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A PROOF AND A TURNING POINT

The 1859 paper “On the Number of
Prime Numbers Less Than a Given Quantity” was Bernhard
Riemann’s only publication on number theory, and the only one of
his productions that contained no geometrical ideas at all.

The paper, though dazzling and seminal, was in some respects
unsatisfactory. There was, first of all, the great Hypothesis, which
Riemann left hanging in the air (where it still hangs). His actual
words, after making a statement that is equivalent to the Hypothesis,
were

One would, of course, like to have a rigorous proof of this, but I

have put aside the search for such a proof after some fleeting vain

attempts (einigen flüchtigen vergeblichen Versuchen) because it is not

necessary for the immediate objective of my investigation.

Fair enough. Since the Hypothesis was not crucial to the ideas he
was pursuing, Riemann left it unproved. That, however, is the least of
the paper’s deficiencies. Several other things are asserted but not thor-

I.
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oughly proved—including the paper’s main result! (I shall give the
result in a later chapter.)

Bernhard Riemann was a very pure case of the intuitive math-
ematician. This needs some explaining. The mathematical personal-
ity has two large components, the logical and the intuitive. Both are
present in any good mathematician, but often one or the other is
strongly dominant. The usual example of an extremely logical math-
ematician is the German analyst Karl Weierstrass (1815−1897), who
did his great work in the third quarter of the nineteenth century.
Reading Weierstrass’s papers is like watching a rock climber. Every
step is firmly anchored in proof before the next step is taken. Poincaré
said that none of Weierstrass’s books contained any diagrams. There
is, in fact, just one exception to that, but certainly the precise logical
progression of Weierstrass’s work, with every least fact carefully justi-
fied before proceeding to the next, and no appeals to geometrical in-
tuition at all, is representative of the logical mathematician.

Riemann is at the other pole. If Weierstrass is a rock climber,
inching his way methodically up the cliff face, Riemann is a trapeze
artist, launching himself boldly into space in the confidence—which
to the observer often seems dangerously misplaced—that when he
arrives at his destination in the middle of the sky, there will be some-
thing there for him to grab. It is plain that Riemann had a strongly
visual imagination, and also that his mind leaped to results so power-
ful, elegant, and fruitful that he could not always force himself to
pause to prove them. He was keenly interested in philosophy and
physics, and notions gathered from long, deep contemplation of those
two disciplines—the flow of sensations through our senses, the orga-
nizing of those sensations into forms and concepts, the flow of elec-
tricity through a conductor, the movements of liquids and gases—
can be glimpsed beneath the surface of his mathematics.

The 1859 paper is therefore revered not for its logical purity, and
certainly not for its clarity, but for the sheer originality of the meth-
ods Riemann used, and for the great scope and power of his results,
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which have provided, and will yet provide, Riemann’s fellow math-
ematicians with decades of research.

In his book on the zeta function,50 Harold Edwards has this to say
about what followed that 1859 paper.

For the first 30 years after Riemann’s paper was published, there was

virtually no progress in the field. It was as if it took the mathemati-

cal world that much time to digest Riemann’s ideas. Then, in a space

of less than 10 years, Hadamard, von Mangoldt and de la Vallée

Poussin succeeded in proving both Riemann’s main formula for
π (x) and the prime number theorem, as well as a number of other

related theorems. In all these proofs Riemann’s ideas were crucial.

II. Riemann’s “On the Number of Prime Numbers Less Than a
Given Quantity” had a direct bearing on efforts to prove the Prime
Number Theorem (PNT). If the Riemann Hypothesis were true, the
PNT would follow as a consequence. However, the Hypothesis is a
much stronger result than the PNT, and the latter could be proved
from weaker premises. The main significance of Riemann’s paper for
the proof of the PNT is that it provided the tools—the deep insights
into analytic number theory that showed the way to a proof.

That proof came in 1896. The landmarks between Riemann’s pa-
per and the proof of the PNT were as follows.

� There was an increase in the practical knowledge of prime
numbers. Longer tables of primes were published, notably
Kulik’s, deposited at the Vienna Academy in 1867, which pro-
vided factors for all numbers up to 100,330,200. Ernst Meissel
developed a clever way to work out π (x), the prime counting
function. In 1871 he produced a correct value for
π (100,000,000). In 1885 he computed a value for
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π (1,000,000,000), which was short by 56 (though this was not
discovered until 70 years later).

� In 1874, Franz Mertens proved a modest result about the se-
ries of reciprocals of primes, using methods that owed some-
thing to both Riemann and Chebyshev. That series, by the way,
the series 1

2
1
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1
5

1
7

1
11

1
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1
17

1+ + + + + + + + +L p …, diverges,
though even more slowly than the harmonic series. It
is ~log(log p).

� In 1881, J.J. Sylvester at Johns Hopkins University in the United
States improved Chebyshev’s limits (see Chapter 8.iii) from 10
percent to 4 percent.

� In 1884 the Danish mathematician Jørgen Gram published a
paper titled “Investigations of the Number of Primes Less
Than a Given Number” and won a prize for it from a Danish
mathematical society. (The paper made no important ad-
vances but laid the groundwork for Gram’s later efforts, which
we shall examine in due course.)

� In 1885 the Dutch mathematician Thomas Stieltjes claimed to
have a proof of the Riemann Hypothesis. More on this shortly.

� In 1890 the French Académie des Sciences announced that a
grand prize would be awarded for a paper on the topic “Deter-
mination of the number of prime numbers less than a given
quantity.” The deadline for presentation was June 1892. It was
made plain in the announcement that the Académie was solic-
iting work that would supply some of the proofs missing from
Riemann’s 1859 paper. The young French mathematician
Jacques Hadamard submitted a paper concerning the repre-
sentation of certain kinds of functions in terms of their zeros.
Riemann had relied on this result to get a formula for π (x); it
is on this point—I shall explain the math in more detail later—
that the connection between prime numbers and the zeros of
the zeta function hinges. Riemann, however, had left it un-
proved. The key ideas in Hadamard’s paper were drawn from
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his own doctoral thesis, which he defended that same year. He
won the prize.

� In 1895 the German mathematician Hans von Mangoldt
proved the main result of Riemann’s paper, which states the
connection between π (x) and the zeta function, and recast it
in a simpler form. It was then plain that if a certain theorem
much weaker than the Riemann Hypothesis could be proved,
the application of the result to von Mangoldt’s formula would
prove the PNT.

� In 1896 two mathematicians working independently, the
aforementioned Jacques Hadamard and the Belgian Charles
de la Vallée Poussin, proved that weaker result and, therefore,
the PNT.

It had been said that whoever proved the PNT would attain im-
mortality. This prediction very nearly came true. Charles de la Vallée
Poussin died five months short of his 96th birthday; Jacques
Hadamard two months short of his 98th.51 They did not know—not
until late in the proceedings, anyway—that they were in competition
with each other; and since both published in the same year, math-
ematicians consider it invidious to credit either with having got the
result first. As with the ascent of Everest, the honor is shared.

In fact, de la Vallée Poussin seems to have been slightly earlier to
press. Hadamard’s paper—its title was Sur la distribution des zéros de
la fonction ζ (s) et ses conséquences arithmétiques—appeared in the
bulletin of the Mathematical Society of France. Hadamard appended
a note saying that while going over the galley proofs of the paper he
had learned of de la Vallée Poussin’s result. He adds, “However, I
believe no one will deny that my method has the advantage of
simplicity.”

Nobody ever has denied it. Hadamard’s proof is simpler; and his
knowing this before his paper went to press implies that he had not
only heard of de la Vallée Poussin’s result but had had the chance to
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examine it. However, since the two men’s work was plainly indepen-
dent, and since there has never been any slightest suspicion of hanky-
panky, and since both Hadamard and de la Vallée Poussin were per-
fect gentlemen, these simultaneous proofs have never generated any
rancor or controversy. I am content to say, along with the whole world
of mathematics, that in 1896, Jacques Hadamard of France and
Charles de la Vallée Poussin of Belgium, working independently,
proved the PNT.

III. The proving of the PNT is a great turning point in our story, so
much so that I have divided my book into two parts on this point. In
the first place, both of the 1896 proofs depended on getting a Hy-
pothesis-style result. If either Hadamard or de la Vallée Poussin could
have proved the truth of the Hypothesis, the PNT would have fol-
lowed at once. They couldn’t of course, but they didn’t need to. If the
PNT is a nut, the Riemann Hypothesis is a sledge hammer. The PNT
follows from a much weaker result (which has no name):

All non-trivial zeros of the zeta function
have real part less than one.

If you can prove this, then you can use von Mangoldt’s 1895 version
of Riemann’s main result to prove the PNT. That is what our two
scholars did in 1896.

In the second place, with the PNT out of the way, the Hypothesis
came into plain view. It was the next great open issue in analytic
number theory; and as mathematicians turned their attention to it, it
soon became plain that if the Hypothesis could be shown to be true, a
great many things would follow. If the PNT was the great white whale
of number theory in the nineteenth century, the Riemann Hypoth-
esis was to take its place in the twentieth. More than take its place, in
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fact, for it cast its fascination not only on number theorists, but on
mathematicians of all kinds, and even, as we shall see, on physicists
and philosophers.

And in the third place—apparently trivial, but these things have
a way of fixing themselves in people’s minds—there is the neat coin-
cidence of the PNT being first thought of at the end of one century
(Gauss, 1792), then being proved at the end of the next (Hadamard
and de la Vallée Poussin, 1896). Once that theorem had been dis-
posed of, the attention of mathematicians turned to the Riemann
Hypothesis, which occupied them for the following century—which
came to its end without any proof being arrived at. And that led in-
quisitive generalists to write books about the PNT and the Hypoth-
esis at the beginning of the next century!

I am going to fill out the social, historical, and mathematical
background to the bullet points given above by offering a sketch of
the career of Jacques Hadamard; partly because he was the most im-
portant of the various players, and partly because I find him an ap-
pealing and sympathetic personality.

IV. Politically, France did not have a good nineteenth century. If
Napoleon’s “100 days” are included (and if you will excuse a small
rounding error), the constitutional arrangements of that ancient na-
tion from 1800 to 1899 went as follows:

First Republic (41⁄2 years)

First Empire (10 years)

Kingdom restored (1 year)

Empire restored (3 months)

Kingdom re-restored (33 years)

Second Republic (5 years)

Second Empire (18 years)

Third Republic (29 years)
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… and even that 33 years of monarchy was interrupted halfway
through by a revolution and change of dynasty.

For French people of the later part of the century, the great na-
tional trauma was the defeat of their armies by Prussia in 1870, fol-
lowed by the Prussian siege of Paris in the winter of 1870−1871, then
by a peace treaty that involved the cession of two provinces and a
huge cash indemnity. The treaty itself triggered a brief but vicious
civil war. The consequences of all this for France were, of course, very
great. The nation went into the Franco-Prussian War an empire and
came out a republic.

The French army was particularly affected. For the rest of the
century and beyond, that proud institution not only had to bear the
humiliation of the 1870 defeats; it also had to embody the hopes of
the nation for revenge and for recovery of the lost territories. The
army also became a focus for old-fashioned French patriotism, with
young men from aristocratic, clerical, and high-bourgeois families
joining the officer corps in large numbers. This tipped the officer class
toward the old “Throne and Altar” style of French conservatism, and
to some degree cut it off from the mainstream of French life in these
decades. The mainstream was all in the direction of a bustling, open-
minded, commercial, and industrial republic, a leader in the arts and
sciences, a center of brilliance, wit, and gaiety—the wonderful, glit-
tering France of the Belle Epoque, one of the great high points of
western civilization.

Jacques Hadamard lived through the siege of Paris as an infant,
and the house his family occupied was burned down in the Civil War.
He had been born in December 1865 to French-Jewish parents. His
father was a high-school teacher, his mother gave piano lessons.
(Among her pupils was Paul Dukas, who wrote that Sorcerer’s Ap-
prentice symphonic poem so well known to Disney fans.) After a de-
gree and a brief spell of school teaching, Hadamard got his doctorate
in 1892. He married that same year. In 1893 he moved with his wife
to Bordeaux, where he took a position as lecturer at the university.
The Hadamards’ first child, Pierre, was born in October 1894, and
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they began raising one of those close, loving, busy bourgeois families
in which everyone was expected to play a musical instrument and to
enter business, academia, or the professions.

France was, then as today, a highly centralized nation. To get a
lecturing position in Paris was extraordinarily difficult, and it was
understood that young academics should serve an apprenticeship in
the provinces for a few years. Hadamard’s Paris opportunity came in
1897. He moved back to the capital in that year, quitting his profes-
sorship in Bordeaux—he had advanced from lecturer to full profes-
sor in just two years—to become an assistant lecturer at the Collège
de France—from the point of view of academic prestige, a move
upward.

Those six years 1892−1897 laid the foundations of Hadamard’s
career and fame. He was a mathematician of considerable scope, pro-
ducing original work in several different areas. Undergraduate stu-
dents of math generally first encounter his name attached to the Three
Circles Theorem in complex function theory, a result Hadamard ob-
tained in 1896, and which you can look up in any good encyclopedia
of mathematics.52

You will see it written that Hadamard was the last of the univer-
sal mathematicians—the last, that is, to encompass the whole of the
subject, before it became so large that this was impossible. However,
you will also see this said of Hilbert, Poincaré, Klein, and perhaps of
one or two other mathematicians of the period. I don’t know to whom
the title most properly belongs, though I suspect the answer is actu-
ally Gauss.

V. It is to the Bordeaux period that Hadamard’s proof of the PNT
belongs. Permit me to step back a little and look at the immediate
mathematical environment of the proof.

The senior figure in French mathematics at this time was Charles
Hermite (1822−1901), professor of analysis at the Sorbonne until he

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003

160 PRIME OBSESSION

retired in 1897. One of his creations will play an important part later
in our story (Chapter 17.v).

From 1882 onward Hermite had been conducting a mathemati-
cal correspondence with a younger mathematician, a Dutchman
named Thomas Stieltjes.53 In 1885, Stieltjes published a note in the
Comptes Rendus54 of the Paris Academy of Sciences, claiming to have
proved my Theorem 15-1—a result stronger than the Riemann Hy-
pothesis, from which, if Stieltjes had indeed proved it, the truth of the
Hypothesis would follow (but whose falsehood would not disprove
the Hypothesis—see Chapter 15.v). Stieltjes did not, however, include
his proof in that note. He wrote to Hermite at about the same time,
making the same claim, but adding, “My proof is very arduous; I shall
try to simplify it further when I resume my research on these ques-
tions.” Now, Stieltjes was an honest man and a serious and respected
mathematician—there is a type of integral named after him. No one
had any reason to doubt that he did, in fact, have a proof, and in all
probability Stieltjes himself thought he did.

Meanwhile, Riemann’s 1859 paper was being scrutinized, and its
arguments tidied up. Hadamard’s prize result of 1892 was a great step
forward. Then, in 1895 in Berlin, the German (Germany was by this
time an Empire under Kaiser Wilhelm I) mathematician Hans von
Mangoldt cleared away most of the remaining underbrush and
proved Riemann’s main result linking the prime counting function
π (x) to the zeros of the zeta function.

Only two large points remained, the Hypothesis and the PNT. By
this time everyone concerned understood that the Hypothesis was
the stronger proposition. If the Hypothesis (sledgehammer) could be
proved true, the PNT (nut) would follow as a consequence, with no
need for further effort; but the PNT could be established from weaker
results without invoking the Hypothesis, and a proof of the PNT
would not imply the truth of the Hypothesis.

So, what was a mathematician to do, given that it was widely be-
lieved that Stieltjes had disposed of both matters? Start work on prov-
ing the lesser result—to which, thanks to the brush-clearing work of
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Hadamard and von Mangoldt, the way was now pretty clear? Was it
worth the trouble, considering that Stieltjes’s superior result on the
Hypothesis might appear while your own work was still in progress?
On the other hand, by the mid-1890s it had been 10 years since
Stieltjes’s announcement, and a lot of people must have been enter-
taining doubts. Not doubts about Stieltjes’s character; it is a very com-
mon thing for a mathematician to believe he has proved a result, only
to find, going over his arguments (or more commonly, having them
peer-reviewed), that there is a logical flaw in them. This happened
with Andrew Wiles’s first proof of Fermat’s Last Theorem in 1993. It
happens somewhat more dramatically to the narrator of Philibert
Schogt’s 2000 novel The Wild Numbers. Nobody would have thought
the worse of Stieltjes if this had been the case, this being much too
common an event in mathematical careers. But where was that proof?

Both Charles de la Vallée Poussin at the University of Louvain in
Belgium and Jacques Hadamard in Bordeaux took up the lesser chal-
lenge and soon got the result. They proved the PNT. Both must have
wondered, though, whether there was any point to their efforts, since,
even if their papers were to be published before Stieltjes’s, their lesser
results would be overshadowed by his much greater one. Hadamard
actually states in his paper: “Stieltjes has proved that all the imaginary
zeros of ζ (s) are (conforming to Riemann’s prediction) of the form
1
2 + t i , t being real; but his proof has never been published. I simply

intend to show that ζ (s) cannot have zeros with real part equal to 1.”
Stieltjes’s proof never did appear; and, in fact, Stieltjes had died

in Toulouse on the last day of 1894. This fact must surely have been
known to Hadamard, working on his paper in 1895−1896, so pre-
sumably he was expecting the proof to turn up in unpublished pa-
pers among Stieltjes’s effects. It never has. Until quite recently it was
thought possible that Stieltjes might, nonetheless, have proved the
Hypothesis. Then, in 1985, Andrew Odlyzko and Herman te Riele
proved a result that casts serious doubt on Theorem 15-1. Belief in
Stieltjes’s lost proof of Riemann’s Hypothesis has now, I think, pretty
much evaporated.
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VI. One consequence of the great national trauma of 1870−1871
was, as I have pointed out above, the reinforcing of the element of
social conservatism in the officer class of the French army, and a cer-
tain distancing of that class from the main current of French society.
This had one enormous consequence in the last years of the nine-
teenth century, the Dreyfus affair.

To attempt to do justice to “The Affair” in a couple of paragraphs
is hopeless. It was a central issue in French public life for over a de-
cade and can ignite a shouting match even today. There is a vast lit-
erature on it, along with movies, novels, and at least one TV mini-
series (in French). As briefly as it can be stated: Alfred Dreyfus, an
officer on the general staff of the French Army, from a wealthy Jewish-
bourgeois family, was arrested and charged with treason at the end of
1894. Court-martialed in camera, he was condemned, degraded, and
transported for life to Devil’s Island. Dreyfus loudly protested his in-
nocence and had no apparent motive for treason, having always been
impeccably patriotic and without any need for money.

In March 1896 Colonel George Picquart of French military intel-
ligence happened to notice that the document that had been the prin-
cipal item of evidence against Dreyfus was in fact in the handwriting
not of Dreyfus but of another officer, Major Esterhazy, a man of er-
ratic character and extravagant habits, chronically beset by gambling
debts. Picquart informed his superiors. He was told to say nothing
further about the matter and transferred to a frontier post in French
North Africa. The following year, 1897, Dreyfus’s brother Mathieu
learned of Picquart’s discovery and demanded that Esterhazy be tried.
Esterhazy was acquitted by a military tribunal in January 1898. The
novelist Émile Zola promptly published an open letter, the famous
J’accuse, to the President of the Republic, Félix Faure, denouncing the
various people involved in Dreyfus’s conviction as participants in a
monstrous injustice and cover-up. Zola was indicted on a charge of
criminal libel against the Minister of War.

The Affair then metastasized, consuming the attention of French
society until Dreyfus’s innocence was finally and officially proclaimed
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in July 1906. There were impassioned trials, dramatic reversals, the
suicide of one of the conspirators, and numerous other colorful
events. (Perhaps the most colorful, not arising directly from the Af-
fair but influencing its course, was the death of President Faure while
in flagrante delicto with his mistress in a back bedroom at the Elysée
Palace. He suffered a massive stroke and in his death agony seized the
poor woman by the hair with such force she was unable to separate
herself from him. Her screams brought the Palace servants, who dis-
engaged the lady, dressed her, and hustled her out a side door.)

It happened that Jacques Hadamard was a second cousin of
Alfred Dreyfus’s wife Lucie, née Lucie Hadamard. The Affair was,
therefore, of direct personal concern to him. In addition to this per-
sonal connection, it confronted all French Jews with deep questions
about identity and loyalty. Before the Affair, most of the Jewish-
French bourgeoisie—people like the Hadamards and the Dreyfuses—
had thought themselves perfectly assimilated—patriotic French
people who happened to be Jewish. Anti-Semitism had been lurking
below the surface, however, and not only in the army. An anti-Semitic
polemical book, La France Juive, had been a huge publishing success
in 1886, and an anti-Semitic newspaper, La Libre Parole, was widely
read. The Affair brought all this to the surface and made French Jews
wonder if they had been living in a fool’s paradise. But even without
the anti-Semitism factor a gross injustice had been done, and the
ranks of the Dreyfusards—those agitating on behalf of the disgraced
captain—included countless gentile citizens outraged by the army’s
deceit and the failure of the political authorities to act.

Before the Affair, Hadamard seems to have been an apolitical and
unworldly man, rather the absent-minded professor type that is very
common among great mathematical talents. Much is made of this
stereotype, and there is in fact something to it. Because of the purely
abstract nature of the material they work with and the need to con-
centrate on that material for long hours at a time, mathematicians
tend to be somewhat detached from more earthly matters. It is not
impossible for a mathematician to be worldly, and there are many
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counterexamples. René Descartes was a soldier and a courtier. (He
survived the first but not the second.) Karl Weierstrass spent his years
at university drinking and fighting and left without a degree. John
von Neumann, one of the greatest of twentieth-century mathemati-
cians, was quite a boulevardier, fond of pretty women and fast cars.

Jacques Hadamard, on the evidence, was not one of those
counterexamples. Even discounting the apocrypha that develop
around any great man, it seems plain that Hadamard could not knot
his tie without assistance. His daughter claimed he could not count
beyond four, “After that came n.” His involvement in the Dreyfus Af-
fair, therefore, speaks to the depths of the feeling aroused by that inci-
dent, stirring even such a detached soul as this. Once he had become
involved, Hadamard was a passionate Dreyfusard. He became active
in the League for Human Rights, founded in 1898 during the trial of
Zola. Hadamard’s third son, born in February 1899, was named
Mathieu-Georges, “Mathieu” after Dreyfus’s brother and most tire-
less champion, “Georges” after the remarkable Colonel Picquart,
whose iron integrity and quiet insistence on telling the truth were key
factors in the eventual vindication of Dreyfus (whom Picquart per-
sonally detested).

Hadamard remained a public man for the rest of his life, which,
as well as being exceptionally long, was more than usually productive
and busy. It was also deeply marked with tragedy. The great wars of
the twentieth century took all three of his sons. The older two died at
Verdun within three months of each other; Mathieu-Georges was
killed in 1944 while serving with the Free French forces in North Af-
rica. In grief and despair after the First World War, Hadamard turned
to pacifism and the League of Nations. He worked to help elect the
Popular Front government of 1936−1938. Like many more worldly
than himself, he was to some degree taken in by communism and the
Soviet Union.55 Driven from Paris by the German advance in 1940, he
taught at Columbia for four years. He traveled and lectured every-
where and met everyone. He was a keen naturalist, with museum-
grade collections of ferns and fungi. He was an early supporter of the
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Hebrew University of Jerusalem (founded in 1925). His many books
included The Psychology of Invention in the Mathematical Field (1945),
still well worth reading for its insights into the thought processes of
mathematicians; I have used some of its ideas for this book. He orga-
nized an amateur orchestra at his home; Albert Einstein—a lifelong
friend—was a visiting violinist. He was married for 68 years to the
same woman. When she died, Jacques was 94 years old. He struggled
on for two years; but then the death of his beloved grandson in a
climbing accident robbed him of his spirit and he died a few months
later, a little short of his 98th birthday.

VII. In concentrating on Jacques Hadamard, I have indulged my
personal fondness for an attractive personality and fine mathemati-
cal talent, intending no disrespect to the other mathematicians who
participated in the clarification of Riemann’s great paper and the
proof of the PNT.56 By the later nineteenth century the world of math-
ematics had passed out of the era when really great strides could be
made by a single mind working alone. Mathematics had become a
collegial enterprise in which the work of even the most brilliant schol-
ars was built upon, and nourished by, that of living colleagues.

One recognition of this fact was the establishment of periodic
International Congresses of Mathematicians. The first such gather-
ing was held in Zürich in August 1897. (Hadamard’s wife was expect-
ing their second child, so he did not attend. He sent a paper to be read
by his friend Emile Picard. It is interesting to note that the First Zion-
ist Congress was taking place at the same time, 40 miles away in Basel,
and inspired in part by issues arising out of the Dreyfus Affair.)

There was a second Congress in Paris in the summer of 1900, and
the idea was to have a Congress every four years. History had other
plans, however. There was no Congress in 1916, nor in 1940, 1944, or
1948. The system started up again in 1950 in Cambridge, Massachu-
setts. Hadamard was, of course, invited; but because of his pro-Soviet
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leanings, he was at first denied a U.S. visa. It took a petition by his
fellow mathematicians, and the personal intervention of President
Truman, to get him to Harvard. At the time of writing, early in 2002,
preparations are under way for the 24th Congress, to be held in
Beijing this summer, only the second outside the West (defined as
Europe, Russia, and North America).

VIII. The first of the twentieth-century Congresses was that one
held in Paris from August 6 to 12, 1900, and this is the one everyone
remembers. The Paris Congress will forever be linked with the name
of David Hilbert, a German mathematician working at Göttingen,
the university of Gauss, Dirichlet, and Riemann. Though only 38
years old, Hilbert was well established as one of the foremost math-
ematicians of his time.

On the morning of August 8, in a lecture hall at the Sorbonne,
Hilbert stood up before the 200-odd delegates to the Congress,
Jacques Hadamard among them, and delivered an address on “Math-
ematical Problems.” His aim was to concentrate the minds of his fel-
low mathematicians on the challenges facing them in the new cen-
tury. To effect this goal, he directed their attention to a handful of the
most important topics needing investigation, and problems needing
solution. He organized these topics and problems under 23 headings;
number 8 was the Riemann Hypothesis.

With that address, twentieth-century mathematics began in
earnest.
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11
NINE ZULU QUEENS RULED CHINA

In Chapter 9.vi I showed some zeros
of the zeta function. I said that every negative even number is a zero
of the zeta function: ζ (−2) = 0, ζ (−4) = 0, ζ (−6) = 0, and so on.
That gets us a certain way toward understanding the Riemann Hy-
pothesis, which, just to remind you, says that

The Riemann Hypothesis
All non-trivial zeros of the zeta function

have real part one-half.

Unfortunately, all those negative even numbers are trivial zeros.
So … where are these non-trivial ones? To answer that, I must take
you into the realm of complex and imaginary numbers.

A lot of people are alarmed by this topic. They believe imaginary
numbers are scary, or fantastic, or impossible—have leaked into
mathematics from science fiction somehow. This is all nonsense.
Complex numbers (of which imaginary numbers are a special case)
came into math from very practical considerations. They were useful

I.
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in helping mathematicians solve problems they couldn’t solve other-
wise. They are no more imaginary than any other kind of number.
When was the last time you stubbed your toe on a seven?

The irrational numbers (like 2  and π ) are actually more mys-
terious, more intellectually intimidating, and, yes, even scarier, than
the square root of minus one. Indeed the irrational numbers have
given—and, in the form of the so-called Continuum Hypothesis (see
David Hilbert’s address in Chapter 12.ii) continue to give—philoso-
phers of mathematics far more trouble than inoffensive, handy little

−1  ever did. There have been determined attempts to reject irratio-
nal numbers, even in modern times, and even by important profes-
sional mathematicians: Kronecker in the late nineteenth century,
Brouwer and Weyl in the early twentieth. For some further remarks
on this topic, see Section V in this chapter.

II. To get a balanced view of complex numbers, you really need to
understand how a modern mathematician thinks of numbers in gen-
eral. I’m going to try to give an account of this, including complex
numbers in my account. Don’t worry too much about what they are
right now; I’ll go into more detail a bit later. I include the complex
numbers in these next few paragraphs just for the sake of complete-
ness.

So how does a modern mathematician see numbers? As hollow
letters, that’s how. As �, �, �, �, and �. I have been trying to think of
a good, memorably daft, mnemonic for keeping these letters in mind
but have so far been unable to come up with anything better than
“Nine Zulu Queens Ruled China.”

Perhaps I’m getting ahead of things a bit. Here’s an alternative
answer to that question. Mathematicians think of numbers as a set of
nested Russian dolls.

� Innermost doll: The natural numbers 1, 2, 3, 4, ….
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� Next doll: The integers. That is, the natural numbers together
with zero and the negative whole numbers (for example, −12).

� Next doll: The rational numbers. That is, the integers together
with all positive and negative fractions (for example, numbers
like 3

2
1

917635
1000000000001

6, ,− − ).
� Next doll: The real numbers. That is, the rational numbers to-

gether with the irrational numbers, like 2 , π , e. (Recall from

note 11 to Chapter 3.vi the discovery by the ancient Greeks
that there are numbers that are neither integers nor frac-
tions—irrational numbers.)

� Outermost doll: The complex numbers.

There are several things to notice about this arrangement. The
first is that there is a characteristic way to write numbers in each doll.

� Natural numbers tend to be written like this “257.”
� Integers frequently have a sign in front like this “−34.”
� Rational numbers are most often written as fractions. For pur-

poses of writing them in fraction form, rational numbers come
in two varieties. Those whose size (that is, ignoring the sign) is
less than 1 are called “proper fractions,” while the others are
“improper.” A proper fraction is written like this, 14

37 . An im-
proper fraction can be written in two styles, “vulgar” ( 13

9 ) or
“mixed” (1 4

9 ).
� The most important real numbers have special symbols, like

π  or e. Many others can be expressed with “closed forms” like

7 25 +  or π 2 ⁄ 6. Failing all else, or to give an idea of the
actual numerical value of a real number, we write it as a deci-
mal, generally with three trailing dots to mean “this isn’t the
whole thing, I could supply more digits if I really had to:”
−549.5393169816448223…. Alternatively, we can round it to
“five decimal places” (−549.53932) or “five significant digits”
(−549.54) or any other level of precision.
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� Complex numbers look like this, −13.052 + 2.477i. More on
that later.

The next thing to note is that the inhabitants of each Russian doll
are honorary inhabitants of the next one out and can, if there is some
good reason for it, be written in the style appropriate to the outer
one.

� Natural numbers (e.g., 257) are honorary integers, and can be
written with a plus sign, like this: +257. When you see an inte-
ger with a plus sign in front, you think “natural number.”

� Integers (e.g., −27) are honorary rational numbers, and can
be written as fractions whose denominator is 1, like this: − 27

1 .
When you see a rational number with denominator 1, you
think “integer.”

� Rational numbers (e.g., 1
3 ) are honorary real numbers, and

can be written out as decimals, like this: 0.33333333.… It is an
interesting thing about rational numbers that if you write a
rational number in decimal form, the decimal digits always
repeat themselves sooner or later (unless they just come to a
dead stop, like 7

8 = 0.875). The rational number 65463
27100 , for ex-

ample, if written as a decimal, looks like this:
2.4156088560885608856088….

All rational numbers repeat like that, no irrational numbers
ever do. Which is not to say that an irrational number can’t
have some pattern to its digits. The number

 0.12345678910111213141516171819202…
has a clear pattern, and I could tell you in advance what the
hundredth digit is, or the millionth, or the trillionth. (Wanna
bet? They are 5, 1, and 1, respectively.) This number is, how-
ever, irrational. When you see a real number whose decimal
repeats, you think “rational number.”

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003



NINE ZULU QUEENS RULED CHINA 173

� Any real number can be written as a complex number. Here is
2  written as a complex number: 2 0+ i . More later.

(You can jump over steps in the above list of bullet points and write,
for example, a natural number as a real number: 257.0000000000….)

Each family of numbers, each Russian doll, is denoted by a hol-
low letter. � is the family of all natural numbers; � is the integers; �
the rationals; and � the reals. Each family is, in a sense, contained in
the next one. Each expands the power of math. It lets us do some-
thing we couldn’t do with the previous doll. For example, � allows us
to subtract any two numbers and get an answer, which we couldn’t do
with � (7 − 12 = ?). Likewise, � lets us divide by any number (except
zero) and get an answer, which we couldn’t do in � (−7 ÷ −12 = ?).
And � opens the door to analysis, the mathematics of limits, because
any infinite sequence of numbers in � has a limit in �, a thing not
true in �.

(Recall those sequences and series at the end of Chapter 1. All
consisted of rational numbers. Some of them converged to 2, or 2

3 , or
1 1

2 —that is, their limits were also rational. Others, however, con-
verged to 2 , or π , or e—irrational numbers. Thus, an infinite se-
quence of numbers in � may converge to a limit not in �. The math-
ematical term of art is: � is not complete. �, however, is complete,
and so is �. This idea of completing � will assume new importance
when I talk about p-adic numbers in Chapter 20.v.)

There are other categorizations of number within, or cutting
across, the �, �, �, �, and � schema. Prime numbers, to take an
obvious case, are a subset of �. They are very occasionally referred to
collectively as �. There is a very important subset of � called the
algebraic numbers, sometimes also given a hollow letter of its own, �.
An algebraic number is a number that is a zero of some polynomial
with coefficients all in �, for example, 2x7 − 11x6 − 4x5 + 19x3 −
35x2 + 8x − 3. Among the real numbers, every rational number—and,
therefore, every integer and natural number—is algebraic; 39541

24565  is a
zero of 24565x − 39541 (or a solution of 24565x − 39541 = 0, if you
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prefer the language of equations and solutions to the language of
functions and zeros). An irrational number might or might not be
algebraic. Those that are not are called transcendental. Both e and π
are transcendental, as proved by, respectively, Hermite in 1873 and
Ferdinand von Lindemann in 1882.

III. You can get another perspective on the matter from the follow-
ing history of numbers I have made up. “Made up” as in “invented
out of whole cloth”—it is entirely false.

John Derbyshire’s Bogus History of Numbers

Human beings have always known how to count. We have had �—

the system of natural numbers—since prehistoric times. But �

comes with a prohibition, an impossibility. You can’t subtract a

greater number from a lesser one. As technology developed, this be-

came a stumbling block. The temperature was 5 degrees; it fell 12

degrees; what’s the temperature now? There’s no answer available in

�. At this point, negative numbers were invented. Oh, and someone

thought up zero, too.

Negative numbers, positive numbers, and zero were gathered

together in a new system, �, the integers. But � comes with a new

impossibility. You can’t divide a number by a number that isn’t a fac-

tor of it. You can divide 12 by 3 (answer: 4), or even by −3 (answer:

−4), but you can’t divide 12 by 7. � has no answer for such an op-

eration. As the science of measuring developed, this became a stum-

bling block. For finer and finer work, you need finer and finer mea-

surements. You can finesse this for a while by just inventing new

units. Need something finer than a yard? OK, here’s a foot, they go

three to the yard. Need something finer still? OK, here’s an inch….

There is a limit to how much of this you can do, though, and the

need for a general way to express fragments of a unit became press-

ing. So fractions were invented.
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Fractions, together with all the integers, were gathered together

in a new system, �—the rational numbers. Alas, � comes with its

own impossibility. You can’t always find the limit of a convergent se-

quence. I gave three examples of such sequences in Chapter 1.vii. As

science advanced to the point where it needed calculus, this became

a stumbling block, because all of calculus rests on the idea of a limit.

For calculus to develop, irrational numbers had to be invented.

Irrational numbers were gathered together with the rationals

(including, of course, all the integers) to form a new system, �—the

real numbers. Yet the real numbers still contain an impossibility.

You can’t take the square root of a negative number. By the end of the

sixteenth century, math had advanced to the point where this was a

stumbling block. So imaginary numbers were invented. An imagi-

nary number is the square root of a negative number.

Imaginary numbers, together with all the real numbers, were

gathered together in a grand new synthesis: �, the complex num-

bers. With the complex numbers, nothing is impossible, and history

comes to an end.

That account is, I emphasize, totally bogus. Our understanding
of numbers did not develop like that at all. Even the order is all wrong.
It should be �, �, �, �, �. Natural numbers were certainly known in
prehistoric times. The Egyptians invented fractions early in the third
millennium B.C.E. Pythagoras (or one of his disciples) discovered
irrational numbers around 600 B.C.E. Negative numbers came in
during the Renaissance, by way of accounting (though zero had
shown up somewhat earlier). Complex numbers appeared in the sev-
enteenth century. It all grew up haphazardly, chaotically, in the way of
most human things. Nor is it true that history has ended. History
never ends; as soon as one chess game has been won, another begins
immediately.

My little bogus history does show how the Russian dolls fit to-
gether, though, and I hope it offers some insight into why mathema-
ticians do not regard imaginary and complex numbers as anything
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very peculiar. They are just one more Russian doll, created for practi-
cal reasons—to solve problems that could not be solved otherwise.

IV. It is tedious to have to keep writing −1 , so mathematicians
substitute the letter i for this quantity. Since i is the square root of
minus one, i 2 = −1. If you multiply both sides of that by i, it follows
that i 3 = −i. Repeat that process, and you get i 4 = 1.

What about −2 , −3 , −4 , and so on? Don’t we need sym-
bols for them, too? No. By ordinary rules for multiplying integers,
−3 = −1 × 3. Since x  is just x

1
2 , Power Rule 7 tells me that

a b a b× = × . (For example, 9 4 9 4× = × , a fancy way of
writing 6 = 2 × 3.) So − = − ×3 1 3 . Now, 3  is, of course, a per-
fectly ordinary real number, with a value of 1.732050807568877….
To three places of decimals, therefore, − =3 1 732. i . (In its closed
form, this is usually written as i 3 .) The same is true of the square
root of any other negative number. You don’t need a whole mass of
them; you need just i.

Now, i is a very proud number. It is aloof and doesn’t care to mix
much with other numbers. If I add 3 to 4 I get 7; the 3-ness of the 3
and the 4-ness of the 4 disappear, absorbed into the 7-ness of the 7. If,
by contrast, you add 3 to i, you get … 3 + i. It’s the same with multi-
plication. When you multiply 5 by 2 the 5-ness and 2-ness are swal-
lowed up by the 10-ness of the result, and vanish without trace. Mul-
tiply 5 by i, and you get … 5i. It’s as if the i can’t bear to let go of its
identity; or perhaps as if the real numbers know that i just isn’t the
same kind of thing as they are.

The result is that once you introduce i into the scheme of things,
it spawns a whole new class of numbers like 2 + 5i, −1−i, 47.242−
101.958i, 2 + π i , and every other possible a + bi, where a and b are
any real numbers at all. These are the complex numbers. Each com-
plex number has two parts, the real part and the imaginary part. The
real part of a + bi is a; the imaginary part is b.
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As is the case with the other Russian dolls �, �, �, and �, num-
bers belonging to any inner doll are honorary complex numbers. The
natural number 257, for example, is the complex number 257 + 0i;
the real number 7  is the complex number 7 0+ i . A real number
is just a complex number with zero imaginary part.

What about complex numbers with no real part? They are called
imaginary numbers. Examples of imaginary numbers are: 2i, −1479i,
π i, 0.0000000577i. An imaginary number can, of course, be written
as a full complex number, if you want to make a point: 2i can be
written as 0 + 2i. If you square an imaginary number, you get a nega-
tive real number. Note that this is true even for negative imaginaries.
The square of 2i is −4, and the square of −2i is also −4, by the rule of
signs.

Adding two complex numbers is a breeze. You just add the real
parts, then add the imaginary parts; −2 + 7i plus 5 + 12i would be
3 + 19i. Subtraction likewise; if you subtract instead of adding, the
answer is −7 − 5i. For multiplication, you must remember how to
multiply out brackets, and keep in mind that i 2 = −1. So
(−2 + 7i) × (5 + 12i) is −10 − 24i + 35i + 84i2, which reduces to
−94 + 11i. In general, (a + bi) × (c + di) = (ac − bd) + (bc + ad)i.

Division depends on a simple trick. What is 2 ÷ i? Answer: write
it as a fraction, 2 ⁄ i. The wonderful thing about fractions is that if you
multiply both the top and bottom of a fraction by the same number
(not zero), its value does not change: 3

4 , 6
8 , 15

20  and 12000
16000  are all ways of

writing the same fraction. So multiply top and bottom of 2 ⁄ i by −i.
Two times −i is, of course, −2i. And i times −i is −i 2, which is −(−1),
which is 1.  Therefore,  2 ⁄ i is just  –2i ⁄ 1, which is −2i.

There is always a way to do this, turning the bottom of a fraction
into a real number. Since dividing by real numbers is no mystery, we
are home and dry. How do I divide two full-blown complex numbers,
say (–7 – 4i) ⁄ (–2 + 5i)? I multiply top and bottom of the fraction by
–2 − 5i, that’s how. Multiply out the top, (−7 − 4i) × (−2 − 5i) =
−6 + 43i. Multiply out the bottom, (−2 + 5i) × (−2 −5i) = 29. Answer:
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− +6
29

43
29 i . You can always turn the bottom of (a + bi) ⁄ (c + di) into a

real number; just multiply by c − di. The general rule, in fact, is

a bi c d i
ac bd

c d

bc ad

c d
i+( ) ÷ +( ) = +

+
+ −

+2 2 2 2 .

What is the square root of i? Don’t we have to define a whole
other class of numbers to take in i ? And so on for ever? Answer:
Multiply out the brackets (1 + i) × (1 + i). You will see that the result
is 2i. So the square root of 2i is 1 + i. Scaling down, the square root of
i must be 1 2 2/ /+ i , which indeed it is.

Complex numbers are wonderful. You can do anything with
them. You can even raise them to complex powers, if you know what
you are doing. For example, (−7 − 4i)−2+5i is approximately
−7611.976356 + 206.350419i. That, however, is something I shall ex-
plain more fully elsewhere.

V. The thing you can’t do with complex numbers is lay them out on
a line, as you can with real numbers.

You can visualize the family of real numbers, � (which of course
includes within itself �, �, and �) very easily. Just lay it out on a
straight line. This way of illustrating the real numbers is called “the
real line,” as shown in Figure 11-1.

–5 –4 –3 –2 –1 1 2 3 4 50

FIGURE 11-1 The real line.

Every real number is on there somewhere. For example, 2  is a
little way east of 1, not quite half way to 2, −π  is just slightly west of
−3, and 1,000,000 is off in the next county somewhere. I can, of
course, show only part of the line on a finite sheet of paper. You must
use your imagination.
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The real line looks obvious, but in fact it is a very deep and mys-
terious affair. The rational numbers, for example, are “everywhere
dense” on it. That means that between any two rational numbers, you
can always find another one. And that means that between any two
rational numbers you can find an infinity of other ones. (Look: if,
between a and b, I am guaranteed to find c, then between a and c, and
between c and b, I am guaranteed to find a d and an e … and so on
forever.) That, you can just about visualize. But where do the irratio-
nal numbers go? It seems they have to somehow squish in between
the rational numbers, which, as I’ve just said, are themselves every-
where dense! While yet managing to be not complete!!

Take that sequence from Chapter 1.vii that closes in on 2 , for
example, 1

1 , 3
2 , 7

5 , 17
12 , 41

29 , 99
70 , 239

169 , 577
408 , 1393

985 , 3363
2378 , …. The terms are

alternately less than and greater than 2 , so that 1393
985  is short of 2

by about 0.00000036440355 and 3363
2378  exceeds it by about

0.00000006252177. Squeezed in between those two fractions, though,
is an infinity of other fractions … and still there is room in there
somewhere for 2 . And not only for 2 , either, but for an infinity
of other irrationals!

For the amazing thing is that not only is there an infinity of
irrationals, and not only are they, too, everywhere dense; but there is
a precise mathematical sense in which there are far more irrationals
than rationals. This was shown by Georg Cantor in 1874. The num-
ber of rational numbers is infinite, and the number of irrational num-
bers is infinite; but the second infinity is bigger than the first. How on
earth do they all fit on the real line? How does such an inconceivably
vast number of irrationals squeeze in among the rationals, if the
rationals themselves are everywhere dense?

I have no space to go into such things here. My advice is not
to think about these matters too much. That way lies madness. (In
fact, Cantor ended his life in an asylum, although this was more a
consequence of a congenital disposition toward depression aggra-
vated by difficulty in getting his theories accepted than a result of
thinking too much about the real line. Those theories are not now
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seriously doubted.) Just accept that all real numbers are there on the
line somewhere.

But now, where on earth are we going to put the complex num-
bers? The real line is jammed up—and then some!—with rationals
and irrationals. Yet for any real number a, there’s a whole infinity of
complex numbers a + bi, with b roaming freely up and down the real
line. Where shall we put them all?

That last remark suggests the answer. For each real number, we
need a line, and since there is an infinity of reals, we need an infinity
of lines, side by side. That means a flat plane. While the real numbers
can be spread out for inspection on a line, the complex numbers need
a plane—which of course we call “the complex plane.” Every complex
number is illustrated by a point somewhere in the plane.

In the complex plane as usually drawn (see Figure 11-2), the real
line stretches west-east as usual. Set at right angles to it is a new line
going south-north, containing all the imaginary numbers: i, 2i, 3i,
and so on. To get to the number a + bi, you go a distance a to the east
(west if negative), then b to the north (south if negative). The real line
and the imaginary line—they are more commonly called “the real
axis” and “the imaginary axis”—cross at zero. Points on the real line
have imaginary part zero; points on the imaginary line have real part
zero. The point where they cross, the point that is on both, has both
real and imaginary parts zero. It is 0 + 0i, that is, zero.

Let me introduce three terms of art. The modulus of a complex
number is its straight-line distance from zero. The symbol is |z |, pro-
nounced “mod z.” By Pythagoras’s Theorem, the modulus of a + bi is

a b2 2+ . It is always a positive number or zero. The amplitude of a
complex number is the angle it makes with the positive real line, mea-
sured in radians. (One radian is 57.29577951308232… degrees; 180
degrees is π  radians.) The amplitude is conventionally taken to be an
angle between −π  (exclusive) and π  (inclusive) radians, and its sym-
bol is Am(z).57 Positive real numbers have amplitude zero; negative
real numbers have amplitude π ; positive imaginary numbers have
amplitude π ⁄ 2; negative imaginaries have amplitude –π ⁄ 2.

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003



NINE ZULU QUEENS RULED CHINA 181

Finally, the complex conjugate of a complex number is its mirror
image in the real line. The complex conjugate of a + bi is a − bi. Its
symbol is z , pronounced “z bar.” If you multiply a complex number
by its conjugate, you get a real number: (a + bi) × (a − bi) = a2 + b2,
which is, in fact, the modulus of a + bi, squared. That’s what makes
the trick for division work. In proper symbols it is z z× = |z |2, and

the division trick is just z w z w/ ( )/= × |w |2.
For the complex number −2.5 + 1.8i, shown in Figure 11-2, the

modulus is 9 49. , that is, about 3.080584, the amplitude is about

–3 –2 –1 1 2 3
Real

–3i

–2i

–i

i

2i

3i

Imaginary

z

Am(z)

z

z

FIGURE 11-2 The complex plane showing a point z (actually −2.5 + 1.8i)

with its modulus, amplitude, and conjugate.
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2.517569 radians (or 144.246113 degrees, if you prefer), and the con-
jugate is, of course, −2.5 − 1.8i.

VI. To show the complex plane in action, I shall do a wee bit of
analysis with complex numbers. Consider the infinite series in Ex-
pression 9-2.

1

1
1 2 3 4 5 6

−
= + + + + + + +

x
x x x x x x ...

 (x between −1 and 1, exclusive)

Since there’s nothing involved there but adding, multiplying, and
dividing numbers, there seems no reason x should not be a complex
number. Does this work for complex numbers? Yes, under certain

conditions. Suppose, for example, that x is 1
2 i . Then the series con-

verges. In fact,

1

1
1

2

1
1

2

1

4

1

8

1

16

1

32

1

64
2 3 4 5 6

−
= + + + + + + +

i
i i i i i i ...

The left-hand side, if you do the trick I described above for division,
works out to 0.8 + 0.4i. The right-hand side can be simplified just
from the fact that i 2 = −1.

0 8 0 4 1
1

2

1

4

1

8

1

16

1

32

1

64
. . ...+ = + − − + + − −i i i i

You can actually walk out the right-hand side on the complex plane;
Figure 11-3 gives the general idea. Start at the point 1 (which is on the
real line, of course); then go north to add the 1

2 i ; then go west 1
4 ;

then go south 1
8 i  … and so on. You get a neat spiral, closing in on the

complex number 0.8 + 0.4i. Analysis in action, an infinite series clos-
ing in on its limit.

Notice that while we lost the simplicity of one dimension when
we moved to complex numbers, we gained some imaginative power.
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With two dimensions to play with, you can show mathematical re-
sults the way I just did, as striking visual patterns or pictures. This is
part of the appeal, for me anyway, of complex analysis. In Chapter 13,
I shall actually show you Riemann’s zeta function, and the great hy-
pothesis itself!, laid out as elegant patterns on the complex plane.

0.2 0.4 0.6 0.8 1
Real

0.2i

0.4i

0.6i

0.8i

i

Imaginary

FIGURE 11-3 Analysis in the complex plane.
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12
HILBERT’S EIGHTH PROBLEM

David Hilbert was 38 years old
when he stepped up to address the Second International Congress of
Mathematicians on the morning of Wednesday, August 8, 1900. The
son of a judge in the East Prussian capital of Königsberg, Hilbert had
made his name as a mathematician 12 years earlier by solving
Gordan’s Problem, in the theory of algebraic invariants.

This had been not only a succès d’estime, but also, in a minor way,
a succès de scandale. Gordan’s Problem concerned the existence of a
certain class of objects. Hilbert had proved that the objects exist but
had not produced them, nor even suggested any method for con-
structing them. Mathematicians refer to this kind of thing as an “ex-
istence proof.” Hilbert used the following everyday example in his
lectures. “There is at least one student in this class—let us name him
‘X’—for whom the following statement is true: no other student in
the class has more hairs on his head than X. Which student is it? That
we shall never know; but of his existence we can be absolutely cer-
tain.” Existence proofs are rather common in modern mathematics
and are nowadays not particularly controversial. Matters were differ-

I.

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003



HILBERT’S EIGHTH PROBLEM 185

ent in the Germany of 1888. Just one year previously, Leopold Kro-
necker, a respected member of the Berlin Academy, had issued his
manifesto On the Concept of Number, which attempted to banish from
mathematics what he regarded as unnecessary levels of abstraction—
anything, in his view, that could not be derived from the integers in a
finite number of steps. Gordan himself famously remarked of
Hilbert’s existence proof, “This is not mathematics. This is theology.”

The generality of mathematicians, however, acknowledged the
validity of Hilbert’s solution. Hilbert then went on to do important
work in the theory of algebraic numbers and in the foundations of
geometry. He created brilliant new proofs—three and one-half pages
for both—of the facts that π  and e are transcendental. (When, in
1882, von Lindemann had been the first to prove π  transcendental,
the aforementioned Kronecker58 had complimented him on the el-
egance of his argument but added that it proved nothing, since tran-
scendental numbers did not exist!) In 1895 Hilbert was given a chair
at Göttingen, where he remained until his retirement in 1930.

The names “Hilbert” and “Göttingen” are yoked together in the
minds of modern mathematicians as closely as, in other spheres, are
“Joyce” and “Dublin,” or “Johnson” and “London.” Hilbert and
Göttingen dominated mathematics during the first third of the
twentieth century—not merely German mathematics, but all math-
ematics. The Swiss physicist Paul Scherrer, arriving at Göttingen as a
student in 1913, reported finding there “an intellectual life of unsur-
passed intensity.” An astonishing proportion of important mathema-
ticians and physicists of the first half of the century had studied ei-
ther at Göttingen, or under someone who had studied there.

Of Hilbert’s personality, mixed reports have come down to us. By
no means antisocial, he was a keen dancer and a popular lecturer. He
was also something of a skirt-chaser, to the very limited degree that
was possible in the ambience of provincial Wilhelmine Germany. (It
is not likely that anything very improper took place.) He had an ir-
reverent streak and seems to have been impatient with the stuffiness
of university life, the customs, regulations, and social proscriptions.
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One old professor’s wife was scandalized to hear that Hilbert had been
seen in the back room of a restaurant in the town, playing billiards
with his junior lecturers. When, during World War I, the university
refused to give Emmy Noether a regular lecturing position on the
grounds that she was a female, Hilbert simply announced a course of
lectures to be given by himself, then let Noether deliver them. He
seems to have been a soft examiner, always ready to give a candidate
the benefit of the doubt.

It is hard to avoid the impression, though, that Hilbert was a man
who did not suffer fools gladly, and that he classed rather a large part
of humanity as fools. This was particularly unfortunate in Hilbert’s
case because Franz, his only child, was afflicted with serious mental
problems. Unable to learn anything much, or to hold down any kind
of job, Franz also suffered occasional lapses into paranoia, following
which he had to be kept in a mental hospital for a while. Hilbert is
recorded as saying, at the time of the first of these incarcerations,
“From now on I must consider myself as not having a son.”

Hilbert was, at any rate, revered by his students and mathemati-
cal colleagues. There is a vast number of anecdotes about him, mostly
of an affectionate sort. Here are just three. The first, which touches
on the Riemann Hypothesis, I have taken from Constance Reid’s
English-language biography.

Hilbert had a student who one day presented him with a paper pur-

porting to prove the Riemann Hypothesis. Hilbert studied the pa-

per carefully and was really impressed by the depth of the argu-

ment; but unfortunately he found an error in it which even he could

not eliminate. The following year the student died. Hilbert asked

the grieving parents if he might be permitted to make a funeral

oration. While the student’s relatives and friends were weeping be-

side the grave in the rain, Hilbert came forward. He began by saying

what a tragedy it was that such a gifted young man had died before

he had had an opportunity to show what he could accomplish. But,
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he continued, in spite of the fact that this young man’s proof of the

Riemann Hypothesis contained an error, it was still possible that

some day a proof of the famous problem would be obtained along

the lines which the deceased had indicated. “In fact,” he continued

with enthusiasm, standing there in the rain by the dead student’s

grave, “let us consider a function of a complex variable….”

The second I have borrowed from Martin Davis’s book The Uni-
versal Computer.

Hilbert was seen day after day in torn trousers, a source of embar-

rassment to many. The task of tactfully informing Hilbert of the

situation was delegated to his assistant, Richard Courant. Knowing

the pleasure Hilbert took in strolls in the countryside while talking

mathematics, Courant invited him for a walk. Courant managed

matters so that the pair walked through some thorny bushes, at

which point Courant informed Hilbert that he had evidently torn

his pants on one of the bushes. “Oh no,” Hilbert replied, “they’ve

been that way for weeks, but nobody notices.”

The third is apocryphal, though quite possibly true.

One of Hilbert’s students stopped showing up to classes. On en-

quiring the reason, Hilbert was told that the student had left the

university to become a poet. Hilbert: “I can’t say I’m surprised. I

never thought he had enough imagination to be a mathematician.”

Hilbert was not, by the way, Jewish, though his given name, un-
usual among German gentiles, brought him under suspicion in the
Hitler years. His paternal ancestors belonged to a fundamentalist
Protestant sect called Pietists, who favored Old Testament and horta-
tory names. Hilbert’s grandfather rejoiced in the names David
Fürchtegott Leberecht (i.e., Fear God Live Right) Hilbert.
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II. Constance Reid describes Hilbert at the 1900 Congress thus:

The man who came to the rostrum that morning was not quite forty,

of middle height and build, wiry, quick, with a noticeably high fore-

head, bald except for wisps of still reddish hair. Glasses were set

firmly on a strong nose. There was a small beard, a still somewhat

straggly moustache, and under it a mouth surprisingly wide and

generous for the delicate chin. Bright blue eyes looked innocently

but firmly out from behind shining lenses.

Hilbert delivered his address, in German, in a stuffy lecture hall
at the Sorbonne. Total attendance at the Congress was 250, but it is
not likely that all of them were present to hear Hilbert speak on the
morning of August 8.

The title of the address was “Mathematical Problems.” Its open-
ing words became as familiar to twentieth-century mathematicians
as those of the Gettysburg Address are to American schoolchildren.
“Who of us would not be glad to lift the veil behind which the future
lies hidden; to cast a glance at the next advances of our science and at
the secrets of its development during future centuries?”59 Hilbert went
on to speak of the importance of difficult problems in concentrating
the attention of mathematicians, inspiring new developments and
new symbols, and in pushing mathematics to higher and higher lev-
els of generalization. He ended with a list of 23 particular problems
“from the discussion of which an advancement of science may be
expected.”

I should like to take you on a tour of Hilbert’s 23 problems.60 To
do so, however, would make this book unacceptably long. Besides,
there is a considerable literature, pitched at many different levels of
understanding, providing such tours.61 I shall only note in passing
that the very first of Hilbert’s problems was that of the Continuum
Hypothesis, which I mentioned in my previous chapter, and which
goes to the heart of the knotty issue of the nature of the real numbers,
and of Kronecker’s objections to them. There is a large literature on
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the Continuum Hypothesis, too. A good library, or a good internet
search engine, will satisfy the curiosity of anyone who wants to look
into this fascinating issue.62

Only one of Hilbert’s problems is of direct concern to the topic
of this book, and that is the eighth. Here it is, as translated for the
Bulletin of the American Mathematical Society by Mary Winston
Newson.

8. Problems of Prime Numbers

Essential progress in the theory of the distribution of prime num-

bers has lately been made by Hadamard, de la Vallée Poussin, von

Mangoldt and others. For the complete solution, however, of the

problems set us by Riemann’s paper “Über die Anzahl der

Primzahlen unter einer gegebenen Grösse,” it still remains to prove

the correctness of an exceedingly important statement of Riemann,

viz., that the zero points of the function ζ (s) defined by the series

ζ s
s s s( ) = + + + +1

1

2

1

3

1

4
L

all have the real part 1
2 , except the well-known negative integral real

zeros. As soon as this proof has been successfully established, the

next problem would consist in testing more exactly Riemann’s infi-

nite series for the number of primes below a given number and,

especially, to decide whether the difference between the number of

primes below a number x and the integral logarithm of x does in fact

become infinite of an order not greater than 1
2  in x. Further, we should

determine whether the occasional condensation of prime numbers

which has been noticed in counting primes is really due to those

terms of Riemann’s formula which depend upon the first complex

zeros of the function ζ (s).

Some parts of this will be understood by readers who have fol-
lowed me this far. I hope all of it will make sense by the time I have
finished. The main point to note here is that the Riemann Hypothesis
was regarded as one of 23 large, difficult issues or problems facing
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mathematics in the twentieth century, and it was so regarded by David
Hilbert, probably the greatest mathematician doing productive work
in 1900.63

III. I briefly mentioned, in Chapter 10.iii, the reason for the promi-
nence of the Riemann Hypothesis at the turn of the century. The
main factor was that the Prime Number Theorem had now been
proved. Since 1896 it was known, with mathematical certainty, that,
yes indeed, π (N) ~ Li(N). Everyone’s attention now focused on that
twiddle sign. OK, so as N gets larger and larger without limit, π (N)
gets proportionally closer and closer to Li(N). But what is the nature
of that closeness? Is a better approximation possible? How approxi-
mate is the approximation anyway? What is the “error term”?

Free—now that the proof of the PNT was in the bag—to think
about these secondary matters, mathematicians found their eyes be-
ing drawn to the Riemann Hypothesis. Bernhard Riemann’s 1859 pa-
per had not, of course, proved the PNT, but it had mightily suggested
that it should be true, and even further had suggested an expression
for the error term. That expression involved all the non-trivial zeros
of the zeta function. Knowing where, precisely, those zeros lie thus
became a matter of pressing importance.

The mathematics of all this will become clearer as we go along,
but I think you will not be at all surprised to hear that those non-
trivial zeros are all complex numbers. In 1900 the following things
were known, with mathematical certainty, about the location—the
location on the complex plane, that is—of the non-trivial zeros.

� There is an infinity of them, all having real parts between 0
and 1 (exclusive). Using the complex plane to visualize this
(see Figure 12-1), mathematicians say that all non-trivial
zeros are known to lie in the critical strip. The Riemann Hy-
pothesis makes a much stronger assertion, that they all lie on
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the line whose real part is one-half, that is, on the critical line.
“Critical strip” and “critical line” are common terms of art in
discussions of the Riemann Hypothesis, and from now on I
shall use them quite freely.

The Riemann Hypothesis (stated geometrically)
All non-trivial zeros of the zeta function

lie on the critical line.

� The zeros occur in conjugate pairs. That is, if a + bi is a zero,
then so is a − bi. In other words, if z is a zero, then so is its

–3 –2 –1 2 3
Real

–3i

–2i

–i

i

2i

3i

Imaginary

+

FIGURE 12-1 The critical strip (shaded) and the critical line (dashed).
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complex conjugate z . I defined “complex conjugate” and the
z-bar notation in Chapter 11.v. In yet other words, if there is a
zero above the real line, its mirror image below the real line is
also a zero (and, of course, vice versa).

� Their real parts are symmetrical about the critical line; that is,
a zero either has real part equal to 1

2  (in line with the Hypoth-
esis), or is one of a pair with real parts 1

2 +α  and 1
2 −α , for

some real number α  between 0 and 1
2 , and identical imagi-

nary parts. Real parts 0.43 and 0.57 are an example, or real
parts 0.2 and 0.8. Another way of saying this would be: sup-
posing there is any non-trivial zero not on the critical line, its
mirror image in the critical line must also be a zero. This fol-
lows from that formula in Chapter 9.vi. If one side of that
formula is zero, the other side must be too. Leaving aside inte-
ger values of s, where other terms in the formula misbehave or
go to zero, this formula says that if ζ (s) is zero, then ζ (1 −s)
must be zero too. Thus, if 1

2 +( ) +α it  is a zero of the zeta func-
tion, then so is 1

2 −( ) −α it , and so, by the previous bullet
point, is the conjugate 1

2 −( ) +α it .

Little more than this was known when Hilbert gave his address.
Riemann had suggested another twiddle formula for the approximate
number of zeros with imaginary part between zero and some large
number T (see Chapter 16.iv). However, this formula was not actu-
ally proved until 1905, by von Mangoldt. The Hypothesis had not
been entirely ignored. It turns up as a discussion topic in some math-
ematical literature of the 1890s, for example in the French problem
journal L’Intermediaire de Mathematiciens. To all intents and pur-
poses, though, the mathematicians of the nineteenth century left it to
those of the twentieth to take on Bernhard Riemann’s tremendous
and subtle conjecture.
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IV. The twentieth century was a very … busy century. A great deal
happened, in all spheres of human endeavor. This makes it seem, in
retrospect, awfully long, far longer than the mere one-and-a-half
standard lifetimes that a century actually is. Mathematics, however,
moves at a stately pace, and the deep problems tackled by modern
mathematicians yield up their secrets only very slowly and reluctantly.
The world of any given mathematical specialty is, too, a small one,
with its own heroes, folklore, and oral traditions binding the com-
munity together in both time and space. From speaking with living
mathematicians to gather material for this book, I came to feel that
the twentieth century was not such a very long span of time after all,
the great names of its early years almost within hailing distance.

I am writing these words, for example, just a week after talking to
Hugh Montgomery, a key figure in developments of the 1970s and
1980s (which I shall tell you about in the proper place). Hugh did
postgraduate work at Trinity College, Cambridge, in the later 1960s.
Among the faculty members he knew personally was John Edensor
Littlewood, 1885–1977, who obtained one of the earliest major ad-
vances toward the understanding of the Riemann Hypothesis in 1914.
“He tried to persuade me to take snuff,” reports Hugh, who still has in
his possession handwritten notes from Littlewood. Littlewood could
in theory have met and talked mathematics with Riemann’s friend
Richard Dedekind, who lived until 1916 and was mathematically ac-
tive almost to the end of his life … and who had studied under Gauss!
(I have not been able to discover if any such meeting took place. It is
not actually very likely. Dedekind retired from his professorship at
the Brunswick Polytechnic in 1894 and thereafter, according to
George Pólya64 “lived in a quiet way, seeing very few people.”)

Because of this strong impression of continuity across the pe-
riod, I am tempted to abandon a strictly chronological approach to
the twentieth century. That temptation is strengthened by the nature
of developments through that century. The story of the Riemann
Hypothesis in the twentieth century is not a single linear narrative,
but a number of threads, sometimes crossing, sometimes tangling
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with each other. This needs a little preliminary explanation; and the
explanation itself needs a preamble, a note about how mathematics
developed from 1900 to 2000.

V. Aside from having been distinguished by Hilbert’s Paris address,
the year 1900 is, of course, an arbitrary mark. Mathematics has devel-
oped steadily and continuously across the modern period. Mathema-
ticians did not go home from their New Years’ parties in the small
hours of January 1, 1900 (or 1901, if you like—see Chapter 6.ii) think-
ing, “It’s the twentieth century! We must move to a higher level of
abstraction!” any more than Europeans woke up on the morning of
May 30, 1453, thinking, “The Middle Ages are over! We’d better start
disseminating printed books, challenging the authority of the Pope,
and discovering the New World!” I should hate to have to stand be-
fore a jury of my peers and justify the term “twentieth-century math-
ematics.”

It is nonetheless true that the mathematics of the last few decades
has had a distinctive flavor, quite different from the flavor of math-
ematics as practiced by Gauss, Dirichlet, Riemann, Hermite, and
Hadamard. As well as it can be captured in a word, that flavor is alge-
braic. Here is the beginning of the first proposition in Alain Connes’
Noncommutative Geometry (1990), a pretty typical higher-math text
of the later twentieth century.

The classes of bounded random operators ql l X
( ) ∈  modulo equality

almost everywhere, endowed with the following algebraic rules,

form a von Neumann algebra W(V,F)….

Algebraic … algebra … And this in a book about geometry! (The
11th word in the statement of the book’s final theorem, by the way, is
“Riemannian.”)
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What has been happening these past few decades, very roughly, is
this. For most of its development, mathematics has been firmly rooted
in number. Most of nineteenth-century math was concerned with
numbers: whole numbers, rational numbers, real numbers, complex
numbers. In the course of this development, new mathematical ob-
jects were created, or the scope of existing ones extended—functions,
spaces, matrices—and powerful new tools devised for the manipula-
tion of these objects. Still, it was all about numbers. A function maps
one set of numbers into another set. The squaring function maps 3,
4, 5 into 9, 16, 25; Riemann’s zeta function maps 0, 1 + i, 2 + 2i into
− 1

2 , 0.58216 − 0.92685i, 0.86735 − 0.27513i. Similarly, a space is a set
of points, known by their coordinates, which are numbers. A matrix
is an array of numbers, and so on. (I shall introduce matrices in Chap-
ter 17.iv.)

In twentieth-century math the objects that had been invented to
encapsulate important facts about number themselves became the ob-
jects of inquiry, and the techniques that had been developed for inves-
tigating numbers and sets of numbers were turned on those objects
themselves. Mathematics broke free, as it were, from its mooring in
number and soared up to a new level of abstraction.

Classical analysis, for example, concerns itself with the limit of
an infinite sequence of numbers or points (with “point” defined by
coordinates, which are numbers). A typical product of the twentieth
century, by contrast, was “functional analysis,” where the fundamen-
tal object of study is sequences of functions, which might or might
not converge, and where a function is itself liable to be treated as a
“point” in a space of infinitely many dimensions.

Mathematics even turned on itself to such a degree that the very
techniques of investigation and proof became objects of inquiry.
Some of the most important theorems of twentieth-century math-
ematics were concerned with the completeness of mathematical sys-
tems (Kurt Gödel, 1931) and the decidability of mathematical propo-
sitions (Alonzo Church, 1936).
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These momentous developments have not yet, even at the open-
ing of the twenty-first century, been reflected in mathematics educa-
tion, at least up to college-entrance level. Perhaps they cannot be.
Mathematics is a cumulative subject. Every new discovery adds to the
body of knowledge, and nothing is ever subtracted. When a math-
ematical truth has been discovered it is there forever, and every suc-
ceeding generation of students must learn it. It never (well, hardly
ever) becomes untrue or irrelevant—though it might become un-
fashionable, or be subsumed as a particular case of some more gen-
eral theory. (And note that in mathematics, “more general” does not
necessarily mean “more difficult.” There is a theorem in projective
geometry, Desargues’ Theorem, which is easier to prove in three di-
mensions than in two. Chapter 7 of H.S.M. Coxeter’s Regular
Polytopes contains a theorem65 that is easier to prove in four dimen-
sions than in three!)

A bright young American turning up for a first class as a college
math major learns math pretty much as it was known to the young
Gauss, with perhaps a few forward excursions. Since I am pitching
my book to readers at about that level, the mathematics you are read-
ing here has a strong nineteenth-century flavor to it. I shall cover all
developments down to the present day in these narrative chapters,
explaining them as best I can, but my mathematical chapters do not
often go beyond 1900.

VI. The story of the Riemann Hypothesis in the twentieth century
is the story of an obsession that gripped most of the great mathema-
ticians of the age sooner or later. Instances of this obsession are abun-
dant, as will become clear over the next few chapters. Here I shall just
give a single example.

David Hilbert, as I have already described, listed the Riemann
Hypothesis eighth in his list of 23 problems for mathematicians of
the twentieth century to concentrate their efforts on. That was in
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1900, before the obsession took hold. His state of mind a few years
later is revealed in the following story, told by his younger colleague
George Pólya.

The thirteenth-century German emperor Frederick Barbarossa,

who died while on a crusade, was popularly supposed by Germans

to be still alive, asleep in a cave deep in the Kyffhäuser Mountains,

ready to awake and emerge when Germany needed him. Someone

asked Hilbert what he would do if, like Barbarossa, he could be re-

vived after a sleep of several centuries. Hilbert: “I would ask whether

anyone had proved the Riemann Hypothesis.”

And this was not an era short of challenging problems. Fermat’s
Last Theorem (that there are no whole-number solutions to the equa-
tion xn + yn = zn when n is greater than 2, proved in 1994) was still
open; so was the Four Color Theorem (that four colors are sufficient
to color any map in the plane, no two adjacent regions having the
same color, proved in 1976); so was Goldbach’s Conjecture (that ev-
ery even number greater than 2 is the sum of two primes, still un-
proved); so were many lesser but long-standing problems, conjec-
tures, and conundrums. The Riemann Hypothesis soon came to
tower over them all.

The obsession took different mathematicians in different ways,
according to their mathematical inclinations. Thus a number of
threads developed during the course of the century—different ap-
proaches to investigating the Hypothesis, each originated by some
one person, then carried forward by others, the threads sometimes
crossing and tangling with each other. There was, for example, the
computational thread, in which mathematicians set about actually
calculating the value of more and more zeros, and developing better
methods for doing so. There was an algebraic thread, started by Emil
Artin in 1921, attempting to take the Riemann Hypothesis by a flank-
ing movement through an algebraic topic called Field Theory. Later
in the century, as a result of a remarkable encounter I shall write about
in due course, a physical thread emerged, linking the Hypothesis to
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the mathematics of particle physics. While all this was going on, ana-
lytic number theorists were still working steadily away, continuing
the tradition begun by Riemann himself, tackling the Hypothesis with
the tools of complex function theory.

And research into the primes themselves went on, too, without
any particular application to the Hypothesis but still, very often, with
the hope that new insights into the distribution of the primes might
throw light on why the Hypothesis is true—or, as the case may be,
false. Key advances here were the development of a probabilistic
model for the distribution of primes in the 1930s, and Selberg’s “el-
ementary” proof of the Prime Number Theorem in 1949, which I
described in Chapter 8.iii.

In covering these developments I shall try to make it clear at ev-
ery point which thread I am talking about, though sometimes skip-
ping carelessly from one to another to maintain the overall chrono-
logical narrative. Let me begin with a brief introductory remark about
the computational thread, since that is the easiest for a non-
mathematician to understand. What are the actual values, as num-
bers, of the non-trivial zeros? How can they be calculated? What are
their overall statistical properties, taken as a collectivity?

VII. The first concrete information about the zeros was provided
by the Danish mathematician Jørgen Gram, to whom I gave a passing
mention in Chapter 10. An amateur mathematician with no univer-
sity position—his day job was, like the poet Wallace Stevens’s, as an
insurance company executive—Gram seems to have been doodling
for some years with methods of actually calculating the location of
the non-trivial zeros (this was long before the age of computers, of
course). In 1903, after settling on a fairly efficient method, he pub-
lished a list of the “first” 15 zeros—the ones closest to, and above, the
real line. Gram’s zeros are shown dotted along the critical line in
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Figure 12-2. His list, which contained some slight inaccuracies in the
right-most digits, begins

1
2 14 134725+ . i , 1

2 21 022040+ . i , 1
2 25 010856+ . i ….

0 1

10i

20i

30i

40i

50i

60i

FIGURE 12-2 Gram’s zeros.

Every one of these numbers, as you can see, has real part one-half.66

(And the existence of each one, of course, implies a conjugate one

below the real axis: 1
2 14 134725− . i , and so on. I shall take this as un-

derstood and not mention it again until it becomes important, in
Chapter 21.) Therefore, as far as they go, they confirm the truth of
the Riemann Hypothesis. But of course they don’t go very far. The
number of zeros was known to be infinite—that was implicit in
Riemann’s 1859 paper. Do they all have real part one-half? Riemann
thought so. That was his mighty Hypothesis. At this point, however,
no one had a clue.

When Gram’s list appeared, mathematicians must have looked
on it in fascinated awe. The secret of the distribution of prime num-
bers, which had engaged the attention of mathematicians since the
days of the legendary Gauss, was locked up somehow in this string of
numbers: 1

2 14 134725+ . i , 1
2 21 022040+ . i , 1

2 25 010856+ . i , …. But
how? Their real parts were certainly one-half, as Riemann had hy-
pothesized; but the imaginary parts showed no apparent order or
pattern.
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I said “mathematicians must have….” I really should have said “a
few continental mathematicians must have….” The obsession with
Riemann’s Hypothesis that seized mathematicians during the twenti-
eth century was only just beginning to gather strength in 1905. In
some parts of the world, it was hardly known. In the next part of my
historical narrative I shall take the reader to England, in the high
Edwardian summer of her imperial glory. But first let me show you
what the zeta function actually looks like.
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13
THE ARGUMENT ANT

AND THE VALUE ANT

Supposing, as I have tried to per-
suade you, that complex numbers are a perfectly straightforward ex-
tension of ordinary real numbers, obeying all the normal rules of
arithmetic with the single extra one that i 2 = −1; and recalling that a
function just turns one range of numbers—its domain—into another;
is there any reason there should not be functions of complex num-
bers? No reason at all.

The squaring function, for example, works just fine for complex
numbers, following the rule for multiplication. The square of −4 + 7i,
for example, is (−4 + 7i) × (−4 + 7i), which is 16 − 28i − 28i + 49i 2,
i.e., −33 − 56i. Table 13-1 shows a sample of the squaring function
for some random complex numbers.67

TABLE 13-1 The Squaring Function.

z z 2

−4 + 7i −33 − 56i

1 + i 2i

i −1

0.174 − 1.083i −1.143 − 0.377i

I.
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It may be hard to believe at this point, but the study of “functions
of a complex variable” is one of the most elegant and beautiful
branches of higher mathematics. All the familiar functions of high
school math can easily have their domains extended to cover all, or
most, of the complex numbers. For example, Table 13-2 gives a
glimpse of the exponential function for some complex numbers.

TABLE 13-2 The Exponential Function.

z ez

−1 + 2.141593i −0.198766 + 0.30956i

3.141593i −1

1 + 4.141593i −1.46869 − 2.28736i

2 + 5.141593i 3.07493 − 6.71885i

3 + 6.141593i 19.885 − 2.83447i

Note that, just as before, when I choose the arguments to go up
by addition—as of course I do, in this case adding 1 + i each time—
the function values go up by multiplication, in this case by
1.46869 + 2.28736i. If I had picked the arguments to go up by adding
1 each time, then of course the values would have multiplied by e.
Note also that I slipped into this table one of the most beautiful iden-
tities in all of math.

eπ i = −1

Gauss is supposed to have said—and I wouldn’t put it past him—that
if this was not immediately apparent to you on being told it, you
would never be a first-class mathematician.

How on earth is it possible to define a complex power for e, or
any other number? By a series, that’s how. Expression 13-1 shows the
actual definition of ez for any number z whatsoever, real or complex.

e z
z z zz = + +
×

+
× ×

+
× × ×

+1
1 2 1 2 3 1 2 3 4

2 3 4

L

Expression 13-1
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Miraculously (it seems to me) this infinite sum converges for ev-
ery number. The denominators grow so fast they eventually swamp
any power of any number. Equally miraculously, if z is a natural num-
ber, the infinite sum works out to exactly what the basic meaning of
“power” would lead you to expect, though from just looking at Ex-
pression 13-1, there is no obvious reason why it should. If z is 4, it
works out to exactly the same as e × e × e × e, which is what e4 is sup-
posed to mean.

Let me just feed π i into Expression 13-1, to show how it con-
verges. If z is π i, then z2 is − π 2, z3 is − π 3i, z4 is π 4, z5 is π 5i, and so
on. Feeding these into the infinite sum, and calculating the actual
powers of π  (to just six decimal places for simplicity’s sake), the
sum is

e i

i i

iπ = + −

− + + −

1 3 141592

9 869604

2

31 006277

6

97 409091

24

306 019685

120

.

. . . .
L

If you add up the first 10 terms of this, you have
−1.001829104 + 0.006925270i. If you add up the first 20, you have
−0.9999999999243491 − 0.000000000528919i. Sure enough, it is con-
verging on −1. The real part is closing in on −1, and the imaginary
part is disappearing.

Can the log function be extended to complex numbers, too? Yes,
it can. It is, of course, just the inverse of the exponential function. If
ez = w, then w = log z. Unfortunately, as with square roots, you run
into the many-valued function quicksand unless you take precau-
tions. This is because, in the complex world, the exponential function
sometimes gives the same value for different arguments. The cube
of −1, for example, is, by the rule of signs, −1; so if you cube both
sides of eπ i = −1, you get e3π i = −1; so the arguments π i and 3 π i both
yield the same function value of −1, just as −2 and +2 both yield value
4 under the squaring function. So what is log(−1)? Is it π i? Or 3π i?

It’s π i. To stay out of trouble, we restrict the imaginary part of
the function value to between −π , exclusive, and π , inclusive. Then
every non-zero complex number has a log, and log(−1) = π i. In fact,
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in the symbols I introduced in Chapter 11.v, log z = log |z | + i Am(z),
with Am(z) measured in radians, of course. Table 13-3 is a sample of
the log function, using six decimal places.

TABLE 13-3 The Log Function.

z log z

−0.5i −0.693147 − 1.570796i

0.5 − 0.5i −0.346574 − 0.785398i

1 0

1 + i 0.346574 + 0.785398i

2i 0.693147 + 1.570796i

−2 + 2i 1.039721 + 2.356194i

−4 1.386295 + 3.141592i

−4 − 4i 1.732868 − 2.356194i

Here the arguments go up by multiplication (each row is 1 + i
times the previous row) while the function values go up by addition
(of 0.346574 + 0.785398i each time). So, it’s a log function. The only
wrinkle is, when the imaginary part of the function value gets bigger
than π , as it does in going from argument −4 to argument −4 − 4i,
you have to subtract 2 π i to keep it in range, 2 π  radians being 360
degrees. (Recall from Chapter 11.v that radians are just mathemati-
cians’ favorite way to measure angles.) This doesn’t cause any prob-
lems in practice.

II. Since there is an exponential function for complex numbers, and
a log function, there doesn’t seem to be any reason we can’t raise any
complex number to any complex power. By Power Rule 8 in Chapter
5.ii, any real number a is just elog a, so by Power Rule 3, ax is just ex log a.
Can’t we just extend this idea into the realm of complex numbers,
and say that for any two complex numbers z and w, zw just means
ew log z?
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We certainly can, and do. If you wanted to raise −4 + 7i to the
power of 2 − 3i, you’d first calculate the log of −4 + 7i, which turns
out to be around 2.08719 + 2.08994i. Then you’d multiply that by
2 − 3i, getting answer 10.4442 − 2.08169i. Then you’d raise e to that
power, giving final result −16793.46 − 29959.40i. So

(−4 + 7i)2−3i = −16793.46 − 29959.40i

Piece of cake. As another example, since eπ i = −1, taking the square

root of both sides gives i e
i

=
π
2 . If you now raise both sides to the

power of i, remembering Power Rule 3 again, you get i ei =
− π

2 . Note

that this is a real number, equal to 0.2078795763….
Since I can raise any complex number to the power of any com-

plex number, it should be easy to raise a real number to a complex
power. Given a complex number z, I can, therefore, calculate 2z, 3z, 4z,
and so on. You can see where this is leading. Can we extend the do-
main of the zeta function

ζ s
s s s s s s s( ) = + + + + + + + +1

1

2

1

3

1

4

1

5

1

6

1

7

1

8
K

into the world of complex numbers? Of course we can. I tell you, with
complex numbers you can do anything.

III. Since the formula for zeta is still an infinite sum, the question
of convergence arises. It turns out that the sum converges for any
complex number whose real part is greater than one. Mathematicians
say “in the half-plane Re(s) > 1,” where Re(s) is understood to mean
“the real part of s.”

As with the zeta function for real arguments, though, mathemati-
cal tricks can be used to extend the domain of the zeta function back
into regions where the infinite sum doesn’t converge. After applying
those tricks, you have the complete zeta function, whose domain is all
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the complex numbers, with a single exception at s = 1. There, just as I
started out showing with that deck of cards in Chapter 1, the zeta
function has no value. Everywhere else, it has a single, definite value.
There are some places, of course, where that value is zero. We already
know that. Those graphs in Chapter 9.iv show the zeta function tak-
ing the value zero at all the negative even numbers −2, −4, −6, −8, ….
I have already dismissed these arguments as not being very impor-
tant. They are the trivial zeros of the zeta function. Could it be that
there are some complex arguments for which the value of the zeta
function is zero? And that these are the non-trivial zeros mentioned
in the Hypothesis? You bet; but I am getting a little ahead of the story.

IV. Forty years ago the brilliant but eccentric Theodor Estermann68

wrote a textbook titled Complex Numbers and Functions, which con-
tains just two diagrams. “I … have avoided any appeal to geometric
intuition,” announced the author in his preface. There has been a
small number of kindred spirits, but the generality of mathemati-
cians do not follow Estermann’s approach. They tackle the theory of
complex functions in a strongly visual way. Most of us feel that com-
plex functions are easier to get to grips with if you have some
visual aids.

How then can complex functions be visualized? Let’s take the
simplest non-trivial complex function, the squaring function. Is there
any way to get a handle on what it looks like?

In the first place, ordinary graphs are no help. In the world of real
numbers you can graph a function like this. Draw a line to represent
the arguments (remember the real numbers live on a line). Draw an-
other line at right angles to represent the function values. To repre-
sent the fact that this function turns the number x into the number y,
go east from argument zero a distance x (west if x is negative); then
go north from value zero a distance y (south if y is negative). Mark
the spot. Repeat for as many function values as you care to compute.
This gives you a graph of the function. Figure 13-1 shows an example.
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1 2 3 4
x

5

10

15

x
2

3
2
= 9

FIGURE 13-1 The function x2.

This can’t be made to work for complex functions. The argu-
ments need a two-dimensional plane to be laid out on. The function
values need another two-dimensional plane. So to get a graph, you
need four dimensions of space to draw it in: two for the argument,
two for the function value. (In four dimensions of space, believe it or
not, two flat two-dimensional planes can intersect in a single point.
Compare the fact, utterly inconceivable to the inhabitants of a two-
dimensional universe, that in three dimensions, two non-parallel
straight lines need not intersect at all.)

To compensate us for this disappointment, there are things you
can do to make pictures of complex functions. Remember the basic
thing about a function; it turns one number (the argument) into an-
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other number (the value). Well, the argument number is a point
somewhere on the complex plane; and the function value is some
other point. So a complex function sends all the points in its domain
to a bunch of other points. You can just pick some points and see
where they go.

Figure 13-2, for example, shows some numbers forming the sides
of a square in the complex plane. I’ve marked the corners a, b, c, and
d. They are actually the complex numbers −0.2 + 1.2i, 0.8 + 1.2i,
0.8 + 2.2i, and −0.2 + 2.2i. What happens to these numbers if I apply
the squaring function? If you multiply −0.2 + 1.2i by itself, you get
−1.4 − 0.48i; so that’s the function value for a. Squaring b, c, and d
gives you values for the other corners—I have marked them as A, B,
C, and D. If you repeat this for all the points along the sides of the
square, and the points making up the grid inside, you get the dis-
torted square I have shown in Figure 13-2.

–4 –1
Real

i

3i

Imaginary

d

a

c

b

B

C

D

A

FIGURE 13-2 The function z2 applied to a square.
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V. It helps with complex functions to think of the complex plane as
an infinitely stretchable sheet of rubber and ask what a function does
to this sheet. You can see from Figure 13-2 that the squaring function
stretches the sheet counter-clockwise round the zero point, while si-
multaneously stretching it outward from that point for the numbers
I’ve shown. The number 2i, for example, whose natural home is on
the positive-imaginary (north) axis, when you square it, goes to −4,
which is on the negative-real (west) axis, and twice as far from the
zero point. In turn, −4, when you square it, gets stretched round to
16, on the positive-real (east) axis, and even further from zero. By the
rule of signs, −2i, down on the negative-imaginary (south) axis, gets
winched all the way round to −4. Because of the rule of signs, in fact,
every function value turns up twice, from two arguments. Remember
that −4 is not only the square of 2i, it is also the square of −2i.

Bernhard Riemann, who seems to have had a very powerful vi-
sual imagination, conceived of the matter like this. Take the entire
complex plane. Make a cut along the negative real (west) axis, stop-
ping at the zero point. Now grab the top half of that cut and pull it
round counter-clockwise, using the zero point as a hinge. Stretch it
right round through 360 degrees. Now it’s over the stretched sheet,
with the other side of the cut under the sheet. Pass it through the
sheet (you have to imagine that the complex plane is not only infi-
nitely stretchable, but also is made of a sort of misty substance that
can pass through itself) and rejoin the original cut. Your mental pic-
ture now looks something like Figure 13-3. That is what the squaring
function does to the complex plane.

This is not a fanciful or trivial exercise. From it, Riemann devel-
oped a whole theory, called the theory of Riemann surfaces. It con-
tains some powerful results and gives deep insights into the behavior
of complex functions. It also yokes function theory to algebra and
topology, two key growth areas of twentieth-century math. It is, in
fact, a typical product of Riemann’s bold, fearless, and ever-original
imagination—a fruit of one of the greatest minds that ever existed.
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VI. I am going to take a much simpler approach to illustrating com-
plex functions. I’d like you to meet my pal the argument ant, shown
in Figure 13-4.

FIGURE 13-4 The argument ant.

The argument ant is awfully hard to see, because he is infinitesi-
mal in size. If you could see him, however, he would look just like a
regular ant—a Camponotus japonicus worker, to be precise—with the
regulation number of appendages, antennae, etc. In one of the front-
most appendages, which for convenience we may call a “hand,” the
argument ant holds a small gadget rather like a beeper, or a mobile
telephone, or one of those global positioning devices that can tell you

FIGURE 13-3 The Riemann surface corresponding to the function z2.
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exactly where you are. This gadget (Figure 13-5) has three displays.
The first display, labeled “Function,” shows the name of some func-
tion: z2, log z, or whatever the gadget might be set to. The second
display, labeled “Argument,” shows the point—the complex num-
ber—the argument ant is currently standing on. The third display,
labeled “Function value,” shows the value of the function at that ar-
gument. So the argument ant always knows exactly where he is; and,
for any given function, he knows where the point he’s standing on
gets sent to by the function.

i

i

FIGURE 13-5 The ant’s gadget.

I have set the gadget to show the zeta function, and I am going to
let the argument ant wander freely over the complex plane. When
“Function value” shows zero, he will be standing on a point (“Argu-
ment”) that is a zero of the zeta function. I can have him mark those
points for us with a magic marker he carries in a small pouch under
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his thorax. Then we shall know where the zeros of the zeta function
are.

In fact, I am going to have the argument ant do a little bit more
work than that. I am going to have him mark all arguments that give a
pure-real or pure-imaginary function value. An argument whose value
is 2 or −2, or 2i or −2i, will be marked; a point whose value is 3 − 7i
will not. To put it another way, all those points that zeta will send to
the real line or the imaginary line will be marked. And, of course,
since the real line and the imaginary line cross at zero, the arguments
where these lines cross, will be zeros of the zeta function. In this way,
I can get some kind of picture of the zeta function.

Figure 13-6 shows the result of this little odyssey. The straight
lines in it show the real and imaginary axes and the critical strip. All
the curved lines are made up of points that are sent to either the real
or imaginary axis. At the point where each curve leaves the diagram
at left or right, I have written in the function value corresponding to
that point.

Trying to imagine what the zeta function does to the complex
plane—in the sense of Figure 13-3, which shows what the squaring
function does to it—is a rather demanding mental exercise. While
the squaring function wraps the plane over itself into the double-
sheeted surface of Figure 13-3, the zeta function does the equivalent
thing an infinite number of times, to give an infinite-sheeted surface.
If you find this difficult to visualize, don’t feel bad about it. You need
long practice over several years to get an intuitive feel for these func-
tions. As I said, I shall take a simpler approach here.

The argument ant has marked up the complex plane to give the
patterns of Figure 13-6. Now I shall set him to wandering along some
of those curves. Let’s suppose he starts out standing on the point −2.
Since this is a zero of the zeta function—one of the trivial zeros—the
“Function value” display reads 0. Now he starts heading west along
the real axis. The function value begins to creep up from zero.

Shortly after he passes the point −2.717262829, heading west,
“Function value” reaches the number 0.009159890…. Then it starts
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FIGURE 13-6 The argument plane, showing points that zeta

“sends to” the real and imaginary axes.
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to decline back down to zero again. Since you have read Chapter 9,
you can guess what is going to happen. The function value will de-
cline all the way down to zero, which it will reach at argument −4.

That wasn’t very interesting. Let’s start again. From −2, with the
function value reading 0, the argument ant heads west to that point
where the function value maxed. Instead of continuing west to −4, he
makes a sharp right turn and heads north along the top half of that
parabola shape. Now the function value will go on increasing, past
0.01, then past 0.1, reaching 0.5 shortly after he crosses the imaginary
axis. As he heads out east on that upper arm of the parabola, it con-
tinues to increase. As he leaves the page, heading pretty much directly
due east now, the display reads 0.9990286. It is still increasing, but
awfully slowly, and he has to walk all the way out to infinity before it
shows 1.

Since the argument ant now finds himself at infinity, he may as
well turn round and come back. Instead of coming back along the
same path, though, I’ll have him come back along the positive real
axis. (Don’t think about this too much. For these purposes, there is
really only one “point at infinity,” so whenever you find yourself there,
you can head back into the realm of actual finite numbers from any
direction at all.) The “Function value” display increases now, show-
ing 1.0009945751 … as he re-enters the diagram, 1.644934066848 …
as he passes 2 (remember the Basel problem?) and then really soaring
as he approaches 1.

As he steps on the number 1, a buzzer goes off in the gadget he is
holding, and the “Function value” display shows a big bright red flash-
ing infinity sign, “∞.” If he looks more closely at the display, the argu-
ment ant will notice a curious thing. At the right of the infinity sign, a
small letter “i” is flickering on and off very fast. Simultaneously, to the
left of the infinity a minus sign is flickering on and off, also very fast,
and out of sync with the flickering “i.” It is as if the display were trying
to show four different values all at the same time: ∞, −∞, ∞i, and −∞i.
Curious!
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The reason is that the argument ant now has three choices (other
than to go back the way he came). If he just goes forward, heading
west along the real axis until he comes home to the zero at argu-
ment −2, he will see the function values turn into large negative num-
bers, like minus 1 trillion, then rise very fast to moderate-sized nega-
tive numbers (minus 1,000, minus 100) eventually coming up to −1,
then to −0.5 as he steps on the zero point (because ζ (0) = −0.5), and
eventually back to zero at argument −2.

If, on the other hand, he takes a sharp right turn northwards at 1
and traverses the top half of that oval shape around the zero point, he
will find from the display that the function values are ascending the
negative imaginary axis, from numbers like −1,000,000i, up
through −1,000i to −10i, −5i, −2i, then to −i. Shortly before he crosses
the imaginary axis the display reads −0.5i. Then, as he heads to the
zero at −2, the function value rises to, of course, zero.

Just to help you keep your bearings, and to anchor this firmly in
the world of functions (which I first introduced in Chapter 3 by way
of tables),Table 13-4 shows that last walk, counterclockwise round
the top of the oval shape. I have picked the arguments for this table to
have the following amplitudes (in degrees, not radians): 0°, 30°, 60°,
90°, 120°, 150°, and 180°. All numbers are rounded to four decimal
places in Table 13-4.

TABLE 13-4 The Argument Ant Traverses
the Top of the Oval in Figure 13-6.

z ζ (z)

1 −∞i

0.8505 + 0.4910i −1.8273i

0.4799 + 0.8312i −0.7998i

0.9935i −0.4187i

−0.5737 + 0.9937i −0.2025i

−1.3206 + 0.7625i −0.0629i

−2 0
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If the ant had taken a left turn at 1, the function values would
have come back to zero down the positive imaginary axis instead,
through 1.8273i, 0.7998i, and so on.

VII. The argument ant can start his walk from any other zero of the
function. I have shown them all in Figure 13-6 with teeny circles. To
help the ant know where he is going, I have shown the actual values
that are on the “Function value” display at the moment he leaves the
diagram along any particular line. (To save space, I have written “m”
for “million” in these values. “i,” of course, just means i.) Notice the
pattern as he goes up the left-hand edge of the diagram, that is,
through arguments whose real part is −10. The first line to leave the
diagram at this edge is one that maps into the negative real axis. The
next maps into the positive imaginary axis; the next, into the positive
real axis; the next, into the negative imaginary axis, … and so on, this
pattern repeating itself.

The lines that leave the diagram on the right-hand edge, by con-
trast, are all mapping into the positive real axis. To the right of the
critical strip, in fact, this is a pretty dull function. This whole vast
eastern region maps into a tiny area around the 1 point. It is not as
“busy” as the left-hand western region; and that western region is not
as interesting as the critical strip. With the zeta function, all the inter-
esting stuff happens in the critical strip. (For another illustration of
this general truth, see my account of the Lindelöf Hypothesis in the
Appendix.)

Figure 13-6 is really the heart of this book. There you actually see
the Riemann zeta function, as well as a complex function can be seen.
I urge you to spend some time in silent contemplation of this dia-
gram, and to venture out on a few of those ant-walk exercises. The
functions of higher mathematics are very wonderful things. They
don’t yield up their secrets easily. Some, like this one, can offer a life-
time of study. I can by no means claim to be an expert on the zeta
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function. I don’t have a comprehensive collection of zeta-function
literature, having relied mainly on university libraries and personal
acquaintances for the facts in this book. Still, even without trying
hard, I seem to have acquired my own copies of E.C. Titchmarsh’s
The Theory of the Riemann Zeta-function (412 pages), S.J. Patterson’s
An Introduction to the Theory of the Riemann Zeta-Function (156
pages), and Harold Edwards’s indispensable Riemann’s Zeta Function
(316 pages, and I have three copies of this one—that’s a long story),
as well as a thick folder of photocopied articles from various journals
and periodicals. There must be a score of other full-length books
plumbing the mysteries of this function, and thousands of articles.
This is serious math.

And, best of all, you can see in that diagram the Riemann Hy-
pothesis shining clear. Look!—the non-trivial zeros actually do all lie
on the critical line. I have not shown the critical line in Figure 13-6,
but obviously it lies halfway down the critical strip, like a highway
median.

VIII. Before leaving the topic of visualizing zeta, just a couple more
pictures. First, note that the general pattern you see in Figure 13-6
continues all the way up, for as far as we know.

To illustrate this, Figure 13-7 shows a block of zeros up around
1
2 + 100i. You will notice that they are packed closer together than the

ones in Figure 13-6. In fact the average spacing between the eight
zeros shown here is 2.096673119…. For the five zeros shown in Fig-
ure 13-6, the average spacing was 4.7000841…. So up here around
100i on the imaginary axis, the zeros are packed more than twice as
densely as down around 20i.

There is in fact a rule for the average spacing of zeros at height T
in the critical strip. It is ~ 2 π ⁄ log(T ⁄ 2π ). If T is 20 this works out to
5.4265725.… If T is 100 it is 2.270516724.… You can see that the rule
is not very precise, though, as the twiddle sign tells you, it gets better

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003

218 PRIME OBSESSION

for bigger numbers. Andrew Odlyzko has published a list of 10,000
zeros up in the neighborhood of 1

2  + 1,370,919,909,931,995,308,897i.
In that neck of the woods,  2 π ⁄ log(T ⁄ 2 π ) is worth about
0.13416467. The actual average of the 9,999 spaces is 0.13417894….
Not bad.

Next, note a point that will be of some importance later in the
book. There is a certain symmetry about the real (i.e., east-west) axis.
If I extended Figure 13-6 down south of the real axis, the lines would
be mirror images of what they are north of it. The only difference is
that while the real numbers I have written in on Figure 13-6 are just
the same south as they are north, the imaginary numbers have their
signs flipped. To put it mathematically, if ζ (a + bi) = u + vi, then

ζ (a − bi) = u − vi. In proper complex-number symbols, ζ ζz z( ) = ( ) .

FIGURE 13-7 A higher region of the argument plane.
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The important thing that follows is: If a + bi is a zero of the zeta func-
tion, then so is a − bi.

IX. Finally, a pictorial representation of the Riemann Hypothesis—
or at any rate, of the fact that there are lots of zeros on the critical line.

To understand Figure 13-8, you should remember that Figures
13-6 and 13-7 were pictures of the argument plane. A function of a
complex variable sends one set of complex numbers, the arguments,
to another set, the values. Since the complex numbers can be laid out
as points on a plane, you can think of a function as sending points of
one plane, the argument plane, to points of another plane, the value
plane. The zeta function sends the point 1

2  + 14.134725i in the argu-
ment plane to the point 0 in the value plane. Look back at Figure
13-2. There I showed both the argument plane and the value plane
together, as if they were transparencies, one laid on top of the other.

Figures 13-6 and 13-7 are pictures of the argument plane, show-
ing which arguments are sent to interesting values. The argument ant
lives on the argument plane—whence his name. I had him wander-
ing over the argument plane, noting where the argument points are
sent to by the zeta function. I actually had him wandering along
strange curves and loops, made up of points that are sent to (i.e.,
whose function values are equal to) pure real or pure imaginary num-
bers. I shall call these “‘sent to’ pictures of the argument plane.”

An alternative way to show a function is with a “comes from”
picture of the value plane.69 Instead of showing, as I did in Figures
13-6 and 13-7, which arguments are sent to interesting values (in
those cases, pure-real and pure-imaginary numbers), I can present a
picture of the value plane, showing which value points come from
interesting arguments.

Let us imagine that the argument ant has a twin brother who
lives on the value plane. This brother is, of course, the value ant. Let’s
further suppose that the two brothers are in instantaneous radio com-
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munication; and that by this means they synchronize their move-
ments, so that whichever argument the argument ant is standing on
at any moment, the value ant is standing on the corresponding value
in the value plane. If the argument ant is standing on 1

2  + 14.134725i,
for example, with his gadget set to the zeta function, then the value
ant is standing on 0 in his plane, the value plane.

Now suppose that the argument ant, instead of following those
fancy loops and whorls in Figure 13-6 (which send the value ant on
dull hikes up and down the real and imaginary axes), takes a walk
straight up the critical line, heading due north from argument 1

2 .
What path will the value ant follow? Figure 13-8 shows you. His path
starts out at ζ 1

2( ) , which, as I showed in Chapter 9.v, is
−1.4603545088095…. Then he does a sort of half-circle counter-
clockwise below the zero point, then turns and loops clockwise

–1 1 2
Real

–1

1

Imaginary

FIGURE 13-8 The value plane, showing points

that come from the critical line.
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around 1. He heads to zero and passes through it (that’s the first
zero—the argument ant has just passed 1

2  + 14.134725i). Then he
keeps going round in clockwise loops, passing through the zero point
every so often—whenever his twin on the argument plane steps on a
zero of the zeta function. I stopped his walk when the argument ant
reached 1

2  + 35i, because that’s as far as Figure 13-6 goes. By that
point, the curve has passed through zero five times, corresponding to
the five non-trivial zeros in Figure 13-6. Notice that points on the
critical line have a strong tendency to map to points with positive real
part.

Once again, Figure 13-8 shows the value plane. It is not a “sent to”
diagram like Figures 13-6 and 13-7; it is a “comes from” diagram,
showing what the zeta function does to the critical line, just as Figure
13-2 showed what the squaring function does to that little checkered
box. If you want to be properly mathematical about it, that looping
curve in Figure 13-8 is ζ (critical line), the set of all points that come
from points on the critical line. The curves in Figures 13-6 and 13-7
are ζ −1(real and imaginary axes), the set of all points that are sent to
the real and imaginary axes. The notation “ζ (critical line)” means
“all zeta function values for arguments on the critical line.” Con-
versely, “ζ −1(real and imaginary axes)” means “all arguments whose
zeta function values are on the real or imaginary axis.” Note that the
expression “ζ −1” is used here in the special function-theory sense of
“inverse function.” Don’t confuse it with a−1 as in Power Rule 8, which
has the meaning 1 ⁄ a, the arithmetic reciprocal of a. This is a different
usage—another case of overloading math symbols, like the use of π
for both 3.14159… and the prime counting function.

Speaking very generally, “sent to” pictures of the argument plane
are better tools for understanding a function in its broad properties
(e.g., where its zeros are). “Comes from” pictures of the value plane
are more useful for exploring particular aspects or curious features of
the function.70

The Riemann Hypothesis states that all the non-trivial zeros of
the zeta function lie on the critical line—the line of complex num-
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bers with real part one-half. All the non-trivial zeros I have shown in
this chapter do indeed lie on that line, as you can see from Figures
13-6, 13-7, and 13-8. Of course, that doesn’t prove anything. The zeta
function has an infinite number of non-trivial zeros, and no diagram
could show them all. How do we know that the trillionth one, or the
trillion trillionth, or the trillion trillion trillion trillion trillion tril-
lionth lies on the critical line? We don’t, not from drawing diagrams
anyway. What’s it all got to do with prime numbers? To answer that, I
shall have to turn the Golden Key.
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14
IN THE GRIP OF AN OBSESSION

Göttingen was not, of course, the
only place where first-class mathematics was being done in the early
years of the twentieth century. Here is the English mathematician
John Edensor Littlewood, 60-odd years before he offered snuff to
Hugh Montgomery. As a young mathematician at Trinity College,
Cambridge, in 1907, Littlewood was casting around for a good meaty
problem on which to do postgraduate research.

Barnes71 was now encouraged to suggest a new problem: “Prove the

Riemann Hypothesis.” As a matter of fact this heroic suggestion was

not without result; but I must begin by sketching the background of
ζ (s) and prime numbers in 1907, especially so far as I was myself

concerned. I had met ζ (s) in Lindelöf,72 but there is nothing there

about primes, nor had I the faintest idea there was any connexion;

for me the R.H. was famous, but only as a problem in integral func-

tions; and all this took place in the long vacation when I had no

access to literature, had I suspected there was any. (As for people

better instructed, only some had heard of Hadamard’s paper, and

fewer still knew of de la Vallée Poussin’s in a Belgian journal. In any

case, the work was considered very sophisticated and outside the

I.
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main stream of mathematics. The famous paper of Riemann is in-

cluded in his collected works; this states the R.H., and the extraordi-

nary, but unproved, “explicit formula” for π (x); the “Prime Num-

ber Theorem” is not mentioned, though it is doubtless an easy guess

granted the explicit formula. As for Hardy in particular, he told me

later that he knew the P.N.T. had been proved, but he thought by

Riemann. All this was transformed at a stroke by the appearance of

Landau’s book in 1909.)

I have taken that passage from Littlewood’s Miscellany, a quirky
collection of autobiographical fragments, jokes, math puzzles, and
character sketches, first published (under a slightly different title) in
1953. The other dramatis personae in the extract are the older English
mathematician Godfrey Harold Hardy, 1877−1947, and the German
Edmund Landau, 1877−1938. These three men, half a generation af-
ter Hilbert, were all pioneers in the early assaults on the Riemann
Hypothesis.

II. British mathematics in the nineteenth century had been oddly
asymmetrical in its development and achievements. Great advances
were made by British mathematicians in the least abstract areas of
math, those most closely connected with physics. This was something
I noticed during my own higher-mathematical education in London.
We would sit through a class in real analysis, or complex function
theory, or number theory, or algebra, and the names attached to the
theorems would come rolling in across the English Channel from the
Continent: Cauchy, Hadamard, Jacobi, Chebyshev, Riemann,
Hermite, Banach, Hilbert…. Then we would have a Methods lecture
(i.e., on mathematical methods used in physics), and suddenly we
were back in Victoria’s islands: Green’s Theorem (1828), Stokes’s For-
mula (1842), the Reynolds Number (1883), Maxwell’s Equations
(1855), the Hamiltonian (1834)….
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Such other activity as took place in Britain was concentrated in
the most abstract areas of math. Arthur Cayley, with J.J. Sylvester, in-
vented matrices (more about them later), and the theory of algebraic
invariants. George Boole opened up the whole territory of “founda-
tions”—that is, mathematical logic, which he called “the laws of
thought.” (You can get an argument going about whether this is really
at the high end of the abstraction scale. Boole himself declared that
his intention was to make logic a branch of applied mathematics.
However, I think mathematical logic is sufficiently abstract for most
of us mortals.) It is curious to note that the week before Hilbert ad-
dressed the Paris Congress, the same lecture rooms at the Sorbonne
had been booked for an International Congress of Philosophy. One
of the papers read was “The Idea of Order and Absolute Position in
Space and Time.” Its author was a young British logician, also a Trin-
ity man, named Bertrand Russell, who 10 years later, with Alfred
North Whitehead, produced the classic of mathematical logic (to be
more precise, of logicized mathematics), Principia Mathematica.

The least abstract math, and the most, but the great middle
ground of abstraction—function theory, number theory, most of al-
gebra—was yielded to the Continentals. In analysis, the most fertile
field of nineteenth-century mathematics, the British were nearly in-
visible. At the end of the century they were in fact barely visible even
in their strong areas. Only seven British mathematicians showed up
at the Paris Congress, ranking Britain below France (90), Germany
(25), the U.S.A. (17), Italy (15), Belgium (13), Russia (9), Austria, and
Switzerland (8 each). Mathematically, Britain in 1900 was a back-
water.

Even a backwater, of course, has some pockets of vitality. Trinity
College, Cambridge, where Littlewood was in residence, maintained
a strong mathematical tradition. It had been Sir Isaac Newton’s col-
lege, 1661−1693, and counted several geniuses of mathematics and
physics among its nineteenth-century alumni: Charles Babbage, gen-
erally credited with inventing the computer; the astronomer George
Airy, after whom a family of mathematical functions is named;
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Augustus de Morgan, the logician; Arthur Cayley, the algebraist;
James Clerk Maxwell, and some lesser lights. Bertrand Russell got his
degree at Trinity in 1893, was elected a fellow73 in 1895, and was teach-
ing there at the time Hardy joined the faculty. The college’s history in
the twentieth century was somewhat more mixed. It supplied most of
the personnel for the Cambridge spy ring,74 as well as several Blooms-
berries.75 So far as mathematics was concerned in the early years of
the century, though, it was first and foremost the home of G.H.
Hardy—the Hardy of Littlewood’s memoir. It was Hardy, more than
anyone else, who awoke English pure mathematics from its long
slumber.

Studying for his degree at Trinity in 1897, Hardy came across a
famous textbook of the time, Cours d’Analyse, by the French math-
ematician Camille Jordan. Jordan is familiar to students of complex
variable theory for Jordan’s Theorem, which says, basically, that a
simple closed curve in the plane, for example a circle, has an inside
and an outside. This theorem is ferociously difficult to prove—
Estermann describes Jordan’s own proof as “an intelligent attempt.”
Cours d’Analyse seems to have had the same effect on Hardy as
Chapman’s Homer had on Keats. After getting his fellowship at Trin-
ity in the summer of Hilbert’s address, Hardy spent the next few years
publishing papers on analysis.

One fruit of Hardy’s early analytical obsession was an under-
graduate textbook, A Course of Pure Mathematics, first published in
1908 and never subsequently out of print. I learned analysis from this
book, as did most twentieth-century British undergraduates. We re-
ferred to the book simply as “Hardy.” The book’s title is entirely mis-
leading, as it contains nothing but analysis—no algebra, no number
theory, no geometry, no topology. Nobody has ever minded this,
though. As an introduction to classical (i.e., nineteenth-century)
analysis, it is as near to perfect as a textbook can be. Its influence on
my own approach to math was tremendous. Looking through what I
have written in this book, I see Hardy all too plainly.
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III. G.H. Hardy is the kind of oddity that only nineteenth-century
England could produce. In old age he wrote a very curious book titled
A Mathematician’s Apology (1940), in which he described his own life
as a mathematician. It is in some ways a sad book—an elegiac book,
to be precise. The reason for this is very well explained in C.P. Snow’s
preface to the later editions. Hardy was a Peter Pan, a boy who never
grew up. Snow: “His life remained the life of a brilliant young man
until he was old: so did his spirit: his games, his interests, kept the
lightness of a young don’s. And, like many men who keep a young
man’s interests into their sixties, his last years were the darker for it.”
Littlewood: “Until he was about 30 he looked incredibly young.”
Hardy’s games were cricket, about which he was passionate, and real
tennis (a.k.a. court tennis or jeu de paume), a more difficult, more
intellectually challenging game than ordinary tennis.

For 12 years, 1919−1931, Hardy held a chair at Oxford, with an
exchange year at Princeton, 1928−1929; the rest of his life was spent
at Trinity, Cambridge. A handsome and charming man, he never mar-
ried, nor had any intimate attachments of any kind, so far as anyone
knows. It must be remembered that the old Oxford and Cambridge
colleges were men-only institutions with a strong flavor of misogyny.
Until 1882, Fellows of Trinity were not permitted to marry. In the
manner of our age, there has recently been some speculation that
Hardy may have been homosexual. I refer the curious reader to Rob-
ert Kanigel’s biography of Hardy’s protégé Srinivasa Ramanujan, The
Man Who Knew Infinity, which contains a full discussion of this point.
The answer seems to be: probably not, except perhaps in the inner-
most sense.

There are even more Hardy stories than there are Hilbert sto-
ries—I see that I have already told one. Here are two more, both con-
taining the Riemann Hypothesis. The first is from his obituary in the
British science journal Nature.

Hardy had one ruling passion—mathematics. Apart from that his

main interest was in ball-games, of which he was a skilled player
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and an expert critic. An illustration of some of his interests and

antipathies is given by this list of “six New-Year wishes” which he

sent on a postcard to a friend (in the 1920s):

(1) prove the Riemann Hypothesis;

(2) make 211 not out in the fourth innings of the last Test Match

at the Oval;

(3) find an argument for the non-existence of God which shall

convince the general public;

(4) be the first man at the top of Mount Everest;

(5) be proclaimed the first president of the USSR of Great Brit-

ain and Germany;

(6) murder Mussolini.

The second illustrates another of Hardy’s eccentricities. Though
claiming not to believe in God, he carried on a perpetual battle of
wits with Him. In the 1930s, Hardy often visited with his friend
Harald Bohr, who was Professor of Mathematics at the University of
Copenhagen (and younger brother of the physicist Niels Bohr).
George Pólya told the following story about one of these trips.

Hardy stayed in Denmark with Bohr until the very end of the sum-

mer vacation, and when he was obliged to return to England to start

his lectures there was only a very small boat available…. The North

Sea can be pretty rough, and the probability that such a small boat

would sink was not exactly zero. Still, Hardy took the boat, but sent

a postcard to Bohr: “I proved the Riemann Hypothesis. G.H. Hardy.”

If the boat sinks and Hardy drowns, everybody must believe that he

has proved the Riemann Hypothesis. Yet God would not let Hardy

have such a great honor and so He will not let the boat sink.

His wonderful textbook aside, Hardy is best known for two great
collaborations of which he was a part. The one with Ramanujan has
been best publicized, and for good reason because it is one of the
most curious and affecting stories in the history of mathematics. It is
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told in full in the aforementioned book by Robert Kanigel. However,
the Hardy-Ramanujan collaboration is of only the most incidental
concern to the history of the Riemann Hypothesis, and I shall have
no more to say about it.

Hardy’s other great collaboration was with Littlewood, with
whose memoir about his own postgraduate research I opened this
chapter. Littlewood joined the Trinity faculty in 1910. His collabora-
tion with Hardy began the following year and continued until 1946.
It was conducted mostly by mail during the years that Hardy was at
Oxford and Princeton, and also during World War I, when Littlewood
worked on artillery matters for the British army. Collaboration by
mail was not much of a departure for Hardy and Littlewood, though:
they often communicated by mail when living in rooms at Trinity.

Both Hardy and Littlewood were great mathematicians, both
were the sons of schoolmasters, and both were lifelong bachelors. In
most other ways they were different. There is something distinctly
strange about Hardy. He hated having his photograph taken, for ex-
ample—there are only half a dozen extant photographs of him76—
and when staying in a hotel or guest room, he would cover up all the
mirrors. Littlewood was much more of a meat-and-potatoes man.
Where Hardy was slender and finely made, Littlewood was stocky
and strong, a good all-round sportsman: swimming, rowing, rock
climbing, cricket. He took up skiing at age 39 and became very profi-
cient—an unusual thing among Englishmen at that time. He loved
music and dancing.

Though conforming to the old idea of a college fellow—never
married, he occupied the same set of rooms at Trinity for 65 years,
1912−1977—Littlewood had at least two children. The story as his
colleague Béla Bollobás tells it is that Littlewood, in his younger years,
used to go for annual vacations with the family of a doctor in
Cornwall, whose children grew up calling him “Uncle John.” One of
these children was named Ann; Littlewood referred to her as “my
niece.” However, after becoming close friends with Bollobás and his
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wife, Littlewood confessed that Ann was, in fact, his daughter. They
persuaded him to stop calling her his niece and start saying “my
daughter.” He accordingly did so, in the faculty common room one
evening, and was mortified that none of his colleagues displayed the
least surprise. Then, after Littlewood’s death in 1977, a middle-aged
man showed up at Trinity asking about his effects, explaining that he
was Littlewood’s son.

IV. “Hardy and Littlewood” became such a common byline on
mathematical papers in the 1910s and 1920s that jokes were circulat-
ing about Littlewood being a fiction, invented by Hardy to take the
blame for his mistakes. One German mathematician was said to have
crossed the English Channel solely to confirm his belief that
Littlewood did not exist.

That mathematician was Edmund Landau, who was seven days
younger than Hardy. Landau was an instance of that uncommon phe-
nomenon, the scion of a wealthy family who yet had a powerful work
ethic and a record of great achievement in a non-commercial field.
Landau’s mother Johanna, née Jacoby, came from a rich banking fam-
ily. His father was a Professor of Gynecology in Berlin, with a success-
ful practice. Landau Senior was also a keen supporter of Jewish causes.
The family home was at Pariser Platz 6a, in the most elegant quarter
of Berlin, close to the Brandenburg Gate. Edmund was appointed to a
professorship at Göttingen in 1909. When people asked for directions
to his house, he would reply “You can’t miss it. It’s the finest house in
town.” He followed his father’s (and Jacques Hadamard’s) interest in
Zionism, helping to establish the Hebrew University of Jerusalem and
giving the first math lecture there, in Hebrew, shortly after the uni-
versity opened in April 1925.

Landau was something of a character—this was a great age for
mathematical characters—and there are apocrypha about him rival-
ing those of Hilbert and Hardy. Perhaps the best-known story is his
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remark about Emmy Noether, a colleague at Göttingen. Noether was
mannish and very plain. Asked if she was not an instance of a great
female mathematician, Landau replied: “I can testify that Emmy is a
great mathematician, but that she is female, I cannot swear.” His work
ethic was legendary. It is said that when one of his junior lecturers
was in hospital, recuperating from a serious illness, Landau climbed a
ladder and pushed a huge folder of work through the poor man’s
window. Littlewood: “He simply did not know what it was like to be
tired.” Hardy says that Landau worked from 7 A.M. until midnight
every day.

Landau was a gifted and enthusiastic teacher, and an extraordi-
narily productive mathematician. He wrote more than 250 papers
and 7 books. His main importance for our story is the first of those
books, a classic of number theory, published in 1909. This is the book
Littlewood was speaking of in the extract I opened this chapter with:
“All this was transformed at a stroke by the appearance of Landau’s
book….” The book’s full title was Handbuch der Lehre von der
Verteilung der Primzahlen—“Handbook of the Theory of the Distri-
bution of the Prime Numbers.” It is generally referred to by number
theorists as simply “the Handbuch.”77 In two volumes of more than
500 pages each, this book gathered together all that was known about
the distribution of primes up to that time, with a strong emphasis on
analytic number theory. The Riemann Hypothesis is stated on page
33. The Handbuch was not the first book on analytic number
theory—Paul Bachmann had published one in 1894—but its ex-
tremely detailed and systematic presentation laid out the subject in a
style both clear and attractive, and Landau’s book at once became the
standard in its field.

I don’t think Landau’s Handbuch has ever been translated into
English. Number theorist Hugh Montgomery, the star of my Chapter
18, taught himself German by reading his way through the Handbuch,
one finger on the dictionary. He tells the following story. The first 50-
odd pages of the book are given over to a historical survey, in sections
each of which is headed with the name of a great mathematician who
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made contributions in the field: Euclid, Legendre, Dirichlet, and so
on. The last four of these sections are headed “Hadamard,” “von
Mangoldt,” “de la Vallée Poussin,” “Verfasser.” Hugh was extremely
impressed with the contributions of Verfasser, but was puzzled to
know why he had not heard the name of this fine mathematician
before. It was some time before he learned that “Verfasser” is a Ger-
man word meaning “author” (ordinary nouns are capitalized in
German).

V. “All this was transformed at a stroke by the appearance of
Landau’s book….” Both Hardy and Littlewood must have read
Landau’s book soon after it became available. Here is what Hardy has
to say, in the obituary of Landau he wrote (with Hans Heilbronn) for
the London Mathematical Society.

The Handbuch was probably the most important book he wrote. In

it the analytic theory of numbers is presented for the first time, not

as a collection of a few beautiful scattered theorems, but as a sys-

tematic science. The book transformed the subject, hitherto the

hunting ground of a few adventurous heroes, into one of the most

fruitful fields of research of the last thirty years. Almost everything

in it has been superseded, and that is the greatest tribute to the book.

It was certainly from the Handbuch that both Hardy and
Littlewood became infected with the Riemann Hypothesis obsession.
The first fruits came in 1914, not in the form of a collaboration,
though they were collaborating by that time, but as two separate pa-
pers, both of major importance in the development of the theory.

Hardy’s paper was titled Sur les zéros de la fonction ζ (s) de
Riemann and appeared in the Comptes Rendus of the Paris Academy
of Sciences. In it, he proved the first major result on the distribution
of the non-trivial zeros.
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Hardy’s 1914 Result
Infinitely many of the zeta function’s non-trivial zeros satisfy the

Riemann Hypothesis—that is, have real part one-half.

Though a major step forward, it is important for the reader to
understand that this did not settle the Hypothesis. There is an infin-
ity of non-trivial zeros; Hardy proved that infinitely many of them
have real part one-half. This leaves three possibilities still open:

� Infinitely many zeros do not have real part one-half.
� Only finitely many zeros do not have real part one-half.
� There are no zeros that do not have real part one-half—the

Hypothesis!

For an analogy, consider the following statements about the even
numbers greater than two, that is: 4, 6, 8, 10, 12, ….

� Infinitely many of them are divisible by 3; infinitely many are
not.

� Infinitely many are greater than 11; only four are not.
� Infinitely many are the sum of two primes; there are none that

are not—the Goldbach Conjecture (which is still unproven at
the time of writing).

Littlewood’s paper, also published in the Paris Academy’s Comptes
Rendus of that year, was titled Sur la distribution des nombres pre-
miers. It proved a result as subtle and striking as Hardy’s, though in a
different part of the field. It needs some preamble.

VI. I have already pointed out the following general trend in think-
ing about the Riemann Hypothesis at the beginning of the twentieth
century. The Prime Number Theorem (PNT) had been proved. It was
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known with mathematical certainty that indeed π (x) ~ Li(x)—to put
it in words, that the relative difference between π (x) and Li(x)
dwindles away to zero as x gets bigger and bigger. So now what can we
say about this difference, this error term? It was in focusing on the
error term that mathematicians’ attention was drawn to the Riemann
Hypothesis, because Riemann’s 1859 paper gave an exact expression
for the error term. That expression, as I shall show in due course,
involves all the non-trivial zeros of the zeta function, so the key to
understanding the error term is hidden in among the zeros somehow.

Let me make this concrete by showing some actual values of the
error term. In Table 14-1, “absolute error” means Li(x) − π (x), while
“relative error” means that number as a proportion of π (x)—in other
words, the absolute error divided by π (x).

TABLE 14-1

Error Term

x π (x) Absolute Relative

1,000 168 10 0.059523809524

1,000,000 78,498 130 0.001656093149

1,000,000,000 50,847,534 1,701 0.000033452950

1,000,000,000,000 37,607,912,018 38,263 0.000001017419

1,000,000,000,000,000 29,844,570,422,669 1,052,619 0.000000035270

1,000,000,000,000,000,000 24,739,954,287,740,860 21,949,555 0.000000000887

Well, the relative error is certainly dwindling away to zero, just as
the PNT says it should. This is happening because the absolute error,
though increasing, is not increasing anything like as fast as π (x).

The inquiring mathematical mind now asks how, exactly, do these
numbers behave? Are there rules to describe the slow increase of the
absolute error, or the dwindling to zero of the relative error? To put
it another way, if you drop the second and fourth columns of Table
14-1, or the second and third, and consider the resulting two-column
tables to be snapshots of some functions (argument, value)—what
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functions are they? Can we get twiddle formulas for them, as we did
for π (x)?

That is where the non-trivial zeros of the zeta function come in.
They are intimately connected, in a way I shall later show you in exact
mathematical detail, with the error term.

Although it is the relative error that the PNT speaks about, inves-
tigations in this area more often concentrate on the absolute error. It
really makes no difference, of course, which one you consider. The
relative error is just the absolute error divided by π (x), so you can
always skip easily from one to the other. So can we get any kind of
result for the absolute error term, Li(x) − π (x)?

VII. Looking at Figure 7-6, and at Table 14-1, we can say with fair
confidence that the the absolute difference Li(x) − π (x) is positive
and increasing. The numerical evidence for this is so strong that
Gauss, when he made his own investigations, believed it to be always
the case. Probably most early researchers agreed, or at least felt sure
that π (x) is always less than Li(x). (Riemann’s opinion on the matter
is unclear.) Littlewood’s 1914 paper therefore came as a sensation, for
it proved that this is not so; that, on the contrary, there are numbers x
for which π (x) is greater than Li(x). It actually proved much more.

Littlewood’s 1914 Result
Li(x) − π (x) changes from positive to negative and back

infinitely many times.

Given that π (x) is less than Li(x) for as far as we have been able to
take x, even with the most powerful computers, where is that first
crossing point, the first “Littlewood violation,” where π (x) becomes
equal to, and then greater than, Li(x)?

In situations like this, mathematicians go looking for what they
call an upper bound, that is, a number N for which they can prove that
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whatever the precise answer to the question, it is at any rate definitely
less than N. Proven upper bounds N of this sort are sometimes far
larger than the actual answer.

That was the case with the first upper bound for the Littlewood
violation. In 1933 Littlewood’s student Samuel Skewes showed that if
the Riemann Hypothesis is true, the crossover point must come be-

fore eee79

, a number of about 10ten billion trillion trillion digits. That’s not the

number; that’s the number of digits in the number. (By way of con-
trast, the number of atoms in the cosmos is thought to have about
eighty digits.) This monstrosity attained fame as “Skewes’ number,”
the largest number ever to emerge naturally from a mathematical
proof up to that time.78

In 1955 Skewes improved his result, this time without assuming
the truth of the Riemann Hypothesis, to a number of a mere
10one thousand digits. In 1966, Sherman Lehman pulled the upper bound
down to a much more manageable (or at least, writable) figure,
1.165 × 101165 (a number, that is, of a mere 1,166 digits), and estab-
lished an important general theorem about the upper bound. In 1987,
using Lehman’s theorem, Herman te Riele reduced the upper bound
still further, to 6.658 × 10370.

At the time of writing (mid-2002), the best figure is the one es-
tablished by Carter Bays and Richard Hudson in 2000, also starting
from Lehman’s theorem.79 They showed that there are Littlewood vio-
lations in the vicinity of 1.39822 × 10316 and even gave some reasons
for thinking that these may be the first violations. (Bays’s and
Hudson’s paper leaves open a small possibility that lower violations
might exist, perhaps even as low as 10176. They also show a huge zone
of violation around 1.617 × 109608.)

VIII. These oscillations of the error term Li(x) − π (x) from posi-
tive to negative and back take place within fairly well-defined con-
straints, though. If this were not so, the PNT would not be true. Some
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ideas about the nature of those constraints had already emerged out
of the effort to prove the PNT. De la Vallée Poussin had actually in-
cluded an estimate for the constraining function in his own proof of
the PNT. Five years later, in 1901, the Swedish mathematician Helge
von Koch80 had proved the following key result, which I’ll state in a
modern form.

Von Koch’s 1901 Result
If the Riemann Hypothesis is true, then

π x Li x O x x( ) = ( ) + ( )log

The equation is pronounced as, “Pi of x equals log integral of x plus
big oh of root x log x.” Now I have to explain the “big oh” notation.
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