full factorial function, for arguments from −4 to 4.

–3 –2 –1 1 2 3
x

–15

–10

–5

5

10

15

x!

FIGURE 9-11 The full factorial function x!
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If you find that a little over the top, just take it on faith that there
is a way to get a value of ζ (s) for any number s, with the single excep-
tion of s = 1. Even if that last formula bounces right off your eye, at
least notice this: it gives ζ (1 − s) in terms of ζ (s). That means that if
you know ζ (16) you can calculate ζ (−15); if you know ζ (4) you
can calculate ζ (−3); if you know ζ (1.2) you can calculate ζ (−0.2);
if you know ζ (0.6) you can calculate ζ (0.4); if you know ζ (0.50001)
you can calculate ζ (0.49999); and so on. The point I’m getting at is
that the argument “one-half” has a special status in this relationship
between ζ (1 − s) and ζ (s), because if x = 1

2 , then 1 − s = s. Obvi-
ously—obviously, I mean, from glancing at Figure 5-4 and Figures
9-3 through 9-10—the zeta function is not symmetrical about the ar-
gument 1

2 ; but the values for arguments to the left of 1
2  are bound up

with their mirror images on the right in an intimate, though compli-
cated, way.

Glancing back at that last bunch of graphs, you notice something
else: ζ (s) is zero whenever s is a negative even number. Now, if a
certain argument gives the function a value of zero, that argument is
called “a zero of” the function. So the following statement is true.

−2, −4, −6, … and all other negative even whole numbers
are zeros of the zeta function.

And if you look back at the statement of the Riemann hypothesis,
you see that it concerns “all non-trivial zeros of the zeta function.”
Are we getting close? Alas, no, the negative even integers are indeed
zeros of the zeta function; but they are all, every one of them, trivial
zeros. For non-trivial zeros, we have to dive deeper yet.

VII. As an afterthought to this chapter, I am going to give my calcu-
lus a very brief workout, applying two of the results I stated in Chap-
ter 7 to Expression 9-2. Here is that expression again, true for any
number x between −1 and 1, exclusive.
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1

1
1 2 3 4 5 6

−
= + + + + + + +

x
x x x x x x L

Expression 9-2, again

All I intend to do is integrate both sides of the equals sign. Since the
integral of 1 ⁄ x is log x, I hope it won’t be too much of a stretch to
believe—I shall not pause to prove it—that the integral of 1 ⁄ (1 – x)
is −log(1 − x). The right-hand side is even easier. I can just integrate
term by term, using the rules for integrating powers that I gave in
Table 7-2. Here is the result (which was first obtained by Sir Isaac
Newton).

− −( ) = + + + + + + +log 1
2 3 4 5 6 7

2 3 4 5 6 7

x x
x x x x x x

L

It will be a little handier, as you can see in Expression 9-3, if I multiply
both sides by −1.

log 1
2 3 4 5 6 7

2 3 4 5 6 7

−( ) = − − − − − − − −x x
x x x x x x

L

Expression 9-3

Oddly, though it makes little difference to the way I shall apply it,
Expression 9-3 is true when x = −1, even though the expression I
started with, Expression 9-2, isn’t. When x = −1, in fact, Expression
9-3 gives the result shown in Expression 9-4.

log 2 1
1

2

1

3

1

4

1

5

1

6

1

7
= − + − + − + −L

Expression 9-4

Note the similarity to the harmonic series. Harmonic series …
prime numbers … zeta …. This whole field is dominated by the log
function.

The right-hand side of Expression 9-4 is slightly peculiar, though
this is not obvious to the naked eye. It is, in fact, a textbook example
of the trickiness of infinite series. It converges to log 2, which is
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0.6931471805599453…, but only if you add up the terms in this order.
If you add them up in a different order, the series might converge to
something different; or it might not converge at all!49

Consider this rearrangement, for example, 1 – 1
2  – 1

4  + 1
3  – 1

6  –
1
8 + 1

5  – 1
10  – …. Just putting in some parentheses, it is equal to (1 –

1
2 ) – 1

4  + ( 1
3  – 1

6 ) – 1
8  + ( 1

5  – 1
10 ) – …. If you now resolve the paren-

theses, this is 1
2  – 1

4  + 1
6  – 1

8  + 1
10  – …, which is to say 1

2  (1 – 1
2  + 1

3  –
1
4  + 1

5  – …). The series thus rearranged adds up to one-half of the
un-rearranged series!

The series in Expression 9-4 is not the only one with this rather
alarming property. Convergent series fall into two categories: those
that have this property, and those that don’t. Series like this one,
whose limit depends on the order in which they are summed, are
called “conditionally convergent.” Better-behaved series, those that
converge to the same limit no matter how they are rearranged, are
called “absolutely convergent.” Most of the important series in analy-
sis are absolutely convergent. There is another series that is of vital
interest to us, though, that is only conditionally convergent, like the
one in Expression 9-4. We shall meet that series in Chapter 21.
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