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15
BIG OH AND MÖBIUS MU

I have given over this chapter to two
mathematical topics that are related to the Riemann Hypothesis, but
not otherwise to each other. The topics are the “big oh” notation and
the Möbius mu function. First, big oh.

II. When the great Hungarian number theorist Paul Turán lay dy-
ing of cancer in 1976, his wife was at his bedside. She reported that
his last murmured words were “Big oh of one….” Mathematicians
tell this story with awed admiration. “Doing number theory to the
very end! A real mathematician!”

Big oh came into math from Landau’s 1909 book, whose influ-
ence, as I have already described, was tremendous. Landau did not
actually invent big oh. He candidly acknowledges, on page 883 of the
Handbuch, that he borrowed it from Paul Bachmann’s 1894 treatise.
It is, therefore, very unfair that it is always referred to as “Landau’s big
oh,” and that most mathematicians probably believe Landau did in-

I.
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vent it. Big oh is all over the place in analytic number theory, and has
leaked into other areas of math too.

Big oh is a way of setting a limit on the size of a function, as the
argument goes off (usually) to infinity.

Definition of Big Oh
Function A is big oh of function B if, for large enough arguments,

the size of A never exceeds some fixed multiple of B.

Let me take a cue from Paul Turán and consider big oh of one.
“One,” as used here, is a function, a function of the simplest kind. Its
graph is a flat horizontal line, one unit above the horizontal axis. For
any argument at all, the function value is … 1. What, then, does it
mean to say that some function ƒ(x) is big oh of one? By the defini-
tion I just gave, it means that as the argument x goes off to infinity,
ƒ(x) never exceeds some fixed multiple of 1. To put it another way,
the graph of ƒ(x) stays forever below some horizontal line. This is
useful information about ƒ(x) . There are lots of functions for which
this is not true. It’s not true for x2, for example, or for x to any positive
power, or for ex, or even for log x.

Big oh means a bit more than that, actually. Note that in my defi-
nition I said “the size of A….” That means “the value of A, ignoring its
sign.” The size of 100 is 100; the size of −100 is also 100. Big oh doesn’t
care about minus signs. To say that some function ƒ(x) is big oh of
one is to say that ƒ(x) is forever trapped between two horizontal lines,
one above the axis, one an equal distance below it.

As I said, lots of functions are not big oh of one. The simplest is
the function x—that is, the function whose value is always equal to
the argument. Its graph is a diagonal straight line, disappearing off
the graph paper at top right. Clearly it is not contained between any
pair of horizontal lines. No matter how far apart you set those hori-
zontal lines, the function x breaks through them eventually. This re-
mains true even if you reduce the slope. The functions 0.1x (shown
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in Figure 15-1), 0.01x, 0.001x, 0.0001x all eventually break through
any fixed horizontal lines you set as bounds. None is big oh of one.
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f (x)

FIGURE 15-1 0.1x is not O(1).

Which illustrates another thing about big oh. Not only does big
oh not care about signs, it doesn’t care about multiples, either. If A is
big oh of B, then so is ten times A, a hundred times A, a million times
A; so is one-tenth of A, one-hundredth of A, one-millionth of A. Big
oh doesn’t tell you a precise rate of increase—we have derivatives to
do that for us. It tells you the type of rate of increase. The function
“one” has no rate of increase at all; it’s dead flat. A function that is big
oh of one never increases any faster than that. It might do all sorts of
other stuff: dwindle to zero, oscillate indefinitely inside its bounding
lines, or approach one of those bounding lines ever more closely, but
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it never shoots suddenly upward, or dives suddenly downward, break-
ing through the lines and staying outside them thereafter.

Those functions 0.1x, 0.01x, 0.001x, 0.0001x are not big oh of
one; they are all big oh of x. So is any other function that remains
forever trapped in a “pie wedge” between a line ax and its mirror-
image line −ax. Figure 15-2 is an example of a function that does not
stay thus trapped. This is x2, the squaring function. No matter how
wide you make the pie wedge—no matter how big the value of a—
the graph of x2 eventually crashes through the upper line.
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FIGURE 15-2 0.1x2 is not O(x).

Now you can see the meaning of von Koch’s 1901 result. If the
Riemann Hypothesis is true, then the absolute difference between
π (x) and Li(x)—either Li(x) − π (x) or π (x) − Li(x), it doesn’t mat-
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ter because big oh doesn’t care about signs—stays trapped between
two bounding curves as x goes off to infinity. The bounding curves
are C x xlog  and its mirror image, for some fixed number C. The
error term can do what it likes between those two curves, but it can’t
break out from them and suddenly soar away out of their control.
The difference between π (x) and Li(x) is big oh of x xlog .

Figure 15-3 is an instance of a function that is O x xlog( ). The
graph shows (1) the curve x xlog  (top half of the vaguely parabola
shape), (2) the mirror-image curve − x xlog  (bottom half of same),
and (3) a nonsense function I invented just for illustration, that is
O x xlog( ). The little “m” stands for “million”—this kind of thing is
interesting only for big arguments. Notice that the Derbyshire func-
tion actually bursts through its bounds around argument 200m.
That’s okay, because it never does it again. The big oh just means that
from some point on, forever after, the function stays within its
bounds. Trust me, this one does, though obviously I can’t show you
the function all the way out to infinity. Big oh doesn’t mind low value
exceptions to its rules, which are anyway commonplace in number
theory. (Compare: All prime numbers are odd … except the very first.)

Notice also that, since big oh doesn’t care about multiples, the
vertical scale is entirely arbitrary. It’s the configuration that matters—
the shape of the bounding curves, and the fact that my function from
some point on is forever trapped between them.

III. Von Koch’s 1901 result81—that if the Riemann Hypothesis is
true, then π x Li x O x x( ) = ( ) + ( )log —was an early example of a
type of result that number theory is now densely populated with,
results that begin “If the Riemann Hypothesis is true, then….” If it
turns out that the Riemann Hypothesis is not true, quite large parts
of number theory will have to be rewritten.
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FIGURE 15-3 The Derbyshire function is O x xlog( ).

Is there any big-oh type result for the error term Li(x) − π (x)
that does not depend on the truth of the Riemann Hypothesis? Oh,
yes. It has for decades been a popular sport among analytic number
theorists to find ever better big-oh formulas for the error term. None
is as good as O x xlog( ). That is the bee’s knees, the tightest possible
bound on the error term known up to the present. Since it depends
on the Hypothesis being true, though, we can’t be certain it applies.
The ones we do know for certain are all looser than that. The corre-
sponding parabola shape in Figure 15-3 is a tad wider, the difference
getting more and more noticeable as x goes out to infinity. If the
Riemann Hypothesis is true, we have the best possible—the tight-
est—big-oh formula for the error term, O x xlog( ) so far known. It
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is also the simplest. The proven ones we have, the ones that don’t
depend on the truth of the Hypothesis, are all rather ugly. Here is the
best one I currently know:

O xe
C x x− ( ) ( )









log log log
3 5 1 5

,

where C is a constant number. None of them is much easier on the
eye than that.

Compare von Koch’s 1901 result with the italicized words in
Hilbert’s eighth problem as I gave them in Chapter 12.ii. Hilbert was
echoing Riemann, who says in the 1859 paper that the approxima-
tion of π (x) by Li(x) “is correct only to an order of magnitude of
x

1
2 .” Now, x  is of course just x

1
2 . Furthermore, I showed in Chap-

ter 5.iv that log x grows more slowly than any positive power of x,
even the teeniest. This can be expressed using big-oh notation thus:
For any number ε , no matter how small, log x = O(x ε ). You can,
therefore (well, it’s not immediately obvious, but it’s actually easy to
prove), substitute x ε  for log x in O( x log x); and since x  is just
x

1
2 , you can add the powers to get O x( )

1
2

+ ε
. This gives a very popular

alternative way to express von Koch’s result, π ε
( ) ( ) ( )x Li x O x= + +1

2 .
The symbol ε  is so commonly used for vanishingly small numbers
that the words “…for any ε , no matter how small” are understood.

Notice, however, that in making this substitution, I weakened von
Koch’s result slightly. “Error term = O( x log x)” implies “Error
term = O x( )

1
2

+ ε
”; but the converse is not true. The two results are not

precisely equivalent. This is because, as I showed in Chapter 5.iv, not
only does log x increase more slowly than any power of x; so does
(log x)N, for any positive N.  So if von Koch’s result had stated that the
error term was O x x( log )( )100

, we could still deduce the alternative
form O x( )

1
2
+ε

!
Writing von Koch’s result in this slightly weaker form O x( )

1
2
+ε

 is,
though, very suggestive. Riemann was almost right, in the sense that
the log function is almost x0; the order of magnitude is not x

1
2 , it’s

x
1
2
+ε

. Given the tools at his disposal, the state of knowledge in the
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field, and the known numerical facts at that time, Riemann’s x
1
2  must

still count as an intuition of breathtaking depth.82

I introduced big oh with a story, so I shall take my leave of it with
another. The point of this story is that mathematicians, like other
professionals, sometimes put out a cloud of squid ink to deter and
confuse outsiders.

At the Courant conference in Summer 2002 (see Chapter 22), I
was talking to Peter Sarnak about this book. Peter is Professor of
Mathematics at Princeton University and is an expert on number
theory. I mentioned that I was trying to think of a way to explain big
oh to readers who weren’t familiar with it. “Oh,” said Peter, “You
should speak to my colleague Nick” (i.e., Nicholas Katz, also a profes-
sor at Princeton, though mainly an algebraic geometer). “Nick hates
big oh. Won’t use it.” I swallowed this and made a note of it, thinking
I might find some place for it in this book. Then that evening I hap-
pened to be talking to Andrew Wiles, who knows Sarnak and Katz
both very well. I mentioned Katz’s not liking big oh. “That’s all non-
sense,” said Wiles. “They’re just teasing you. Nick uses it a lot.” Sure
enough, he used it in a lecture the next day. Funny sense of humor,
mathematicians.

IV. So much for big oh. Now, the Möbius function. There are many
ways to introduce the Möbius function. I am going to approach it by
way of the Golden Key.

Take the Golden Key and turn it upside down, that is, take the
reciprocal of each side in Expression 7-1. Obviously, if A = B and nei-
ther is zero, then 1 ⁄ A = 1 ⁄ B. The result is Expression 15-1.
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Expression 15-1
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I’m now going to multiply out those parentheses on the right-
hand side. At first blush this seems like a fairly ambitious thing to
want to do. There are, after all, infinitely many of them. It does, in
fact, demand a bit more justification and care than I’m going to give
it here; but I shall get a useful and true result, so in this case, the end
justifies the means.

Multiplying out parentheses is a thing you learn in basic algebra.
To multiply out (a + b)(p + q), you first multiply the (p + q) by a to
give ap + aq. Then you multiply (p + q) by b to give bp + bq. Then,
since the first parenthesis is a plus b, you add the two sub-results
together for the final result, ap + aq + bp + bq.

If you have to multiply out three parentheses (a + b) (p + q)
(u + v), repeating the process gets you apu + aqu + bpu +
bqu + apv + aqv + bpv + bqv. Multiplying out four parentheses
(a + b)(p + q)(u + v)(x + y) gives a result like the one in Expres-
sion 15-2.

apux + aqux + bpux + bqux + apvx + aqvx + bpvx + bqvx +
apuy + aquy + bpuy + bquy + apvy + aqvy + bpvy + bqvy

Expression 15-2

All of this is starting to look a bit formidable. And we have an
infinity of parentheses to multiply out! The trick is to look at it with a
mathematician’s eyes. What is Expression 15-2 made up of? Well, it’s
the sum of a number of terms. What do these terms look like? Take
one of them at random, let’s say aqvy. It’s got an a from the first pa-
renthesis, a q from the second, a v from the third and a y from the
fourth. It’s a product made up of one number plucked from each paren-
thesis. And the whole expression is got by adding up the results of all
possible combinations of plucks.

Once you have seen this, multiplying out an infinity of parenthe-
ses is a breeze. The answer is going to be a sum—an infinite sum, of
course—of terms; and each term is got by plucking one number from
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each parenthesis and multiplying all those plucked numbers together.
If you add up the result of all possible plucks, you have the result. As
written, that still looks pretty daunting. It says that every term in my
infinite sum is an infinite product. Yes, it is, but since every parenthe-
sis on the right hand of Expression 15-1 contains a 1, I can finesse the
situation by plucking an infinity of 1s and only a finite number of
not-1s.  After all, since every not-1 term in every parenthesis is a num-
ber between − 1

2  and 0, if I multiplied an infinity of them, the size of
the result (I mean, ignoring the sign) would certainly be no bigger
than 1

2( )∞
—which is zero! Watch me build the infinite sum.

First term of the infinite sum: Pluck the 1 from every parenthesis.
This gives you the infinite product 1 × 1 × 1 × 1 × 1 × 1 × 1 × …,
whose value is of course just 1.

Second term: Pluck the 1 from every parenthesis except the first.
From that one, pluck the – 1

2s . This gives the infinite product
– 1

2s × 1 × 1 × 1 × 1 × 1 × 1 × …, which is just – 1
2s .

Third term: Pluck the 1 from every parenthesis except the sec-
ond. From that one, pluck the – 1

3s . This gives the infinite product
1 × (– 1

3s )1 × 1 × 1 × 1 × 1 × 1 × …, which is just – 1
3s .

Fourth term…. Well, I think you can see that by plucking a 1
from every parenthesis except the nth, I am going to get a term equal
to –1 ⁄ ps, where p is the nth prime. So the infinite sum looks like
Expression 15-3.

1
1

2

1

3

1

5

1

7

1

11

1

13
− − − − − − −

s s s s s s
L

Expression 15-3

That’s not the end of it, though. When you multiply out paren-
theses, you end up with the sum of all possible terms got by plucking
one number out of each parenthesis. Suppose I pluck – 1

2s  from the
first parenthesis, – 1

3s  from the second, and 1 from all the others. This
gives me (– 1

2s ) × (– 1
3s ) × 1 × 1 × 1 × 1 × 1 × …, which is 1

6s . I shall get
a similar term from every possible pair of not-1 plucks. Plucking − 1

5s
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from the third parenthesis, − 1
13s  from the sixth, and 1 from every

other, gives me a term 1
65s .

(Note that there are two simple rules of arithmetic at work here.
One is the rule of signs, a minus times a minus gives a plus. The other
is Power Rule 7, (x × y)n = xn × yn.)

So as well as the terms I’ve already gathered in Expression 15-3, I
have a new bunch, of which there is one for every pair of different
primes—like 5 and 13—and whose signs are all positive. So now Ex-
pression 15-3 has grown to look like this.

1
1

2

1

3

1

5

1

7

1

11

1

13
− − − − − − −

s s s s s s
L

+ + + + + + + + +1

6

1

10

1

14

1

15

1

21

1

22

1

26

1

33s s s s s s s s
L

with every number in that second row being the product of two dif-
ferent primes.

And we’ve only just started at this business of multiplying out an
infinity of parentheses. The next step is to take all possible plucks of
three not-1s, with all other plucks equal to 1. An example is 1 ×

1 1 1 1 11
3

1
11

1
13

)      )  )       − × × × − × − × × × ×( ( (s s s …, which comes to
− 1

429s . Now the result has expanded to

1
1

2

1
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1

5

1
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1

11

1

13
− − − − − − −

s s s s s s
L

+ + + + + + + + +1

6

1

10

1

14

1

15

1

21

1

22

1

26

1

33s s s s s s s s
L

− − − − − − − −1

30

1

42

1

66

1

70

1

78

1

102

1

105s s s s s s s
L

with every number in that third row being the product of three dif-
ferent primes.

Assuming that I can just keep doing this, and assuming that I can
rearrange the resulting terms at will, Expression 15-1 boils down to
the one shown in Expression 15-4.
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1
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1

15ζ s s s s s s s s s s s( ) = − − − + − + − − + + −L

Expression 15-4

The natural numbers that show up on the right-hand side there
are … what? Not all the natural numbers, for sure: 4, 8, 9, and 12 are
missing. Not the primes: 6, 10, 14, and 15 aren’t primes. If you look
back at the process I went through to multiply out that infinity of
parentheses, you will see that the answer is: every natural number
that is the product of an odd number (including 1) of different
primes, prefixed by a minus sign, together with every natural number
that is the product of an even number of different primes, prefixed by
a plus sign. The numbers that are missing are those like 4, 8, 9, 12, 16,
18, 20, 24, 25, 27, 28, … that divide by some prime squared.

Welcome to the Möbius function, named after the German math-
ematician and astronomer August Ferdinand Möbius (1790−1868).83

It is universally referred to now by the Greek letter µ , pronounced
“mu,” the Greek equivalent of “m.”84 Here is a full definition of the
Möbius function µ (n).

� Its domain is �, that is, all the natural numbers 1, 2, 3, 4, 5, ….
� µ (1) = 1.
� µ (n) = 0 if n has a square factor.
� µ (n) = −1 if n is a prime, or the product of an odd number of

different primes.
� µ (n) = 1 if n is the product of an even number of different

primes.

That might seem like an awfully cumbersome function definition to
you. However, the Möbius function is tremendously useful in the
theory of numbers and will play a starring role later in this book. As
an instance of its utility, note that all that laborious algebra I just
went through boils down to the elegant result shown in Expression
15-5.
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1

ζ
µ

s

n

ns
n( ) =

( )∑
Expression 15-5

V. As important as µ (n) itself in the history of the Riemann Hy-
pothesis is its cumulative value, that is, the number you get if you add
up µ (1) + µ (2) + µ (3) + … + µ (k) for some number k. This is
“Mertens’s function,” M(k). Its first 10 values (that is, for arguments
k = 1, 2, 3, … up to 10) are: 1, 0, −1, −1, −2, −1, −2, −2, −2, −1. M(k)
is a very irregular function, oscillating back and forth around zero in
the manner of what mathematicians call a “random walk.” For argu-
ments 1,000, 2,000, … up to 10,000 it has the values: 2, 5, −6, −9, 2,
0, −25, −1, 1, −23. For arguments 1 million, 2 million, … up to
10 million it has values: 212, −247, 107, 192, −709, 257, −184, −189,
−340, 1,037. If you ignore the signs, it’s pretty clear that the size of
M(k) increases, but nothing else is clear.

Because of Expression 15-5, the behaviors of the µ  function and
the M function (cumulative µ ) are intimately tied up with the zeta
function and, therefore, with the Riemann Hypothesis. In fact, if you
could prove Theorem 15-1, it would follow that the Riemann Hy-
pothesis is true!

M k O k( ) = ( )1
2

Theorem 15-1

However, if Theorem 15-1 is not the case, it does not follow that
the Hypothesis is false. Mathematicians say that Theorem 15-1 is
stronger than the Hypothesis.85 A slightly weaker version, Theorem
15-2, is precisely as strong as the Hypothesis.
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M k O k( ) = ( )+1
2

ε
,

for every number ε , no matter how small.
Theorem 15-2

If Theorem 15-2 is true, the Hypothesis is true; and if it is false,
the Hypothesis is false. They are exactly equivalent theorems. More
on this in Chapter 20.vi.
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16
CLIMBING THE CRITICAL LINE

In 1930 David Hilbert attained his
68th birthday. In conformity with the regulations of Göttingen Uni-
versity, he retired. Honors poured in. Among them was a resolution
by the authorities of Königsberg to award the keys of the city to this
eminent native son. The presentation was to be made at the opening
session of a conference scheduled for that fall, a meeting of the Soci-
ety of German Scientists and Physicians. The occasion naturally re-
quired a speech. Thus, on September 8, 1930, in Königsberg, Hilbert
delivered the second great public speech of his career.

The title of the speech was “Logic and the Understanding of Na-
ture.” Hilbert’s purpose was to express some opinions about the rela-
tionship between our inner lives—our mental processes, including
those that help us to create and prove mathematical truths—and the
physical universe. This was, of course, a topic with a long philosophi-
cal pedigree, one in which the name of another of Königsberg’s na-
tive sons, the eighteenth-century philosopher Immanuel Kant, has
particular prominence. It is one to which the modern understanding
of the Riemann Hypothesis is, as it happens, rather especially perti-

I.
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nent, as I shall show in Chapter 20. This was not known at the time of
Hilbert’s Königsberg address, though.

It had been arranged that, following the speech, Hilbert would
give a shorter version of the address over the radio—at that time, of
course, a very new thing. That shorter version was recorded and was
actually released as a 78 R.P.M. gramophone record. (“Celebrity math-
ematician” was apparently not an oxymoron in Weimar Germany.) It
can now be found on the Internet. With very little effort you can now
hear spoken, in Hilbert’s own voice, the six words for which he is best
remembered, and which appear on his memorial stone at the cem-
etery in Göttingen. Those words are the last in his Königsberg
address.

Hilbert believed firmly in the unbounded power of the human
mind to uncover the truths of Nature and mathematics. In his youth,
the rather pessimistic theories of the French philosopher Emil
duBois-Reymond had been very popular. DuBois-Reymond main-
tained that certain things—the nature of matter and of human con-
sciousness, for example—are intrinsically unknowable. He coined the
apothegm ignoramus et ignorabimus—“we are ignorant and we shall
remain ignorant.” Hilbert had never liked this gloomy philosophy.
Now, with all the world (or at any rate the scientific-mathematical
part of it) listening, he gave it a last resounding kick.

We ought not believe those who today, with a philosophical air and

a tone of superiority, prophesy the decline of culture, and are smug

in their acceptance of the Ignorabimus principle. For us there is no

Ignorabimus, and in my opinion there is none for the natural sci-

ences either. In place of this foolish Ignorabimus, let our resolution

be, to the contrary: “We must know, we shall know.”

Those last six words—in German, Wir müssen wissen, wir werden
wissen—are the most famous that Hilbert ever spoke, and among the
most famous in the history of science. They express a strong opti-
mism, all the more remarkable from a man who was heading into
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retirement and was furthermore unwell. (Hilbert had for some years
been suffering from pernicious anemia, a disease that in the 1920s
was only just beginning to yield to treatment.) Those words make a
happy contrast with the rather gloomy solipsism of Hardy’s Apol-
ogy—written 10 years later when Hardy was 63, five years younger
than was Hilbert at the time of the Königsberg address.

II. A happy contrast too—though now we are in the realm of hind-
sight—with the horrors that were soon to engulf Germany. When
Hilbert retired from his professorship in 1930, Göttingen was still
what it had been for 80 years, a great center of mathematical research
and study, probably the greatest in the world at that point. Four years
later it was an empty shell, from which the greatest minds had fled, or
been driven out.

The principal events here were of course those that took place in
the early months of 1933: Adolf Hitler’s swearing-in as Chancellor on
January 30, the Reichstag fire on February 27, the elections of March
5, in which the Nazis won 44 percent of the votes (a plurality), and
the Enabling Act of March 23, which transferred key constitutional
powers from legislature to executive. By April the Nazis had almost
total control of Germany.

One of their first decrees, on April 7, was intended to bring about
the dismissal of all Jews from the civil service. I say “was intended”
because the old Field Marshal, Paul von Hindenburg, was still presi-
dent of the German Republic and had to be deferred to. He insisted
that there be two categories of exemption to the April 7 decree: first,
any Jew who had performed military service in World War I, and
second, any who had already held a civil service position before Au-
gust 1914, when that war began.

University professors were civil servants and so came under the
scope of the decree. Of the five professors teaching mathematics at
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Göttingen, three—Edmund Landau, Richard Courant, and Felix
Bernstein—were Jewish. A fourth, Hermann Weyl (who had suc-
ceeded to Hilbert’s chair), had a Jewish wife. Only Gustav Herglotz
was racially uncompromised. As a matter of fact, the April 7 decree
did not apply to Landau or Courant, since they fell within the
Hindenburg exemptions. Landau had been appointed to his profes-
sorship in 1909; Courant had performed valiant war service on the
Western Front.86

It was not the way of the Nazis to stick to the letter of the law in
such matters, though. It did not help that Göttingen at large was
rather strong for Hitler. This was true of both “town” and “gown.” In
the 1930 elections, Göttingen had delivered twice as many votes to
Hitler’s party as the national average; and the Nazis had a majority in
the university’s student congress as far back as 1926. (That grand
house of which Edmund Landau was so proud had been defaced with
a painting of a gallows in 1931.) On April 26 the town newspaper,
Göttinger Tageblatt, which was keenly pro-Nazi,87 printed an an-
nouncement that six professors at the university were being placed
on indefinite leave. The announcement came as a surprise to the six
professors; they had not been notified.

Between April and November that year, Göttingen as a math-
ematical center was gutted. Not only Jewish faculty were involved;
anyone thought to have leftist leanings came under suspicion. The
mathematicians fled—most eventually finding their way to the
United States. Altogether 18 faculty members left or were dismissed
from the Mathematics Institute at Göttingen.

One holdout was Edmund Landau (the only Göttingen math
professor, by the way, who was a member of the town’s synagogue).
Relying on the integrity of the law, Landau attempted to resume his
calculus classes in November 1933, but the Science Students’ Council
learned of his intention and organized a boycott. Uniformed storm
troopers prevented Landau’s students from entering the lecture hall.
With singular courage, Landau asked the Council leader, a 20-year-
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old student named Oswald Teichmüller, to write out as a letter his
reasons for organizing the boycott. Teichmüller did so, and the letter
somehow survived.

Teichmüller was a very intelligent man and in fact became a fine
mathematician.88 It is clear from his letter that his motivation for the
boycott was ideological. He believed, wholeheartedly and sincerely, in
the Nazi doctrines, including the racial ones, and felt it improper that
German students should be taught by Jews. We are accustomed to
think of Nazi activists as thugs, low-lifes, opportunists, and failed art-
ists of one sort or another, which indeed most of them were. It is
salutary to be reminded that they also included in their ranks some
people of the highest intelligence.89

Landau himself then left Göttingen, brokenhearted. He went back
to the family home in Berlin. There were a few overseas lecturing
trips, which seemed to give him great pleasure, but he would not leave
his native land to live permanently abroad and died from natural
causes at his Berlin home in 1938.

Hilbert himself died in wartime Göttingen on February 14, 1943,
three weeks after his 81st birthday, from complications following a
fall in the street. No more than a dozen people attended the funeral
service. Only two of them had much claim to mathematical honors:
the physicist Arnold Sommerfeld, who had been an old friend of
Hilbert’s, and the above-mentioned Gustav Herglotz. Hilbert’s home
city of Königsberg was flattened in the war; it is now the Russian city
of Kaliningrad. Göttingen is now a rather ordinary provincial Ger-
man university with a strong math department.

III. Those years of the early 1930s, before the darkness fell, brought
forth one of the most romantic episodes in the history of the Rie-
mann Hypothesis, the discovery of the Riemann-Siegel formula.

Carl Ludwig Siegel, the son of a Berlin letter carrier, was a lec-
turer at the University of Frankfurt. An accomplished number theo-
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rist, he understood very well, as any mathematician who reads it must,
that Riemann’s 1859 paper was only, to employ the terminology of
Erving Goffman that I introduced in Chapter 4.ii, a “front” display—
a summary for formal presentation of what must have been a far
greater amount of “back” work. Siegel spent such time as he could
spare at Göttingen, going through Riemann’s private mathematical
papers from the period, to see if he could gain any insight into the
activity of Riemann’s mind when he was constructing the paper.

Siegel was by no means the first to attempt this. The papers had
been deposited at the university library in 1895 by Heinrich Weber,
following his second edition of Riemann’s collected works. When
Siegel arrived, they had been sitting there in the Göttingen archives
(where they still sit—see Chapter 22.i) for 30 years. Several research-
ers had investigated them, but all had been defeated by the fragmen-
tary and disorganized style of Riemann’s jottings, or else they lacked
the mathematical skills needed to understand them.

Siegel was made of sterner stuff. He persevered with the piles of
scribbled sheets, and made an astonishing discovery, which he pub-
lished in 1932 in a paper titled “Of Riemann’s Nachlass90 as It Relates
to Analytic Number Theory.” This is one of the key papers in the
story of the Riemann Hypothesis. To explain the nature of Siegel’s
discovery, I shall have to return to the computational thread in my
narrative—that is, to the effort to actually calculate the zeros of the
zeta function and to verify the Riemann Hypothesis experimentally.

IV. I left the computational thread in Chapter 12 with Jørgen
Gram’s publication of the first 15 non-trivial zeros in 1903. Further
work in this direction has continued down to the present day. At the
1996 Seattle conference on the Riemann Hypothesis, Andrew Odlyzko
presented the history shown in Table 16-1.

Van de Lune went on to carry his investigation to 5 billion zeros
at the end of 2000, and to 10 billion by October 2001. In the mean-
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time, in August 2001, Sebastian Wedeniwski, using idle time on 550
office PCs at IBM Corp., Germany, began a project to advance com-
putation yet further. The latest result posted by Wedeniwski is dated
August 1, 2002, and reports that the number of non-trivial zeros with
real part one-half has now been carried to 100 billion.

There are actually a number of different things going on here,
and it is important to keep them distinct in one’s mind.

First, there is the confusion between (a) height up the critical line,
and (b) number of zeros. “Height” here just means the imaginary part
of a complex number; the height of 3 + 7i is 7. In discussions of the
zeta zeros, it is now customary to refer to this height as t or T. (Since
we know that the zeros are symmetrical about the real axis, we only
bother with positive t, by the way.) We have a formula for the number
of zeros up to height T.

N T
T T T

O T( ) = 





− + ( )
2 2 2π π π

log log

This is actually a very good formula—the first two terms are
Riemann’s—giving excellent approximations even for quite low val-

TABLE 16-1 Computational Work on the Zeta Zeros.

Number of zeros

Researcher(s) Publication date with real part 1⁄2

J. Gram 1903 15

R.J. Backlund 1914 79

J.I. Hutchinson 1925 138

E.C. Titchmarsh et al. 1935−1936 1,041

A.M. Turing 1953 1,054

D.H. Lehmer 1956 25,000

N.A. Meller 1958 35,337

R.S. Lehman 1966 250,000

J.B. Rosser et al. 1969 3,500,000

R.P. Brent et al. 1979 81,000,001

H. te Riele, J. van de Lune et al. 1986 1,500,000,001
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ues of T. Ignoring the big oh term,91 for T equal to 100, 1,000, and
10,000, it gives 28.127, 647.741, and 10,142.090. The actual numbers
of zeros up to these heights are 29, 649 and 10,142. To get a value
of N(T) equal to Wedeniwski’s 100 billion, you need T to be
29,538,618,432.236 … , and that is the height Wedeniwski has carried
his work to.

And then there is the confusion about what is actually being cal-
culated. It should not be assumed that Wedeniwski can show us all 50
billion of those zeros, to a high (or even medium) degree of accuracy.
The aim of most of this kind of work is to confirm the Riemann
Hypothesis, and this can be done without very precise computations
of the zeros. There is a piece of theory that lets you compute how
many zeros are in the critical strip between heights T1 and T2—that is,
inside a rectangle whose bottom and top edges are imaginary T1 and
T2, and whose left and right edges are real 0 and 1, as illustrated in
Figure 16-1. There is another piece of theory that lets you compute
how many zeros are on the critical line between these heights.92 If the
two computations give the same result, you have confirmed the Rie-
mann Hypothesis in that range. You can do this with only a rough
knowledge of where the zeros actually are. Most of the work in Table
16-1 is of this kind.

What about tabulation of the actual precise values of the zeros?
Surprisingly little of this has been done, except incidentally to the
other effort (i.e., verifying the Hypothesis). So far as I am aware, the
first published table of this kind to any length was by Brian Hasel-
grove. In 1960, working on second-generation mainframe computers
at the universities of Cambridge and Manchester, in England,
Haselgrove and his colleagues tabulated the first 1,600 zeros, accurate
to six decimal places, and published the table.

Andrew Odlyzko told me that when he began his work on the
zeta zeros in the late 1970s, Haselgrove’s tables were the only ones he
knew of, though he thinks that Lehman, as part of his 1966 work,
might have done accurate computation of more zeros. Andrew him-
self has a table (on computer disk, not printed) of the first two mil-
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lion zeros, accurate to nine decimal places. At the time of writing,
that is the largest known table of zeros.

All of the above work is concerned with the first N zeros. Andrew
Odlyzko has also leapt ahead to examine small, isolated ranges very
high up. He has published the highest non-trivial zero of the zeta
function known to date, the 10,000,000,000,000,000,010,000-th. It is
at argument 1

2 + 1,370,919,909,931,995,309,568.33539i, to five places
of decimals in the imaginary part. Andrew has also computed the

Real 

Imaginary

T2

T1

FIGURE 16-1 Heights T1 and T2 up the critical strip.
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first 100 zeros to 1,000 decimal places each.93 The first zero (I mean,
of course, its imaginary part) begins

14.13472514173469379045725198356247027078425711569924

31756855674601499634298092567649490103931715610127

79202971548797436766142691469882254582505363239447

13778041338123720597054962195586586020055556672583

601077370020541098266150754278051744259130625448…

V. There are stories behind Table 16-1. That A.M. Turing, for ex-
ample, is the very same Alan Turing who worked in mathematical
logic, developing the idea of the Turing Test (a way of deciding
whether a computer or its program is intelligent), and of the Turing
machine (a very general, theoretical type of computer, a thought ex-
periment used to tackle certain problems in mathematical logic).
There is a Turing Prize for achievement in computer science, awarded
annually since 1966 by the Association for Computing Machinery,
equivalent to a Fields Medal94 in mathematics, or to a Nobel Prize in
other sciences.

Turing was fascinated by the Riemann Hypothesis. By 1937 (his
26th year) he had made up his mind that the Hypothesis was false
and conceived the idea of constructing a mechanical computing de-
vice with which to generate a counterexample—a zero off the critical
line. He applied to the Royal Society for a grant to cover the cost of
construction and actually cut some of the gear wheels himself, at the
engineering department of King’s College, Cambridge, where he was
lecturing.

Turing’s work on the “zeta function machine” stopped abruptly
in 1939, when World War II broke out. He joined the Government
Code and Cypher School at Bletchley Park and spent the war years
breaking enemy codes. Some of the gear wheels survived, however,
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and were found among his effects when he died, probably from sui-
cide, on June 7, 1954.

As sad and strange as Turing’s death was—he ate an apple coated,
by himself, with cyanide—he enjoyed posthumous good fortune in
the matter of biographers. Andrew Hodges wrote a beautiful book
about him (Alan Turing: The Enigma, 1983), and then Hugh White-
more made a fascinating play based on the book (Breaking the Code,
1986).

I have no space here to go into the details of Turing’s life. I refer
the reader to Hodges’s fine biography, from which I shall just quote
the following.

[O]n 15 March [1952] he submitted for publication his work on the

calculation of the zeta function, even though the practical attempt

at doing it on the prototype Manchester computer had been so un-

satisfactory. It might be that he wished to get it out of the way in

case he was going to prison.

Turing was to be tried on March 31 on 12 charges of “gross inde-
cency,” consensual homosexual acts being at that time criminal of-
fenses in Britain. In the event he did not go to prison. He was found
guilty but placed on probation, with the condition that he undergo
medical treatment. “There was,” notes Hodges, “no concept of a right
to sexual expression in the Britain of 1952.”

There are other stories, too. Edward Titchmarsh, who had been a
student of Hardy’s (as, by the way, had Turing), worked through his
1,041 zeros95 using punched-card machines on loan from the British
Admiralty, which used them for compiling tide tables. He went on to
write a classic mathematical text on the zeta function.96 All this me-
chanical work came to an end with the advent of electronic comput-
ers after World War II, of course.

Other stories, too … but I have strayed too far from my course.97

I was going to finish telling you about the Riemann-Siegel formula.
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VI. The first three entries in Table 16-1—the contributions of
Gram, Backlund, and Hutchinson—all consisted of work done pains-
takingly with paper, pencil, and books of mathematical tables. This
was computational hard labor; values of the zeta function are not
easy to compute. The basic technique was one named “Euler-
Maclaurin summation,” developed around 1740 by Leonhard Euler
and the Scottish mathematician Colin Maclaurin, working indepen-
dently. It involves the approximation of integrals by long and compli-
cated sums. Though arduous, it was the best method anyone could
come up with. Gram himself tried several others, over a period of
years, with very little success.

The essence of Carl Siegel’s discovery, from his researches into
Riemann’s Nachlass at the Göttingen library, was this: Bernhard Rie-
mann, in the background work for his 1859 paper, had developed a
much better method for working out the zeros—and had actually
implemented it and computed the first three zeros for himself! None
of this was revealed in the 1859 paper. It was all hidden away in the
Nachlass.

Says Harold Edwards: “Riemann was in fact in possession of the
means to compute ζ 1

2 +( )i t  with amazing accuracy.”98 Riemann sat-
isfied himself with rough calculations, however, precise knowledge of
the location of the zeros not being essential for his work. He got the
imaginary part of the first zero (see above) as 14.1386 and confirmed
that it is the first; he computed the second and third to within a per-
centage point or two of accuracy.

The discovery of Riemann’s formula, fine-tuned and published
by Siegel to become the Riemann-Siegel formula, made work on the
zeros much easier. All significant research depended on it up to the
mid-1980s. Andrew Odlyzko’s classic 1987 paper, “On the Distribu-
tion of Spacings Between Zeros of the Zeta Function,” for example,
which I shall have more to say about in Chapter 18.v, used Riemann-
Siegel. Stimulated by this work, Odlyzko and Arnold Schönhage then
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developed and implemented some improved algorithms, but every-
thing is built on Riemann-Siegel.

Carl Siegel, by the way, was not Jewish and was not directly af-
fected by the restrictive laws of the early Nazi period. He detested the
Nazis, though, and left Germany in 1940 to work at the Institute for
Advanced Study in Princeton. He returned to Germany in 1951,
finishing his career as a professor at that same Göttingen where, 20
years before, the archives had yielded up to him a glimpse of the
astonishing powers of mind that dwelt behind Bernard Riemann’s
quiet diffidence.
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17
A LITTLE ALGEBRA

There should actually be a lot of al-
gebra in this book, much more than I have been able to present. My
focus has been on Bernhard Riemann and his work on prime num-
bers and the zeta function. That work was in number theory and
analysis, and so my narrative has been dominated by those topics.
However, modern math is, as I have already noted, very algebraic.
This chapter fills in the algebraic background you need to under-
stand two important approaches to the Riemann Hypothesis.

Like Chapters 7 and 15, this is a twofer chapter. Sections II and
III give the basics of field theory; the remainder of the chapter dis-
cusses operator theory. Field theory is important because it has al-
lowed something very much like the Riemann Hypothesis to actually
be proved. Many researchers believe that field theory offers the most
promising line of attack on the original, classical Riemann Hypoth-
esis.99 Operator theory became important following the remarkable
and rather romantic developments I shall describe in the next chap-
ter. First, though, field theory.

I.
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II. “Field” has a very particular meaning to mathematicians. A set
of elements forms a field if the elements can be added, subtracted,
multiplied, and divided, according to the ordinary rules of arith-
metic—for example, the rule that a × (b + c) = ab + ac. The results of
all these operations must stay within the field.

For example, � is not a field. If you try to subtract 12 from 7, you
get a result that is not in �. Similarly with �. If you divide 12 by 7, the
answer is not in �. These are not fields.

However, �, �, and � are all fields. If you add, subtract, multiply,
or divide two rational numbers, you get another rational number.
Likewise with real and complex numbers. These are three examples
of fields. Each has an infinite number of elements, of course.

Other infinite fields are easy to construct. Consider the family of
all numbers with the form a b+ 2 , where a and b are rational num-
bers. Either b is zero, or it isn’t. If b is not zero, since 2  is not a
rational number, a b+ 2  is not a rational number either. This fam-
ily therefore includes all the rationals (b zero) as well as a host of very
particular irrationals. It is a field. Adding a b c d+ +2 2 to  gives
(a + c) + (b + d) 2, subtracting gives (a – c) + (b – d) 2, multiplying
gives (ac + 2bd) + (ad + bc) 2 and dividing, using a trick similar to the
one for complex numbers, gives (ac – 2bd) ⁄ (c2 – 2d2) + ((bc – ad) ⁄
(c2 – 2d2)) 2 . Since a and b can be any rational numbers at all, the
field has infinitely many members.

Fields do not have to be infinite. Here is the simplest of all fields,
with only two elements, 0 and 1. The rules for addition are: 0 + 0 = 0,
0 + 1 = 1, 1 + 0 = 1, 1 + 1 = 0. The rules for subtraction are: 0 − 0 = 0,
0 − 1 = 1, 1 − 0 = 1, 1 − 1 = 0. (Notice that these results are the same
as for addition. In this field, any minus sign can be freely replaced by
a plus sign!) The rules for multiplication are: 0 × 0 = 0, 0 × 1 = 0,
1 × 0 = 0, 1 × 1 = 1. The rules for division are: 0 ÷ 1 = 0, 1 ÷ 1 = 1, and
division by zero is not allowed. (Division by zero is never allowed.)
That is a perfectly sound field, and by no means trivial; I shall make
good use of it in a moment. Mathematicians call it “F2.”
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You can, in fact, construct a finite field for any prime number p,
and even for any power of any prime number. If p is a prime number,
there is a finite field with p members, one with p2 members, one with
p3 members, and so on. Furthermore, these are all the possible finite
fields. You can list them: F2, F4, F8, …, F3, F9, F27, …, F5, F25, F125, …, …;
and when you have done so, you have listed all possibilities for finite
fields.

It is a mistake to think, as beginners often do, that finite fields are
just a restatement of the clock arithmetic I described in Chapter 6.viii.
This is true only for fields with a prime number of members. For
other finite fields, the arithmetic is more subtle. Figure 17-1, for ex-
ample, shows the clock arithmetic—addition and multiplication—
for a clock with four hours marked (i.e., 0, 1, 2, and 3).

0 1 2 3

0 0 0 0 0

1 0 1 2 3

2 0 2 0 2

3 0 3 2 1

×+ 0 1 2 3

0 

1 1 2 3 0

2 2 3 0 1

3 3 0 1 2

 

0 1 2 3

FIGURE 17-1 Addition and multiplication on a 4-hour clock. (That is,

carrying out addition and multiplication in the usual way, then taking

remainders after division by 4.)

This system of numbers and rules is interesting and useful, but it
is not a field, because you can’t divide 1 or 3 by 2. (If you could divide
1 by 2, then the equation 1 = 2 × x would have a solution. It doesn’t.)
Mathematicians call it a ring—not unreasonably, since we are talking
about clocks. In a ring, you can add, subtract, and multiply, but not
necessarily divide.

The particular ring shown in Figure 17-1 has the official symbol
�/4�. I confess I have never liked this style of symbolism though, so I
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am going to exercise author’s privilege and create a symbol of my
own for it: �����4. Plainly, you can create such a ring for any natural
number N. In my symbols, that ring would be called �����N.

You can’t create a field FN for every number N, only for primes
and prime powers. For a pure prime p, Fp looks just like �����p—
same addition table, same multiplication table. For a power of a
prime, however, things get trickier. Figure 17-2 shows addition and
multiplication (from which, of course, you can deduce subtraction
and division) in F4. Notice that F4 is different from �����4.

+ 0 1 2 3

0 0 1 2 3

1 1 0 3 2

2 2 3 0 1

3 3 2 1 0

0 1 2 3 

0 0 0 0 0 

1 0 1 2 3 

2 0 2 3 1 

3 0 3 1 2 

×

FIGURE 17-2 Addition and multiplication in the finite field F4.

Every field, finite or infinite, has an important property called
the characteristic. The characteristic of a field tells you how many
times you have to add 1 to itself to get zero. If 1 + 1 + 1 + 1 + … (N
times) = 0, then the characteristic is N. Obviously the characteristic
of F2 is 2. Less obviously, but you will see it if you check the addition
table in Figure 17-2, the characteristic of F4 is also 2. Fields like �, �,
and �, in which no amount of adding 1 to itself will ever produce
zero, are said to have characteristic zero. (You might think that char-
acteristic infinity would be more logical, and you might be right, but
there are good reasons for choosing zero instead.) It can be proved
that every field has characteristic either zero or a prime number.

Since this is algebra, the elements of a field need not be numbers.
Algebra can deal with any kind of mathematical object. Consider all
polynomials of any degree, that is, all expressions like axn + bxn−1 +
cxn−2 + …, where a, b, c, and so on are integers. Now form the set of all
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rational functions—that is, any function that is the ratio of two poly-
nomials. That is a field. Here is an example of an addition sum in the
field.

x

x x

x x

x x

x x x x

x x x2 5 3

20 19 3

3

40 58 25 3

2 5 32

2

4 3

4 3 2

5 4 3+ −
+ − +

+
= + − + −

+ −

(This is the kind of thing that high school algebra classes used to be
devoted to.)

The coefficients of the polynomials in that field don’t have to be
integers. You can have some fun, in fact, by making them members of
a finite field, like the F2 I defined above. Here is an example of the
kind of addition sum you would then get

x

x

x x x

x x

x x x

x x x

+ + + + +
+ +

= + + +
+ +

1 1

1

13 2

2

4 2

3 2

(Remember if you check this out, that in the F2 field, 1 + 1 = 0; there-
fore, x + x = 0, x2 + x2 = 0, and so on.) That field would be called “the
field of rational functions over F2.” It has, of course, infinitely many
members; only the coefficients are restricted to a finite field. Thus, you
can use a finite field to build up an infinite field. Notice also that since
1 + 1 = 0, this field has characteristic 2. Thus an infinite field can have
a finite characteristic.

It is not very helpful to ask what x represents in these last two
examples. It is a symbol, for the manipulation of which we have wa-
tertight rules. From the algebraic point of view, that is the main thing.
As a matter of fact, the answer to the question is almost certainly “x
represents a number.” However, the algebraist is much more inter-
ested in what kind of number—to what families, what groups, what
fields the number belongs, and what rules of manipulation it obeys.
To the analyst, my number a b+ 2  is not very interesting. “It is just a
real number,” the analyst will say—“all right, an algebraic number”
(Chapter 11.ii), if pressed. To the algebraist, though, it is exquisitely
interesting, because it represents a field. For the most part, analysts
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and algebraists are not really discussing different things; they are just
interested in different aspects of those things.100

III. That glimpse of the scope, power, and beauty of algebraic field
theory is all I have space for here, though I shall revisit these topics
briefly, from a different angle, in Chapter 20.v. I have given some cov-
erage of these ideas because in 1921 the Austrian mathematician Emil
Artin, in his Ph.D. thesis at the University of Leipzig, used field theory
to open up a new approach to the Riemann Hypothesis. The math
here is deep, and I can give only a sketch.

I mentioned in the previous section that there is a finite field for
any prime power pN. I also showed how a finite field can be used as a
basis for building other fields, including even infinite ones. It turns
out that if you start from a finite field, there is a way to construct one
of these “extension” fields in such a way that a zeta function can be
associated with it. By “a zeta function,” I mean a function of a com-
plex argument, defined over the field of complex numbers, that bears
an uncanny resemblance, in its broad properties, to Riemann’s zeta
function. For example, these analogues to the Riemann zeta function
come with their own Golden Keys, their own Euler products (see Note
36), and their own Riemann Hypotheses.

In 1933 Helmut Hasse, working at the University of Marburg in
Germany, was actually able to prove a result analogous to the Rie-
mann Hypothesis for a certain category of those base fields. In 1942
André Weil101 extended this proof to a much wider class of objects
and conjectured that similar results would apply to yet wider classes—
these were the famous three “Weil Conjectures.” In 1973 the Belgian
mathematician Pierre Deligne, in a sensational achievement that won
him a Fields Medal, proved the Weil Conjectures, essentially com-
pleting the program initiated by Artin.

Whether the techniques developed to prove these analogues of
the Riemann Hypothesis for these very abstruse fields can be used to
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solve the classical Hypothesis is not known. A great many people
think they can, and this remains a very active area of Riemann Hy-
pothesis studies.

Are these researchers on to something? It is not clear—not, at
any rate, to me. For the crux of the matter, go back to the second
paragraph in this section, where I said that one of these analogue zeta
functions is associated with a certain kind of field. For the classical
zeta function, the one to which the original Riemann Hypothesis ap-
plies—the one this book is mainly about—the equivalent associated
field is �, the field of ordinary rational numbers. As investigations
have proceeded through these past few decades, it has become appar-
ent that this elementary rational number field � is in some sense
deeper and more intractable than the subtle, artificial fields to which
the results of Artin, Weil, and Deligne apply. On the other side of the
argument, though, the techniques developed for the manipulation of
those artificial fields have considerable power—Andrew Wiles used
them to prove Fermat’s Last Theorem!

IV. The physical thread of Riemann Hypothesis studies, whose gen-
esis I shall describe in Section VI, and which has opened up wide new
territories for exploration, depends on some understanding of a dif-
ferent algebraic topic, operator theory. I have, therefore, given over
this section and the next to an account of operators, approaching
them by way of the related theory of matrices.

Matrices are all over the place in modern math and physics, and
the ability to manipulate them is a fundamental modern mathemati-
cal skill. Since my space is limited, I am going to simplify the whole
business, giving just the bare essentials. In particular, I am going to
ignore the entire issue of singular matrices, as if no such things ex-
isted. This is perhaps the most brazen act of simplification in the
book, and I apologize to mathematically fastidious readers.
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A matrix is a square array of numbers, like this, 
5 1

2 6







. I am

using just whole numbers for simplicity. The numbers in a matrix

can be rational, real, or even complex. That particular matrix is a
2 × 2. A matrix can be any size, though: 3 × 3, 4 × 4, 120 × 120, and so
on. It can even be infinite in size, though the rules change slightly for
infinite matrices. An important part of every matrix is the lead diago-
nal, the one that runs from top left to bottom right. In my example,
the lead diagonal has elements 5 and 6.

Given two matrices of the same size, you can add, subtract, mul-
tiply, and divide them. The rules for doing this are not straightfor-
ward; for example, if A and B are matrices of the same size, it is not
generally true that A × B = B × A. You can find the rules for manipu-
lating matrices in any decent algebra textbook, and I don’t need to go
into them here. Suffice it to say that they exist and that there is an
arithmetic of matrices, rather like the arithmetic of ordinary num-
bers, only trickier.

The important thing about matrices for us here is this. From any
N × N matrix you can extract a polynomial of the N-th degree—that
is, a function made up of various powers of x, up to the N-th power.
I’m afraid I can’t explain just how you find the characteristic polyno-
mial of a given matrix. You must trust me, it’s there, and there is a way
to find it. This polynomial is called the characteristic polynomial of
the matrix.

The characteristic polynomial of my example 2 × 2 matrix is x2 −
11x + 28. For what values of x is this polynomial equal to zero? This is
the same as asking, what are the solutions of the quadratic equation
x2 − 11x + 28 = 0? By the well-known formula (or, as my own school-
master used to say optimistically, “by inspection”) the solutions are 4
and 7. And sure enough, if you substitute 4 for x, the polynomial has
value 16 − 44 + 28, which is indeed zero. Same with 7: 49 − 77 + 28 is
zero, too.

All this illustrates a general truth. Any N × N matrix has a char-
acteristic polynomial of degree N, and that polynomial has N zeros.102
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The zeros of a matrix’s characteristic polynomial are tremendously
important. They are called the eigenvalues of the matrix. Notice an-
other thing. If you add up the numbers in the lead diagonal of my
sample 2 × 2 matrix, you get 11 (because 5 + 6 = 11). That is also the
sum of the eigenvalues (7 + 4 = 11); and it is the negative of the first
number that appears in the characteristic polynomial (the negative
of −11 is 11). This is a very important number, called the trace of the
matrix.

Characteristic polynomial; eigenvalues; trace—what’s this all
about? You see, the importance of matrices is not in themselves, but
in what they represent. Matrix arithmetic, once you get the hang of it,
is a merely mechanical skill, like ordinary arithmetic. But just as ordi-
nary numbers can be used to represent much deeper, more funda-
mental things, so can matrices. It takes me 12 minutes to walk from
my house to Huntington village; the distance is about 0.8 miles. If,
starting tomorrow, the United States were to switch to the metric sys-
tem, I should have to say “about 1.3 kilometers” instead of “about 0.8
miles.” The distance, however, would not have changed; only the num-
bers used to represent it would have changed. It would still take me 12
minutes to walk it (until we switch to a metric clock).

To take another example, the calendar on my wall is a way of
representing, in numbers, the motions of the sun and moon. Mainly
of the sun, since we Americans have a solar calendar, whose months
are out of sync with the motions of the moon. My calendar, however,
was given to us by a local Chinese restaurant. If I look at it closely, I
can see the months and days of the traditional Chinese lunar calen-
dar marked, each month beginning with a new moon. The numbers
are all different from the solar numbers, but they represent the same
celestial events, the same passage of time, the same actual days.

Just so with matrices. The great importance of matrices is that
they can be used to represent, to quantify, certain deeper and more
fundamental things. What are those things? They are operators. The
notion of an operator is one of the most important in twentieth-
century math, and also in physics. I don’t want to go into detail about
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what operators are, not until Chapter 20 at any rate. The important
thing to grasp is that they are lurking underneath all this business of
matrices, and it is their properties that matrices allow us to measure
and study numerically.

That is why the characteristic polynomial, the eigenvalues, and
the trace are such key concepts. They are properties of the underlying
operator, not just of the matrix that represents it. An operator can, in
fact, be represented by many matrices, all having the same eigenval-
ues, and so on. My sample 2 × 2 matrix represents a certain operator,

the matrix 
3 2

2 8−




  represents the same operator. So does 

−





1 8

5 12
,

so does 
1000000 666662

1499994 999989− −




 . All these matrices—and an infinity

of others, too—have the characteristic polynomial x2 − 11x + 28, the
eigenvalues 4 and 7, and trace 11. That is because the underlying op-
erator has those properties.

All of this applies to matrices of any size. Here is a 4 × 4 matrix.

2 1 5 1

1 3 7 0

0 0 2 1

2 4 1 4



















Its characteristic polynomial is x4 − 11x3 + 40x2 − 97x + 83. (Notice
that this matrix, like the other one, has trace 11. This is just coinci-
dence; they are otherwise unrelated.) That polynomial has a full set
of four zeros. To five decimal places, they are: 1.38087, 7.03608,
1.29152 − 2.62195i, and 1.29152 + 2.62195i. Those are, of course, the
eigenvalues of the matrix. Two of them, as you can see, are complex
numbers. (And complex conjugates of each other—which is always
the case for a polynomial with real coefficients.) That is quite normal,
even when, as here, all the numbers in the home matrix are real num-
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bers. If you add up the four eigenvalues, you get 11; the imaginary
components cancel out on addition.

V. By the time mathematicians had studied matrices for a few de-
cades, they had classified them into different types. They had devel-
oped, so to speak, a taxonomy of matrices, in which the entire family
of N × N matrices—referred to by mathematicians as “the general
linear group for N,” and symbolized by “GLN”—was organized into
species and genera.

I am going to pluck just one species out of that great matrix zoo,
the Hermitian matrix, named after the great French mathematician
Charles Hermite, whom we met briefly in Chapter 10.v. The numbers
in a Hermitian matrix are complex numbers and they have the fol-
lowing pattern; if the number in the m-th row of the n-th column is
a + bi, then the number in the n-th row of the m-th column is a − bi.
In other words, every element of the matrix is the complex conjugate
(Chapter 11.v) of its reflection in the lead diagonal. An example will,
I hope, make this clear. Here is a 4 × 4 Hermitian matrix.

− − + − +
+ − − −
− + − −

− − − +



















2 8 3 4 7 3 2

8 3 4 1 1 5

4 7 1 5 6

3 2 1 5 6 1

i i i

i i i

i i i

i i i

You see how the element in the third row, first column is the
complex conjugate of the one in the first row, third column? That’s a
Hermitian matrix. Note that it follows from the definition that all the
numbers in the lead diagonal must be real, because the definition
requires each number in the diagonal to be its own complex conju-
gate, and only a real number can be its own complex conjugate:
a + bi = a − bi if and only if b is zero.
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Now, there is a famous theorem about Hermitian matrices, which
says that all the eigenvalues of a Hermitian matrix are real. This is
pretty surprising, when you think about it. Even if all the elements of
a matrix are real, the eigenvalues can still be complex, as I showed
with my first 4 × 4 matrix example. That a matrix with complex ele-
ments should nonetheless have real eigenvalues is remarkable. Well, if
the matrix is Hermitian, it does. The eigenvalues of that matrix I just
showed are (approximately): 4.8573, 12.9535, −16.553, and
−3.2578. All real (and adding up to −2, the trace).

This theorem, by the way, implies that all the coefficients of the
characteristic polynomial of a Hermitian matrix are real. This follows
from the fact that the eigenvalues of any matrix are, by definition, the
zeros of the matrix’s characteristic polynomial. If a polynomial has
zeros a, b, c, …, then it can be factorized as (x − a)(x − b)(x − c)….
You can just multiply out all the parentheses to get back to the usual
form of the polynomial. Well, if a, b, c, … are all real numbers, then
multiplying out those parentheses gives you an expression with real-
number coefficients. Since I have already stated the eigenvalues of the
4 × 4 Hermitian matrix above, we know that the characteristic poly-
nomial is (x − 4.8573)(x − 12.9535)(x + 16.553)(x + 3.2578). If you
multiply out all the parentheses, you get the following as the charac-
teristic polynomial: x4 + 2x3 − 236x2 + 286x + 3393.

VI. This was all known 100 years ago … at the time, that is, when
David Hilbert was just embarking on his investigation of integral
equations, in which the study of operators played a key role. Other
mathematicians—some independently, some inspired by Hilbert’s
work—also spent the early years of the twentieth century absorbed in
the study of operators. It was in the air. The Riemann Hypothesis was
not nearly so much in the air at this point; although following
Hilbert’s 1900 address and the publication of Landau’s book in 1909,
a lot of the best minds were beginning to think hard about it.
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It is, therefore, not altogether surprising that the two things came
together in two of the most brilliant and wide-ranging intellects of
the time. One of those intellects was Hilbert’s, the other was George
Pólya’s, and they seem to have reached the same insight indepen-
dently. Their thought processes probably went something like this.

Here is a mathematical object, the Hermitian matrix, which is built

up of complex numbers; yet its most intimate and essential prop-

erty—the list of its eigenvalues—consists entirely and unexpectedly

of real numbers. And now here is a function, the Riemann zeta func-

tion, which is built up of complex numbers; and its most intimate

and essential property is the list of its non-trivial zeros. (Let’s ignore

the other zeros for this argument.) Every one of these zeros is in the

critical strip. They are symmetrical about the critical line, whose

real part is 1
2 . Let’s say a typical zero is 1

2  + zi, for some number z.

Then the Riemann Hypothesis says that all the z’s are real.

Mathematicians of the 1910s would actually have said “operator,”
not “matrix.” Matrices, though they had been lying around since
Arthur Cayley invented them in 1856, did not become common cur-
rency until quantum mechanics took off around 1925. Still, you can
see the rough analogy here. With both the eigenvalues of a Hermitian
matrix and the non-trivial zeta zeros, we have a list of unexpectedly
real numbers emerging from the key property of an essentially com-
plex object. Hence,

The Hilbert-Pólya Conjecture
The non-trivial zeros of the Riemann zeta function correspond to

the eigenvalues of some Hermitian operator.

The origins of the Conjecture are rather murky. Both Hilbert and
Pólya are supposed to have mentioned the possibility of some such
equivalence in lectures or conversations, at some time in the years
1910−1920. However, neither, so far as I have been able to discover,
committed the thought to paper for publication. So far as I know—
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and, says Peter Sarnak, so far as he knows—the only written evidence
for the Hilbert-Pólya Conjecture having been conjectured consists of
a letter Pólya wrote to Andrew Odlyzko 60 years later, part of which is
shown in Figure 17-3. In it, Pólya said that he had been asked the
following question by Edmund Landau: “Can you think of any physi-
cal reason why the Riemann Hypothesis might be true?” Of Hilbert’s
own conjecturing, there is no material evidence at all that I am
aware of.

FIGURE 17-3 Part of George Pólya’s letter to Andrew Odlyzko.
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It must be remembered, though, that Hilbert was a figure of tow-
ering stature in early twentieth-century mathematics; and also that
he lived and worked in the atmosphere of German academia, where
university professors were looked up to by their students and subor-
dinates as remote and omniscient gods, to be approached only with
the utmost deference. Not only was a professor not ever to be ad-
dressed as anything less elevated than “Herr Professor,” even his wife
became “Frau Professor.” For the very grandest of these Olympians,
indeed, even “Herr Professor” was inadequate. The most exceptional
individuals were awarded the title “Geheimrat” by the German gov-
ernment—a rank roughly equivalent to a British knighthood. The
correct form of address was then “Herr Geheimrat,” though Hilbert
himself did not care for this level of formality.

Given all of this, it is not surprising that if by good fortune you
got sufficiently close to one of these deities to hear him speak, you
would not soon forget his words. It is also the case, to be sure, that
such giants caused a certain amount of unverifiable apocrypha to be
generated about them. Still, I think the balance of the evidence, cir-
cumstantial though it be, leads one to believe that Hilbert did, in-
deed, at some point utter the Hilbert-Pólya Conjecture, or something
equivalent to it. (To simply say “the Pólya Conjecture” would be con-
fusing, by the way, as there is another, different conjecture known by
that name.)
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18
NUMBER THEORY MEETS

QUANTUM MECHANICS

In the last chapter I gave the math-
ematical background and a little historical background to the
Hilbert-Pólya Conjecture. The Conjecture was far ahead of its time
and lay there untroubled for half a century.

That was, however, a very eventful half-century in physics, the
most eventful ever. In 1917, just around the time of the Conjecture,
Ernest Rutherford observed the splitting of the atom; 15 years later,
Cockroft and Walton split the atom by artificial means. This led in
turn to Enrico Fermi’s work, to the first controlled chain reaction in
1942, and to the first nuclear explosion on July 16, 1945.

“Splitting the atom” is, as all high-school physics teachers tell
their classes, a misnomer. You split atoms every time you strike a
match. What we are really talking about here is the splitting of the
atomic nucleus, the heart of the atom. To get a nuclear reaction—
controlled or otherwise—going, you must fire a subatomic particle
into the nucleus of a very heavy element. If you do that in a certain
way, the nucleus splits, firing off new subatomic particles as it does.
These particles penetrate the nuclei of neighboring atoms … and so
on, leading to a chain reaction.

I.
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Now, the nucleus of a heavy element is a very peculiar beast. You
can visualize it as a seething, wobbling blob of protons and neutrons,
welded together in such a way that it’s hard to say where one particle
starts and another ends. In the case of seriously heavy elements like
uranium, the whole blob is teetering on the edge of instability. It
might, in fact, depending on the precise mix of protons and neu-
trons, be actually unstable, liable to fly apart of its own volition.

As nuclear physics developed through the middle decades of the
twentieth century, it became very important to understand the be-
havior of this strange beast and, in particular, to understand what
happens if you fire a particle into it. Now, this nucleus, this wobbling
blob, can exist in a number of states, some having high energy (imag-
ine really energetic wobbling), some having low energy (a dull, lan-
guorous kind of wobbling). If a particle is fired into it so that the
nucleus absorbs the particle instead of flying apart, then—since the
energy of the particle must go somewhere—the nucleus moves from
a lower state of energy to a higher. Later, tired of all the excitement, it
might eject an equivalent particle, or perhaps a different type of par-
ticle altogether, and resume a lower energy state.

How many possible energy levels are there? When does a nucleus
pass from level a to level b? How are the energy levels spaced relative
to each other, and why are they spaced like that? Questions like these
placed the study of the nucleus in a larger class of problems, prob-
lems about dynamical systems, collections of particles each of which
has, at any point in time, a certain position and a certain velocity. As
investigations proceeded through the 1950s, it became apparent that
some of the most interesting dynamical systems in the quantum
realm, including the heavy nucleus, were too complicated to yield to
exact mathematical analysis. The number of energy levels was too
large, the possible configurations too numerous. The whole thing was
a nightmare version of the “many-body” problem of classical (that is,
pre-quantum) mechanics, where several objects—the planets of the
solar system, for example—are all acting on each other through
gravity.
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Precise mathematics has trouble coping with this level of com-
plexity, so investigators fall back on statistics. If we can’t discover ex-
actly what’s going to happen, perhaps we can discover what, on aver-
age, is most likely to happen. Such statistical approaches had been
extensively developed in classical mechanics, beginning as far back as
the 1850s, long before quantum theory appeared. Things go some-
what differently in the quantum world, but at least there was a good
body of classical theory to provide inspiration. The necessary work
was done, the necessary statistical tools for complex quantum dy-
namical systems like heavy-element nuclei were developed in the late
1950s and early 1960s, key players being the nuclear physicists Eu-
gene Wigner and Freeman Dyson. One central concept was that of a
random matrix.

II. A random matrix is just what its name suggests, a matrix made
up of numbers chosen at random. Not quite at random, actually. Let
me offer an illustration. Here is a random 4 × 4 matrix, of a rather
particular type whose relevance I shall explain later. I round every-
thing to four places of decimals in what follows, to save space.

1 9558 0 0104 0 4043 1 8694 1 2410 0 8443 0 4180

0 0104 0 4043 1 8675 0 7520 1 1290 0 2270 0 1323

1 8694 1 2410 0 7520 1 1290 0 0781 1 6122 0 8667

0 8443 0 4180 0 2270 0 1323 1 6122 0 8667 2 0378

. . . . . . .

. . . . . . .

. . . . . . .

. . . . . . .

− − −
+ + +
+ − − +
+ − − − −

 i i i

i i i

i i i

i i i















The first thing you may notice about this contraption is that it is
Hermitian—it has that not-quite-symmetry about the lead diagonal
that I described in Chapter 17.v. Recall the following facts from that
chapter.

� Associated with every N × N matrix is a polynomial of degree
N, called the characteristic polynomial.
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� The zeros of the characteristic polynomial are called the eigen-
values of the matrix.

� The sum of the eigenvalues is called the trace of the matrix
(and is equal to the sum of the lead-diagonal elements).

� In the particular case of a Hermitian matrix, the eigenvalues
are all real and so, therefore, are the coefficients of the charac-
teristic polynomial, and also the trace.

For the sample matrix I have shown here, the characteristic polyno-
mial is

x4 − 1.8636x3 − 15.3446x2 + 26.0868x − 2.0484
The eigenvalues are: –3.8729, 0.0826, 1.5675, and 4.0864. The

trace is 1.8636.
Now turn your attention to the actual numbers that make up

that sample matrix. The numbers you see there—the real numbers
that make up the lead diagonal (with a slight qualification, see be-
low), and all the real parts and imaginary parts of the off-diagonal
complex numbers—are random in a certain special sense. They are
plucked at random from a Gaussian-normal distribution—the fa-
mous “bell curve” that crops up all over the place in statistics.

Imagine the standard bell curve drawn on a sheet of fine-ruled
graph paper, so that there are hundreds of graph-paper squares un-
der the curve (Figure 18-1). Pick one of those squares at random; its
horizontal distance from the peak center-line is a Gaussian-normal
random number. There are many more of those squares clustered
round the peak than there are out in the tails of the curve so you are
much more likely to get a number between −1 and +1 than you are to
get a number to the right of +2, or to the left of −2. So you see if you
look at the numbers in the sample matrix shown at the beginning of
this section. (Though the lead-diagonal elements are actually
Gaussian-normal random numbers multiplied by 2  for technical
reasons, and are, therefore, a bit bigger than you would expect.)
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-3 -2 -1 10 2 3

Normal Distribution

FIGURE 18-1 The Gaussian-normal distribution.

Gaussian-random Hermitian matrices like that one, though
much, much bigger, proved to be just the ticket for modeling the be-
havior of certain quantum-dynamical systems. In particular, their
eigenvalues turned out to provide an excellent fit for the energy levels
observed in experiments. Therefore these eigenvalues, the eigenval-
ues of random Hermitian matrices, became the subject of intensive
study through the 1960s. Their spacing in particular turned out to be
very interesting. They were not spaced at random. It was, for example,
much more unusual than you would expect, on a random basis, for
two levels to be close to each other. This is the phenomenon called
“repulsion”—energy levels trying to get as far as possible from each
other, like a long standing line of antisocial people.

To give you a visual aid to what I am describing here, I asked my
math software package, Mathematica 4, to generate a random
269 × 269 Hermitian matrix and compute its eigenvalues (see Figure
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18-2). The reason for using the number 269 here will become clear
very shortly. Mathematica, which never ceases to amaze me, did this
in a trice. The 269 eigenvalues ranged from −46.207887 to
46.3253478. My idea was to string them out as blobs on a line going
from −50 to +50, like raindrops on a fence wire, to show you the pat-
tern of spacings. There was no way I could fit this neatly on a book
page, though; so I chopped up the line into 10 equal segments (−50
to −40, −40 to −30, and so on) and just stacked the segments on top
of each other to make Figure 18-2.

2 4 6 8 10

–50 to –40

–40 to –30

–30 to –20

–20 to –10

–10 to 0

10 to 20

0 to 10

20 to 30

30 to 40

40 to 50

FIGURE 18-2 The eigenvalues of a 269-by-269 random Hermitian matrix.

There is no obvious pattern to the spacing. You might say that it
is random. Not at all! Figure 18-3 shows 269 numbers picked entirely
at random in the range 0–10 and plotted in the same way. Comparing
Figures 18-2 and 18-3, you can see that the eigenvalues of a random
matrix are not randomly scattered across their range. You can see the

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003



286 PRIME OBSESSION

repulsion effect in Figure 18-2—the random scattering of Figure 18-3
has more adjacent pairs of values very close together than has the
eigenvalue distribution (and, inevitably, more far apart, too). The
eigenvalues in Figure 18-2, though unwilling to form any recogniz-
able patterns—they arise, after all, from a random matrix—are strug-
gling to keep their distance from each other. A purely random dot, by
contrast, doesn’t seem to mind at all if it finds itself jammed up
against another random dot.

Permit me to introduce three terms of art here. The set of ran-
dom (that is, Gaussian-random) Hermitian matrices103 of the type I
have been describing is called, in its totality, the “Gaussian Unitary
Ensemble,” or GUE (pronounced “goo”). The precise statistical prop-

0.2 0.4 0.6 0.8 1.0

9 to 10

8 to 9

7 to 8

6 to 7

5 to 6

4 to 5

3 to 4

2 to 3

1 to 2

0 to 1

FIGURE 18-3 Random spacings: 269 random numbers between 0 and 10.
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erties of the spacings between a long non-uniform string of numbers
like those I have illustrated are encapsulated in a creature called the
“pair correlation function.” And a certain ratio associated with this
function, and highly characteristic of it, is called its “form factor.”

Now I am in a position to tell you about a remarkable meeting,
one that opened up very strange and mysterious questions about the
Riemann Hypothesis and launched a thousand research projects.

III. The meeting, a chance encounter between a number theorist
and a physicist, occurred at Princeton’s Institute for Advanced Study
in the spring of 1972. The number theorist was Hugh Montgomery, a
young American doing graduate work at Trinity College, Cam-
bridge—G.H. Hardy’s old college. The physicist was Freeman Dyson,
who held a professorship at the Institute. Dyson, whom I mentioned
earlier, was a renowned physicist. He had not yet embarked on his
second career as an author of thought-provoking bestsellers about
the origins of life and the future of the human race.

Hugh Montgomery’s most recent work had been an investiga-
tion of the spacing between non-trivial zeros of the zeta function.
This was not part of any attempt to prove the Riemann Hypothesis. It
just happens that a result about the nature of that spacing has conse-
quences in the theory of number fields, fields somewhat like the
a + b 2  field that I showed you in Chapter 17.ii.104 This was Mont-
gomery’s area of interest. Here is the story as he tells it.

I was still a graduate student when I did this work. I had written my

thesis but not yet defended it. When I first did the work, I didn’t

understand what it meant. I felt that there should be something this

was telling me, but I didn’t know what, and I was troubled by that.

That spring, the spring of ’72, Harold Diamond105 organized

an analytic number theory conference in St. Louis. I went and lec-

tured at that, then I flew to Ann Arbor. I’d accepted a job at Ann

Arbor and I wanted to buy a house. Well, I bought a house. Then I

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003



288 PRIME OBSESSION

stopped off in Princeton on my way back to England, specifically to

talk to Atle [Selberg] about this. I was a little worried that when I

showed him my results he’d say: “This is all very nice, Hugh, but I

proved it many years ago.” I heaved a big sigh of relief when he

didn’t say that. He seemed interested but rather noncommittal.

I took afternoon tea that day in Fuld Hall with Chowla.106 Free-

man Dyson was standing across the room. I had spent the previous

year at the Institute and I knew him perfectly well by sight, but I had

never spoken to him. Chowla said: “Have you met Dyson?” I said

no, I hadn’t. He said: “I’ll introduce you.” I said no, I didn’t feel I had

to meet Dyson. Chowla insisted, and so I was dragged reluctantly

across the room to meet Dyson. He was very polite, and asked me

what I was working on. I told him I was working on the differences

between the non-trivial zeros of Riemann’s zeta function, and that I

had developed a conjecture that the distribution function for those

differences had integrand 1 – (sinπ u ⁄ π u)2. He got very excited. He

said: “That’s the form factor for the pair correlation of eigenvalues

of random Hermitian matrices!”

I’d never heard the term “pair correlation.” It really made the

connection. The next day Atle had a note Dyson had written to me

giving references to Mehta’s book,107 places I should look, and so on.

To this day I’ve had one conversation with Dyson and one letter

from him. It was very fruitful. I suppose by this time the connection

would have been made, but it was certainly fortuitous that the con-

nection came so quickly, because then when I wrote the paper for

the proceedings of the conference, I was able to use the appropriate

terminology and give the references and give the interpretation. I

was amused when, a few years later, Dyson published a paper called

“Missed Opportunities.” I’m sure there are lots of missed opportu-

nities, but this was a counterexample. It was real serendipity that I

was able to encounter him at this crucial juncture.

You can understand why Freeman Dyson was so excited. The expres-
sion that Hugh Montgomery mentioned, the expression that had
emerged from his inquiries into the Riemann zeta function’s non-
trivial zeros, was precisely the form factor associated with a random
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Hermitian matrix—the kind of thing Dyson had been involved with
for several years in his researches into quantum dynamical systems.
(And Montgomery even understated the degree of serendipity in-
volved in this meeting. Though he made his name as a physicist,
Dyson’s first degree was in math, and his first area of interest was
number theory. If this had not been so, he might not have grasped
what Montgomery was talking about.108)

To illustrate the point, I am going to take all the non-trivial zeros
of the Riemann zeta function up to the height 500i—that is, on the
critical line (they all are on the critical line; the Riemann Hypothesis
is certainly true down at these low levels)—from 1

2  to 1
2  + 500i. There

are 269 zeros in this range. (That is why I picked the number 269 for
Figures 18-2 and 18-3.) Figure 18-4 shows them, their range chopped
into 10 segments and stacked up just as before. If you compare this
with Figures 18-2 and 18-3, you see that it resembles Figure 18-2, not
Figure 18-3.

10 20 30 40 50

0 to 50

50 to 100

100 to 150

150 to 200

200 to 250

250 to 300

300 to 350

350 to 400

400 to 450

450 to 500

FIGURE 18-4 The first 269 values of “t,” where 1
2 + i t  is

a non-trivial zero of the zeta function.
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You should make some modest allowances when comparing these
figures. The zeta zeros in Figure 18-4 take a while to get started and
pack closer further up the critical line, according to the principle I
stated in Chapter 13.viii. Also, the eigenvalues in Figure 18-2 are
stretched out somewhat at the beginning and end of their range and
correspondingly squished in the middle. Both effects can be reduced
by taking more zeros and bigger matrices and by normalizing (see
below). Even allowing for these distortions, the following points look
pretty plausible on the basis of these diagrams.

� Neither the zeta zeros nor the eigenvalues look much like ran-
domly scattered points.

� They resemble each other.
� In particular, they both show the repulsion effect.

IV. Hugh Montgomery’s paper on the spacing of zeta zeros was
published by the American Mathematical Society in 1973. Its first
words are, “We assume the Riemann Hypothesis (RH) throughout
this paper….” There is nothing very striking about that. By 1973 a
vast amount of mathematical literature consisted of theorems that
assumed the truth of the Hypothesis.109 Today the quantity is corre-
spondingly vaster, and if the RH (as I shall henceforth term it, follow-
ing Montgomery and all other modern researchers) proves false, this
entire superstructure will become unstable; though if the counter-
examples are few, much could be rescued.

Montgomery’s 1973 paper contains two results. The first is a
theorem about the broad statistical properties of the zeta-zero spac-
ing. This theorem presupposes the truth of the RH. The second result
is a conjecture. It asserts that the pair correlation function for the
spacing is what Montgomery told Dyson he thought it was. It is im-
portant to understand that this is a conjecture. Montgomery was not
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able to prove it, not even on the assumption that the RH is true. No-
body else has been able to prove it, either.

Most of the features of the Riemann zeros that you will see re-
ported and discussed, most of the ideas that have come up in the last
30 years, are likewise conjectural. Hard proofs are in desperately short
supply in this area. In part this is because, following the link estab-
lished by Montgomery, so much of the recent thinking about the RH
has been done by physicists and applied mathematicians. Sir Michael
Berry110 likes to quote the Nobel Prize-winning physicist Richard
Feynman in this context, “A great deal more is known than has been
proved.” In part it is also because the RH is a very, very tough prob-
lem. There is such an immense quantity of literature on the RH now
that you have to keep reminding yourself of the truth that very little is
known for certain about the zeros of the zeta function, and even with
all the rising interest during the past few years, results that are math-
ematically watertight still come only occasionally, at long intervals.

V. The Institute for Advanced Study in Princeton, New Jersey, is
only 32 miles from AT&T’s Bell Labs research center in Murray Hill.
Hugh Montgomery lectured on what was, by that time, the “Mont-
gomery pair correlation conjecture” at Princeton in 1978. Among
those present was Andrew Odlyzko, a young researcher from the
AT&T facility. At just about this time, his laboratory acquired a Cray-1
supercomputer. Researchers were encouraged to run projects on the
Cray, to familiarize themselves with the kinds of algorithms appro-
priate to its architecture.

Ruminating on Montgomery’s lecture, Odlyzko reasoned as fol-
lows. The Montgomery conjecture asserts that the spacing of zeta
zeros follows such-and-such a statistical law. This law also appears in
the investigation of a certain family of quantum dynamical systems
that conform to the GUE model. The statistical properties of that
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family have been the subject of intensive analysis over several years.
The statistical properties of the zeta zeros, however, have been very
little investigated. Useful work could be done, the balance redressed,
by undertaking a statistical study of the zeta zeros.

That is what Andrew Odlyzko proceeded to do. Using spare time
in 5-hour segments on the Cray computers111 at Bell Labs, he gener-
ated the first 100,000 non-trivial zeros of the Riemann zeta function
to high accuracy (around 8 decimal places), using the Riemann-Siegel
formula. Then, to get a snapshot of the situation much higher up the
critical line, he generated another 100,000 zeros starting with the
1,000,000,000,001st. He then ran these two sets of zeros through vari-
ous statistical tests, to see how they compared with the eigenvalues of
matrices for GUE operators. The results of all this work were pub-
lished in a landmark paper in 1987, under the title, “On the Distribu-
tion of Spacings Between Zeros of the Zeta Function.”

The results were not quite conclusive. As Odlyzko put it very deli-
cately in the paper, “The data presented so far are fairly consistent
with the GUE predictions.” There were slightly more small spacings
than the GUE model predicted. Odlyzko’s results were sufficiently
impressive, though, to capture the attention of a wide range of re-
searchers. Further work cleared up the discrepancies noted in the
1987 paper, and the Montgomery Pair Correlation Conjecture be-
came the Montgomery-Odlyzko Law.112

The Montgomery-Odlyzko Law
The distribution of the spacings between successive non-

trivial zeros of the Riemann zeta function (suitably
normalized) is statistically identical with the distribution of

eigenvalue spacings in a GUE operator.

VI. I can give only a brief sketch of the nature of Odlyzko’s results.
To do so, I duplicated them on my own PC, using a list of the zeros
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that Odlyzko has helpfully posted on his web site. To avoid any start-
up anomalies, I took the 90,001st to the 100,000th zeros, counting up
the critical line from z = 1

2 . That’s 10,000 zeros—quite sufficient to
make some statistical sense of. The 90,001st zero is at 1

2  +
68194.3528i; the 100,000th is at 1

2  + 74920.8275i (rounding to 4 deci-
mal places). I am thus going to investigate the statistical properties of
a sequence of 10,000 real numbers, a sequence that starts with
68194.3528 and ends with 74920.8275.

Since, as I pointed out in Chapter 13.viii, the zeros get closer to-
gether, on average, as you go up the critical line, I must make an ad-
justment to stretch out the higher end of this range. This I can do
quite simply by multiplying every number by its log. Bigger numbers
have bigger logs, and this is just what I need to even out the average
spacing. This is the meaning of the word “normalized” in the state-
ment of the Montgomery-Odlyzko Law given above. My sequence
now begins with 759011.1279 and ends with 840925.3931.

Furthermore, I am interested in the relative spacing of the zeros;
so I can subtract 759011.1279 from every number in the sequence
without affecting my result. The sequence now goes from zero to
81914.2653. Finally, just to make the numbers neater, I am going to
switch to a different scale, dividing every number in my sequence by
8.19142653. Again, this doesn’t affect the relative spacing; I have
merely switched rulers. This final form of my sequence starts like
this: 0, 1.2473, 2.5840, …, and ends like this: 9997.3850, 9999.1528,
10,000.

If you include the end points, I now have 10,000 numbers laid
out for study, ranging from 0 to 10,000. Since there are 9,999 spaces
between consecutive numbers, the average spacing is 10,000 ÷ 9,999,
which is just a shade greater than 1.
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1 2 3

5,000

10,000

FIGURE 18-5 The Montgomery-Odlyzko Law. (Distribution of spacings

for the 90,001st to 100,000th zeta-function zeros.)

Now I can ask statistical questions. Sample question: How do the
spacings depart from that average? How many have a length less than
one?113 The answer is 5,349. How many have a length of more than 3?
None. Now, this is at total variance with the counts you get from a
perfectly random scattering, which are 6,321 and 489, respectively.114

That confirms the lesson of Figures 18-2 and 18-3. The zeros are not
randomly scattered. They are more bunched around the average spac-
ing (a tad more than 1), with a dearth of small spacings and a dearth
of large ones.

Tallying the number of spacings with length between 0 and 0.1,
between 0.1 and 0.2, and so on, and making a histogram of the tallies,
scaled so that the whole area is 9,999, I get Figure 18.5. This shows the
spacings for my 10,000 zeros against the curve predicted by GUE
theory. It’s not a sensationally good fit, but then my sample isn’t very
big, or very high up the critical line. The fit is good enough, well
within the variation allowed by chance; and the fits in Andrew
Odlyzko’s paper are of course much better.115
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VII. So yes, it seems that the non-trivial zeros of the zeta function
and the eigenvalues of random Hermitian matrices are related in
some way. This raises a rather large question, a question that has been
hanging in the air ever since that encounter in Fuld Hall in 1972.

The non-trivial zeros of Riemann’s zeta function arise from in-
quiries into the distribution of prime numbers. The eigenvalues of a
random Hermitian matrix arise from inquiries into the behavior of
systems of subatomic particles under the laws of quantum mechan-
ics. What on earth does the distribution of prime numbers have to do
with the behavior of subatomic particles?

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003



296

19
TURNING THE GOLDEN KEY

Now I am going to try to make a
run right for the heart of Riemann’s 1859 paper. This involves taking
in some of Riemann’s math, which is very advanced. I shall skip nim-
bly over the really difficult parts, presenting them as faits accomplis,
and just try to give the logical steps in Riemann’s argument by saying
things like, “Mathematicians have a way to get from here to here,”
without explaining what that way is, or why it works.

My hope is that you will end up with at least an outline of the
main logical steps Riemann followed. I can’t do even that much,
though, without a very small amount of calculus, the essential points
of which I have already laid out in Chapter 7.vi-vii. You might find
the following few sections challenging. The reward will be a result of
great beauty and power, from which flows everything—the Hypoth-
esis, its importance, and its relevance to the distribution of prime
numbers.

I.
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II. To begin, I’m going to contradict something I said way back in
Chapter 3.iv. Well, sort of contradict it. I said there wasn’t much point
trying to draw a graph of the Prime Counting Function π (N). At
that point in the book, there wasn’t. Well, now there is.

However, I am first going to make some slight adjustments. In-
stead of writing π (N), which, to the mathematical eye, translates as
“the number of primes up to and including the natural number N,”
I’m going to write π (x), which should be taken to mean “the number
of primes up to and including the real number x.” This is not a big
deal. Obviously the number of primes up to 37.51904283 inclusive is
just the number of primes up to 37 inclusive, which is twelve: 2, 3, 5,
7, 11, 13, 17, 19, 23, 29, 31, 37. But we are heading for some calculus,
so we want to be in the realm of numbers at large, not just whole
numbers.

And one more adjustment. As I advance the argument x smoothly
through a range of values, π (x) is going to make sudden jumps. Sup-
pose x moves smoothly from 10 to 12, for example. The number of
primes less than 10 is 4 (2, 3, 5, and 7), so the function value is 4 when
x = 10, and also of course when x = 10.1, 10.2, 10.3, and so on. At
argument 11, however, it will suddenly jump to 5; and for 11.1, 11.2,
11.3, … the value will hold at a steady 5. This is what mathematicians
call a “step function.” And here is an adjustment rather commonly
made with step functions. At precisely the point where π (x) jumps, I
am going to give it a value half-way up the jump. So at argument 10.9,
or 10.99, or 10.999999, the function value is 4; at argument 11.1, or
11.01, or 11.000001, the function value is 5; but at argument 11 it is
4.5. I am sorry if this seems a little wacky, but it is essential for what
follows. If I do this, then all the arguments in this chapter and Chap-
ter 21 work; if I don’t, they don’t.

Now I can show a graph of π (x) (see Figure 19-1). Step func-
tions are a little hard to get used to at first, but from a mathematical
point of view they are perfectly sound. The domain here is all non-
negative numbers. In that domain, every argument has a single
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unique value. Give me an argument, I’ll give you a value. Math has
much stranger functions than this.

III. Now I am going to introduce another function, also a step func-
tion, just a little bit odder than π (x). Riemann, in his 1859 paper,
calls it the “f ” function, but I’m going to follow Harold Edwards and
refer to it as the “J” function. Since Riemann’s time, mathematicians
have got into the habit of using “f” to represent a generic function,
“Let f be any function…,” so it’s a bit difficult for them to see f as
referring to a particular function.

5 10 15 20
x

2

4

6

8

π(x)

FIGURE 19-1 The prime counting function.
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OK, here goes with the definition of the J function. For any non-
negative number x, the J function has the value shown in Expression
19-1.

J x x x x x x( ) = ( ) + ( ) + ( ) + ( ) + ( ) +π π π π π1

2

1

3

1

4

1

5
3 4 5 K

Expression 19-1

The symbol “ π ” here is the Prime Counting Function as defined
up above, for any real number x.

Notice that this is not an infinite sum. To see why not, consider
some definite number x, say, x = 100. The square root of 100 is 10; the
cube root is 4.641588…; the fourth root is 3.162277…; the fifth root
is 2.511886…; the sixth root is 2.154434…; the seventh root is
1.930697…; the eighth root is 1.778279…; the ninth root is
1.668100…, and the tenth root is 1.584893…. I could, of course, go
on working out the eleventh, twelfth, thirteenth roots, and so on for
as far as you please. I don’t need to, though, because the prime count-
ing function has a very nice property; if x is less than 2, π (x) is zero,
because there aren’t any primes less than 2! In fact I could have
stopped calculating roots of 100 after the seventh. What I have in this
case is

J 100 100
1

2
10

1

3
4 64

1

4
3 16

1

5
2 51

1

6
2 15 0 0

( ) = ( ) + ( ) + ( ) + ( ) +

( ) + ( ) + +

π π π π

π π

. ... . ...

. ... . ... K

which, if you count up primes, means

J 100 25
1

2
4

1

3
2

1

4
2

1

5
1

1

6
1( ) = + ×





+ ×





+ ×





+ ×





+ ×





and that works out to 28 8
15 , or 28.53333…. If you keep taking roots

of any number, sooner or later the root drops below 2, and all the
terms in the J function from there on are zero. So for any argument x,
the value of J(x) can be worked out from a finite sum—a great im-
provement over some of the functions we’ve been dealing with!
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This J function is, as I said, a step function. Figure 19-2 shows
what it looks like for arguments up to 10. You can see that the J func-
tion jumps suddenly from one value to another, holds the new value
for a while, then makes another jump. What are these jumps? What’s
the pattern?

2 4 6 8
x

2

4

6

J(x)

FIGURE 19-2 The function J(x).

If you stare hard at Expression 19-1, you will see the following
pattern. First, when x is any prime number, J(x) jumps up 1, because
π (x)—the number of primes up to and including x—jumps up 1.
Second, when x is the exact square of a prime (e.g., x = 9, which is the
square of 3), J(x) jumps up one-half, because the square root of x is a
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prime, so π( )x  jumps up 1. Third, when x is the exact cube of a prime
(e.g., x = 8, which is the cube of 2), J(x) jumps up one-third, because
the cube root of x is a prime, so π( )x3  jumps up 1. And so on.

Note, by the way, that the J function preserves the feature I intro-
duced with π (x). At the actual point where a jump occurs, the func-
tion value is halfway up the jump.

To give a fuller picture of the J function, Figure 19-3 is a graph of
J(x) for arguments up to 100. The smallest jump here is at x = 64,
which is a sixth power (64 = 26), so the J function jumps up one-sixth
at x = 64.

20 40 60 80
x

5

10

15

20

25

J(x)

FIGURE 19-3 More of the function J(x).
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What possible use is a function like this? Patience, patience. But
first, I am going to take one of those leaps I warned you about at the
start of the chapter.

IV. I mention yet again that mathematicians have any number of
ways to invert relationships. We have an expression for P in terms of
Q? OK, let’s see if we can find a way to express Q in terms of P. Over
the centuries, mathematics has developed a huge toolbox of inver-
sion tricks, for use in all kinds of circumstances. One of them is called
“Möbius inversion,” and it is exactly what we need here.

I’m not going to attempt to explain Möbius inversion in general.
Any good textbook on number theory will describe it (see, for ex-
ample, section 16.4 in Hardy and Wright’s classic Theory of Numbers)
and an internet search will turn up numerous references. Rather like
the π  and J functions themselves, instead of gliding smoothly from
one point to the next, I am going to vault over to the following fact:
When Möbius inversion is applied to Expression 19-1, the result is as
shown in Expression 19-2.

π x J x J x J x J x

J x J x J x

( ) = ( ) − ( ) − ( ) − ( ) +

( ) − ( ) + ( ) −

1

2

1

3

1

5
1

6

1

7

1

10

3 5

6 7 10 L

Expression 19-2

You will notice that some terms (the fourth, eighth, ninth) are
missing here. Of those that are present, some (the first, sixth, tenth)
have a plus sign; others (the second, third, fifth, and seventh) have a
minus sign. Anything come to mind? This is the Möbius mu function
from Chapter 15. In fact

π
µ

x
n

n
J xn

n

( ) =
( ) ( )∑
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(where x1 , here and everywhere in the book, is understood to mean
just x). Why did you think it was called “Möbius inversion”?

I have now written π (x) in terms of J(x). That is a wonderful
thing, because Riemann found a way to express J(x) in terms of ζ (x).

Before leaving Expression 19-2, I’d just like to point out that it is,
like Expression 19-1, a finite sum, not an infinite one. This is because
the J function, like the π  function, is zero when x is less than 2 (check
the graph), and if you keep taking roots of a number, the answers
eventually drop below 2 and stay there. For example,

π 100 100 10 4 64 2 51

2 15 0 0

1
2

1
3

1
5

1
6

( ) = ( ) − ( ) − ( ) − ( ) +

( ) − + −

J J J J

J

. ... . ...

. ... K

= − ×( ) − ×( ) − ×( ) + ×( )28 5 2 1 18
15

1
2

1
3

1
3

1
2

1
5

1
6

= − − − +28 28
15

2
3

5
6

1
5

1
6

which is precisely 25, which is indeed the number of primes less than
100. Magic.

Now let’s turn the Golden Key.

V. Here is the Golden Key, the very first equation in Riemann’s 1859
paper, the one I developed in Chapter 7, arguing that it is just a fancy
way to write out the sieve of Eratosthenes.

ζ s

s s s s s s

( ) =
−

×
−

×
−

×
−

×
−

×
−

×1

1
1

2

1

1
1

3

1

1
1

5

1

1
1

7

1

1
1

11

1

1
1

13

K

Remember that the numbers on the right-hand side are just primes.
I am going to take the log of both sides. If one thing is equal to

another thing, of course its log must be equal to the other thing’s log.
From Power Rule 9, which says that log (a × b) = log a + log b,
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log log log log log
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Since log log
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a
a= −  by Power Rule 10, this is
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Now recall Sir Isaac Newton’s infinite series for log (1 − x) in Chapter
9.vii. It applied to x between −1 and +1, which is certainly the case
here, so long as s is positive. So I can expand each log as an infinite
series as shown in Expression 19-3.

1

2

1

2

1

2

1

3

1

2

1

4

1

2

1

5

1

2

1

6

1

22 3 4 5 6s s s s s s
+ ×





+ ×





+ ×





+ ×





+ ×





+L

+ + ×





+ ×





+ ×





+ ×





+ ×





+1

3

1

2

1

3

1

3

1

3

1

4

1

3

1

5

1

3

1

6

1

32 3 4 5 6s s s s s s
L

+ + ×





+ ×





+ ×





+ ×





+ ×





+1

5

1

2

1

5

1

3

1

5

1

4

1

5

1

5

1

5

1

6

1

52 3 4 5 6s s s s s s
L

+ + ×





+ ×





+ ×





+ ×





+ ×





+1

7

1

2

1

7

1

3

1

7

1

4

1

7

1

5

1

7

1

6

1

72 3 4 5 6s s s s s s
L

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003

TURNING THE GOLDEN KEY 305
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Expression 19-3

This is an infinite sum of infinite sums—a bit startling at first
sight, I suppose, but not actually an unusual situation in math.

At this point you might think I am much worse off than when I
started. From a fairly neat little infinite product, I have now got my-
self an infinite sum of infinite sums. The situation might seem hope-
less. Ah, but that is to reckon without the power of the calculus.

VI. Let me pick on just one term in that sum of sums. I’ll pick on
the term 1

2
1

32× s . Consider this function: x−s−1, and assume for the time
being that s is a positive number. What’s the integral of x−s−1? By the
general rule for powers, which I gave in Chapter 7.vii, it’s x−s ⁄ (–s), i.e.,
(–1 ⁄ s) × (1 ⁄ xs). If I take the integral at infinity minus the integral at
32, what do I get? Well, if x is a very large number, (–1 ⁄ s) × (1 ⁄ xs) is a
very small number, so it’s fair to say that when x is infinite, it’s zero.
From that—from zero—I’m going to subtract (–1 ⁄ s) × (1 ⁄ (32)s). The
answer to this subtraction is (1 ⁄ s) × (1 ⁄( 32)s). The long and short of
it is that the term in Expression 19-3 that I picked on can be rewritten
as an integral,

1

2

1

3

1

22

1

32

× = × × − −
∞

∫s

ss x dx

Why in Heaven’s good name would I want to do that? To get back to
the J function, that’s why.

You see, x = 32 is where the J function takes a step up of 1
2 . In a

mathematician’s mind—certainly in the mind of a great mathemati-
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cian like Riemann—that part-expression 1
2

32

×
∞

∫… conjures up an im-

age. The image it conjures up is the one in Figure 19-4. It’s the J func-
tion, with a strip filled in. The strip goes from 32 (that is, from 9) to
infinity, and it has height one-half. Plainly, the whole area under
(“area under”—think “integral”) the J function is made up of strips
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J(x)
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FIGURE 19-4 
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×
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like that. Strips going from each prime to infinity, with height 1; strips
going from each square of a prime to infinity, with height one-half;
strips going from each cube of a prime to infinity with height one-
third…. See how it all keys in to that infinite sum of infinite sums in
Expression 19-3?

Of course, the area under the J function is infinite. The strip I
showed has infinite area (height 1

2 , length infinite, 1
2  × ∞ = ∞). So do

all the other strips. Together, they add up to an infinity. But what if I
were to squish down the J function at the right, so that the area under
it is finite? So that each one of those strips tapers away to nothing,
with a finite area? How might I accomplish such a squishing-down?

That last integral suggests a way. Suppose I pick some number s
(which I shall suppose to be greater than 1). For every argument x, I
shall multiply J(x) by x−s−1. By way of illustration, take s = 1.2. Then
x−s−1 means x−2.2; or, to put it another way, 1 ⁄ x2.2 . Take an argument x;
say, x = 15. Now J(15) has the value 7.333333…; 15−2.2 has the value
0.00258582…. Multiplying them together, J(x)x−s−1 has the value
0.018962721…. If I take a bigger argument, the squishing-down is
more pronounced. For x = 100, J(x)x−s−1 has the value 0.001135932….

Figure 19-5 shows a graph of the function J(x)x−s−1, with s = 1.2.
To emphasize the squish-down effect, I have shown the same strip I
showed before, now in its squished-down form. You can see how it
gets skinnier and skinnier as the arguments head off east. There is a
fighting chance that its entire area will be finite, even though it’s infi-
nitely long. Supposing that were true, and supposing it were true of
every other strip, what would be the entire area under this function?

What, to put it mathematically, would be the value of 
0

1
∞

− −∫ ( )J x x dxs
?

Let’s see. Taking the primes one by one, for the prime 2 I have,
pre-squish, a strip going from 2 to infinity, height 1, then a strip go-
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ing from 22 to infinity, height 1
2 , then a strip going from 23 to infinity,

height 1
3 , and so on. The sum of the squished strips, considering just

the prime 2, is shown in Expression 19-4.

1 1
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1
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1 1
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∞ ∞
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x dx x dx
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s s L

Expression 19-4
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Of course, that’s just the 2-strips. There is a similar infinite sum of
integrals for the 3-strips, shown in Expression 19-5.
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Expression 19-5

There’s another for 5, another for 7, and so on for all the primes. An
infinite sum of infinite sums of integrals! Worse and worse! Ah, but
things always look darkest before the dawn.

That brings us back to the beginning of this section. Since inte-

gration is transparent to a multiplying factor, 1
2

3

1

2

∞
− −∫ × x dxs  is the same

as 
1
2

3

1

2

×
∞

− −∫ x dxs
. But I showed at the beginning of this section that

my sample term from Expression 19-3, 1
2

1
32× s , is equal to

s x dxs× × − −
∞

∫1
2

1

32

; that is, s times the thing I just got. So what does

Expression 19-5 amount to? Why, just the second line of Expression

19-3, divided by s! And Expression 19-4, plus Expression 19-5, plus
the similar expressions for all the other primes, add up to all of Ex-
pression 19-3, divided by s.

Here comes the dawn. It follows that the thing I am currently

fooling with, which is 
0

1
∞

− −∫ ( )J x x dxs , is just Expression 19-3, divided

by s. But Expression 19-3 is equal to log ζ (s), from the Golden Key.

Hence the result shown in Expression 19-6.

The Golden Key (calculus version)

1

0

1

s
s J x x dxslogζ( ) = ( )

∞
− −∫

Expression 19-6
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I simply cannot tell you how wonderful this result is. It leads di-
rectly to the central result in Riemann’s paper, a result I shall show in
Chapter 21. Really, it is just a rewriting of the Golden Key in terms of
calculus. This is a great and marvelous thing to do, however, as it now
opens up the Golden Key to all the powerful tools of nineteenth-
century calculus. That was Riemann’s achievement.

One of those tools is yet another inversion method, which allows
us to turn this new expression inside out to get an expression for J in
terms of ζ . I’m going to hold off showing this inverted expression
for the time being. The logic is clear, though.

� I can express π (x) in terms of J(x) (Section IV in this chap-
ter).

� By inverting Expression 19-6, I can express J(x) in terms of the
zeta function.

Therefore,

� I can express π (x) in terms of the zeta function.

Which is exactly what Riemann had set out to do, because then all the
properties of the π  function will be found encoded somehow in the
properties of the ζ  function.

The π  function belongs to number theory; the ζ  function be-
longs to analysis and calculus; and we have just thrown a pontoon
bridge across the gap between the two, between counting and mea-
suring. In short, we have just created a powerful result in analytic
number theory. Figure 19-6 shows a graphical representation of Ex-
pression 19-6, the Golden Key in calculus form.
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x
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for s = 1.2

J x x dxs( ) − −
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∫ 1

0

FIGURE 19-6

The area shown shaded is J x x dxs( )
∞

− −∫
0

1 , for s = 1.2. Its numerical

value is actually 1.434385276163…. This is equal to 1
s slogζ( ) .
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20
THE RIEMANN OPERATOR AND

OTHER APPROACHES

The Montgomery-Odlyzko Law
tells us that the non-trivial zeros of the Riemann zeta function look
like—statistically, that is—the eigenvalues of some random Hermi-
tian matrix. The operators represented by such matrices can be used
to model certain dynamical systems in quantum physics. Is there,
then, a Riemann operator, an operator whose eigenvalues are pre-
cisely the zeta zeros? If there is, what dynamical system does it repre-
sent? Could that system be created in a physics lab? And if it could,
would that help to prove the Hypothesis?

Research into these questions was under way even before the pub-
lication of Odlyzko’s 1987 paper. The previous year, in fact, Michael
Berry had published a paper titled “Riemann’s Zeta Function: A
Model for Quantum Chaos?” Using results that were being widely
circulated and discussed at the time, including some of Odlyzko’s,
Berry tackled the following question. Suppose there is a Riemann
operator: what kind of dynamical system would it model? His answer
was: a chaotic system. To explain this, I must make a brief detour
through Chaos Theory.

I.
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II. That pure number theory—ideas about the natural numbers
and their relations with each other—should have relevance to sub-
atomic physics is not all that surprising. Quantum physics has a much
stronger arithmetical component than classical physics, since it de-
pends on the idea that matter and energy are not infinitely divisible.

Energy comes in 1, 2, 3, or 4 quanta, but not in 1 1
2 , 2 17

32 , 2 , or π
quanta. That is by no means the whole story, and quantum mechan-
ics could not have been developed without the most powerful tools
of modern analysis. Schrödinger’s famous wave equation, for ex-
ample, is written in the language of traditional calculus. Still, the
arithmetical component is there in quantum mechanics, whereas in
classical mechanics it is almost entirely absent.

The foundations of classical physics—the physics of Newton and
Einstein—are quintessentially analytical, in the mathematical sense.
They rest on mathematical analysis, on the notions of infinite divis-
ibility, of smoothness and continuity, of limit and derivative, of real
numbers. Newton invented the calculus, too, remember—the ulti-
mate application of the concept “limit”—that eventually took over
most of analysis.

Take the classical problem of one body in an elliptical orbit
around another, under mutual gravitational attraction. At a certain
distance from the parent body (measured by r, a real number) the
satellite body has some precise velocity (measured by v, another real
number). The relationship between v and r has a precise mathemati-
cal expression; v is in fact a function of r, expressed by the so-called
vis viva equation familiar to all students of elementary celestial me-
chanics,

v M
r a

= −





2 1
,

where M and a are some fixed numbers determined by the compo-
nents and initial conditions of the system under observation—on the
masses of the two bodies, and so on.
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Now, of course, in practice we cannot attain the infinite precision
needed to assign actual real numbers to r and v. We might be able to
measure r to 10 decimal places, or even 20; but to pin down a real
number you need infinitely many decimal places, and that we cannot
get. In the case of any actual orbit, therefore, there will be some mod-
est error in assigning a real number to r, and a corresponding error in
the computed value of v. This doesn’t matter much. Kepler’s laws as-
sure us that we will still get a regular ellipse, and the mathematics of
the vis viva equation tell us that a 1 percent error in r typically turns
up only a 0.5 percent error in v. The situation is manageable, predict-
able. It is, as mathematicians say, “integrable.”

That, however, is an extremely simple problem. Almost all actual
physical problems are more complex than that. Take the case of three
bodies under mutual gravitational attraction, for instance—the fa-
mous “three-body problem.” Can we solve it with closed-form solu-
tions like the vis viva equation? Is it integrable? By the end of the
nineteenth century it was apparent that the answers are: No, we can-
not, and it is not. The only way to get solutions is by extensive nu-
merical calculation, leading to approximations.

In 1890, in fact, Henri Poincaré published a definitive paper on
the three-body problem, making it clear not only that the problem
has no closed-form solutions, but that it has another, even more dis-
turbing quality: Its solutions are sometimes chaotic. That is, if you
vary the initial conditions of the problem—the numbers equivalent
to M and a in my two-body example—very slightly, the resulting or-
bits change drastically, beyond all recognition. Poincaré himself com-
mented that one set of conditions produced “orbits so tangled that I
cannot even begin to draw them.”

Poincaré’s paper is generally taken to mark the birth of modern
chaos theory. Nothing much happened in chaos theory for several
decades, mainly because mathematicians had no way to do number-
crunching on the scale required to analyze chaotic results. That
changed when computers became available, and chaos theory was
reborn with the work of meteorologist Ed Lorentz at M.I.T. in the
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1960s.116 Chaos theory is now a vast subject embracing many different
subdisciplines within physics, mathematics, and computer science.

It is important to grasp that a chaotic system, like a solution to
the three-body problem, need not (and, in general, does not) consist
of random motions. The beauty of chaos theory is that there are pat-
terns embedded in chaotic systems. While in general a chaotic system
never retraces its steps, it does exhibit these recurring patterns; and
underlying these patterns are certain regular, but unstable, periodic
orbits into which, in theory, if infinite precision were available to the
nudger, a chaotic system could be nudged.

III. When modern chaos theory first came up, physicists took it to
be entirely a classical matter, with no relevance for quantum theory.
Chaos arises from issues like the three-body problem because the
numbers defining the initial conditions are real numbers, measuring
numbers, infinitely divisible; they can be varied by 1 percent, or by
0.1 percent, or by 0.001 percent…. Since the conditions are infinitely
variable, an infinity of outcomes presents itself. In quantum theory,
by contrast, you can vary those initial conditions by 1, 2, or 3 units,
but not by 1 1

2  or 2.749. There should be “no room” for chaos in quan-
tum theory. It is true that there is a degree of uncertainty in quantum
mechanics, but the controlling equations are nonetheless linear. Small
perturbations lead to small consequences, as with the classical vis viva
equation for two-body motion.

Yet in fact, a certain level of chaos can be observed in quantum-
scale dynamical systems. The orderly energy-level structure of the
electrons in orbit around the nucleus of an atom, for example, can be
scrambled into an irregular pattern by the application of a sufficiently
strong magnetic field. (This is, in fact, one of the dynamical systems
modeled by GUE operators.) The atom’s subsequent behavior is cha-
otic—wildly different for only slightly different initial conditions.

If such quantum-chaotic systems persist for a period, however,
the laws of quantum mechanics eventually impose order on them,
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draining away the chaos. The number of permitted states dwindles;
the number of forbidden states swells. The bigger and more complex
the system, the longer it takes for the quantum rules to assert order,
and the larger the number of permitted states…until, on the scale of
the everyday world, it would take trillions of years for the quantum
order to assert itself, and the number of permitted states is large
enough to be taken as infinite. That is why we have chaos in classical
physics.

Back in 1971, physicist Martin Gutzwiller found a way to relate
chaotic systems on the classical scale with analogous systems down in
the quantum world, by allowing the quantum factor, Planck’s con-
stant, in the quantum-mechanical equations to tend to zero, and tak-
ing limits. The periodic orbits that underlie a classical-chaotic system
correspond to the eigenvalues of the operator defining this “semiclas-
sical” system.

Michael Berry argued that if there is a Riemann operator, it mod-
els one of these semiclassical chaotic systems, and its eigenvalues, the
imaginary parts of the zeta zeros, are the energy levels of that system.
The periodic orbits in the analogous classical-chaotic system would
correspond to … the prime numbers! (To their logs, to be precise.)
He further argued that this semiclassical system would not have the
quality of “time reversal symmetry”—that is, if all the velocities of all
the particles in the system were to be instantly and simultaneously
reversed, the system would not return to its initial state. (Chaotic sys-
tems can be time-reversible or not. The ones that are time-reversible
are modeled not by operators of the GUE type, but by another kind
belonging to a different ensemble, the GOE—Gaussian Orthogonal
Ensemble.)

Berry’s work (much of it in collaboration with a Bristol colleague,
Jonathan Keating) is subtle and deep. He has, for example, analyzed
the Riemann-Siegel formula in great detail in search of insights into
the zeros, and their effects on each other at different ranges. At the
time of writing, he has not identified any dynamical system that cor-
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responds to the Riemann operator, but thanks to his work, if such an
operator exists, we shall know it at once when we see it.

IV. Another researcher, Alain Connes, Professor of Mathematics at
the Collège de France in Paris, has taken an alternative approach. In-
stead of seeking to pin down the kind of operator the zeta zeros might
be eigenvalues of, he has actually constructed such an operator.

That was no mean feat. An operator must have something to op-
erate on. The kind of operators I have been speaking about operate
on spaces. A flat two-dimensional space will do to illustrate the gen-
eral principle, with a sheet of graph paper for purposes of visualiza-
tion, though you must imagine the paper extending to infinity in all
directions. Suppose that I rotate that space by 30 degrees counter-
clockwise, sending every point of the space to some other point
thereby (except the point about which I am rotating—that stays put).
This rotation is an instance of an operator. The characteristic polyno-
mial of this particular operator is x2 – 3 x + 1. The eigenvalues are

1
2 3+ 1

2 i and 1
2 3 – 1

2 i ; the trace is 3 .
If you wanted, you could set up a coordinate system to describe all

the points of the space, drawing a horizontal x-axis and a vertical y-axis
to meet at the rotation point, and marking off distances along them in
inches or centimeters, in the usual way. You might then notice that my
rotation operator sends the point (x, y) to a new point with different
coordinates—actually, to ( 1

2 3x – 12 y,  1
2 x + 1

2 3y). That is incidental to
the nature of the operator, though, which exists, and which moves the
points of the space to new points, independent of any coordinate sys-
tem. A rotation is a rotation, even if you forgot to draw in a pair of axes.

The operators used in mathematical physics operate on much
more complicated spaces than that, of course. Their spaces are not
merely two-dimensional, nor just three-dimensional like the space
we live out our everyday lives in. Nor are they even four-dimensional,
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like the one required by Relativity Theory. They are abstract math-
ematical spaces with infinitely many dimensions. Each point of such a
space is a function. An operator transforms one function into an-
other function, that is, in the language of spaces and points, it sends
one point to another point.

To get a very elementary idea of how a function might be identi-
fied with a point in a space, consider one simple class of functions,
the quadratic polynomials p + qx + rx2. The family of all such poly-
nomials could be represented by a three-dimensional space, the point
with coordinates (p, q, r) standing for the polynomial p + qx + rx2. A
four-dimensional space could model cubic polynomials; a five-
dimensional space could model quartics … and so on. Now, since
some functions can be written as series, and a series looks like an
infinite polynomial (ex, for example, as 1 + x + 1

2 x2 + 1
6 x3 + 1

24 x4 + …),
you can see how a space of infinitely many dimensions might be use-
ful for modeling functions. Then ex would be the point in that space
located by the infinity of coordinates 1 1 1

2
1
6

1
24, , , , ,K( ) .

In quantum mechanics, the functions are wave functions, defin-
ing the probability that the particles of a system are at certain places,
with certain velocities, at a given moment in time. Each point of the
space, in other words, represents a state of the system. The operators
used in quantum mechanics encode observable features of the sys-
tem—most famously, the Hamiltonian operator, which encodes the
system’s energy. The eigenvalues of the Hamiltonian operator are the
fundamental energy levels of the system. Each eigenvalue is particu-
larly associated with a key point—function—of the space, called an
eigenfunction, representing the state of the system at that energy level.
These eigenfunctions are essential and fundamental states of the sys-
tem. Every possible state of the system, every physical manifestation,
is some linear combination of the eigenfunctions, just as every point
in a three-dimensional space can be written as (x, y, z), a linear com-
bination of the points (1,0,0), (0,1,0), and (0,0,1).

Alain Connes has constructed a very peculiar space for his Rie-
mann operator to operate on. The prime numbers are built in to this
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space in a way derived from concepts in algebraic number theory.
Here is a sketch of Connes’s work.

V. Classical physics is built around real numbers like this,
22.45915771836…, for which—absent a closed form—an infinite
number of digits is required to give full theoretical accuracy. Actual
physical measurements, though, are approximate, like this: 22.459.

That is a rational number, 22459
1000

. The entire world of physical experi-

ment can therefore be written down in rational numbers, members
of �. To pass from the experimental world to the theoretical, we
have to complete � (see Chapter 11.v). That is, we have to enlarge it,
so that if an infinite sequence of numbers in � has a limit, that limit
is either in � itself, or in the enlarged field. The normal and natural
way to do this is with �, the real numbers, or �, the complex
numbers.

Algebraic number theory, however, has other ways to complete
�. In 1897 the Prussian mathematician Kurt Hensel117 devised an
entire new family of objects to deal with certain problems in the

theory of algebraic fields, like that a b+ 2  field that I discussed in

Chapter 17.ii. These objects are called “p-adic numbers.” There is one
field of these exotic creatures, with infinitely many members in it, for
any prime number p. The building blocks of this field are the clock
rings of size p, p2, p3, p4, and so on, that I discussed in Chapter 17.ii. In

the symbols I introduced there, they are ����� p , ����� p2 ,

����� p3 …. The field of 7-adic numbers, for example, is built up

from the rings �����7, �����49, �����343, �����2401…. Recall my
illustration of how a finite field can be used to help build an infinite
field? Well, here we are using an infinity of finite rings to build a new
infinite field!

The field of p-adic numbers goes by the symbol “�p.” So there is a
field �2, a field �3, a field �5, a field �7, a field �11, and so on. Each is
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a complete field: �2 the field of 2-adic numbers, �3 the field of 3-adic
numbers, and so on.

As the symbol suggests, the p-adic numbers bear a certain resem-
blance to ordinary rational numbers. However, �p is richer and more
complicated than � and in some respects is more like �, the field of
real numbers. In particular, �p can, like �, be used to complete �.

You might at this point be wondering, “All well and good; but
you say there is a field �p of these strange new objects, these p-adic
numbers, for any prime number p, and that any old �p can be used to
complete �. So … which one is best, �2? �3? �11? �45827? Which
prime should Professor Connes use to carry out this stunt, to throw a
bridge from the prime numbers to the physics of dynamical systems?”

The answer is, all of them! You see, there is an algebraic concept
called an adele that embraces within its broad arms all the �p, for all
the prime numbers 2, 3, 5, 7, 11, …. In fact, it embraces real numbers,
too! Adeles are built up from �2, �3, �5, �7, …, and �, in much the
same way that p-adic numbers are built up from ����� p , ����� p2 ,
����� p3 , …. Adeles are, if you like, one further level of abstraction
up from p-adic numbers, which are themselves one level of abstrac-
tion up from ordinary rational numbers.

If all this has your head spinning, just suffice it to say that we
have a class of super-numbers that are simultaneously 2-adic, 3-adic,
5-adic, … and also real. Every one of these super-numbers has all the
primes imbedded in it.

The adele is certainly a very abstruse concept. Nothing is so ab-
struse that it doesn’t find its way into physics eventually, though. In
the 1990s mathematical physicists set about constructing adelic quan-
tum mechanics, in which the actual rational-number measurements
that show up in experiments were taken to be manifestations of these
bizarre creatures hauled up from the lightless depths of the math-
ematical abyss.

This is the kind of space Alain Connes built for his Riemann op-
erator to play in, an adelic space. Being adelic, it has the prime num-
bers built in, so to speak. Operators that act on this space are perforce
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prime-based. You can now, I hope, see how it is possible to build a
Riemann operator whose eigenvalues are precisely the non-trivial
zeros of the zeta function, and whose space—the space on which it
operates—has the primes built in, in the way I have attempted to
describe, while yet being relevant to actual physical systems, actual
assemblies of subatomic particles.

The Riemann Hypothesis (RH) is then reduced to the matter of
proving a certain trace formula—that is, a formula like Gutzwiller’s,
relating the eigenvalues of an operator on Connes’s adelic space to
the periodic orbits in some analogous classical system. Having the
prime numbers already built in to one side of the formula ought to
make everything easy. In a way it does, and Connes’s construction is
brilliant, and extremely elegant, with energy levels that are precisely
zeta zeros on the critical line. Unfortunately, it has so far offered no
clue as to why there might not be zeta zeros off the critical line!

Opinions as to the value of Connes’s work vary widely. Not at all
sure that I understood it myself, I canvassed some real mathemati-
cians working in the field. I shall tread carefully here. For all I know,
Alain Connes might announce a proof of the RH the day this book
comes out, and I don’t want to make anyone look foolish. Here are
two quotes from professionals.

Mathematician X: “Tremendously important work! Connes will
not only prove the RH, he will give us a Unified Field Theory, too!”

Mathematician Y: “What Connes has done, basically, is to take an
intractable problem and replace it with a different problem that is
equally intractable.”

I do not feel qualified to tell you which opinion is correct. Given
the stature and abilities of X and Y, though, I feel pretty sure that one
of them is….118

VI. Other approaches to the RH are still active, of course. The alge-
braic approach through finite fields that I mentioned in Chapter 17 is
very much alive. And, as we glimpsed in Section V above, that ap-
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proach has interesting connections with the physical lines of attack.
Analytic number theory, too, is still a busy area, and capable of strong
results.

There are also indirect approaches. There is, for example, my
Theorem 15.2, concerning the M function got by accumulating
Möbius µ . That is, as I said, exactly equivalent to the Hypothesis.
Analytic number theorist Dennis Hejhal of the University of Minne-
sota actually uses this as a way to present the RH to nonmathematical
audiences, to avoid having to introduce complex numbers. Here, he
says (I am paraphrasing his approach, not quoting it), is the RH.

Write down all the natural numbers, starting with 2. Under each
number, write its prime factors. Then, ignoring any number with a
square factor (or any higher power, which will necessarily include a
square), go along the line marking as “heads” any number with an
even number of prime factors, “tails” any with an odd number. This
gives an infinite string of heads and tails—just like a coin-tossing
experiment.

2 3 4 5 6 7 8 9 10 11 12 …

2 3 22 5 2 × 3 7 23 32 2 × 5 11 22 × 3 …

T T T H T H T …

Now, we know very well, from classical probability theory, what
to expect from a long run of N coin tosses. On average, we will get

1
2 N heads and 1

2 N tails. But of course, we should hardly ever get
exactly these numbers. Suppose we subtract the number of heads
from the number of tails. (Or vice versa, depending on which is
larger.) What do we expect this excess to be? On average, it is N ,
that is, N

1
2 . This has been known since the time of Jakob Bernoulli,

300 years ago. If you toss a fair coin a million times, on average you
have an excess of a thousand heads (or tails). You might have more or
you might have less, but on average, as you keep tossing that coin—as
N goes off to infinity—the size of the excess grows at a certain rate; at
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a rate that is less than N
1
2
+ε

, for any number ε , no matter how small.
Just like my Theorem 15.2!

In fact, my Theorem 15.2, which is equivalent to the RH, says
that the M function grows just like the excess in a coin-tossing exer-
cise. To put it another way, it says that a square-free number is either
a head or a tail—has either an even or an odd number of prime fac-
tors—with 50−50 probability. This does not seem particularly un-
likely and might in fact be true. If you can prove that it is true, you
will have proved the RH.119

VII. A less direct probabilistic approach concerns the so-called
“Cramér model.” Harald Cramér was, in spite of that accent on his
name, Swedish, and yet another insurance company employee—an
actuary for Svenska Livförsäkringsbolaget, but also a popular and in-
spiring lecturer on math and statistics.120 In 1934 he published a pa-
per titled “On Prime Numbers and Probability,” in which he put for-
ward the idea that the primes were distributed as randomly as they
could be.

One consequence of the Prime Number Theorem (PNT), which
I demonstrated in Chapter 3.ix, is that in the neighborhood of some
large number N, the proportion of primes is ~ 1 ⁄ log N. The log of a
trillion, for example, is 27.6310211…, so in the neighborhood of a
trillion, around one number in 28 is a prime. Cramér’s model says
that aside from this one restraint on their average frequency, the
primes are utterly random.

Here is one way to see what this means.121 Imagine a long line of
earthenware jars with the natural numbers painted on them. The
numbers go 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, …, to infinity (or some very
large number). Into each jar put a number of wooden balls. The num-
ber of balls in jar N should be log N (or the nearest whole number).
So the number of balls in the first few jars are 1, 1, 1, 2, 2, 2, 2, 2, 2, 2,
2, 3, 3, …. Furthermore, there must be exactly one black ball in each
jar; all the rest of the balls in the jar are white. Jars number 2, 3, and 4,

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003



324 PRIME OBSESSION

therefore, have only one black ball in them; jars number 5 to 12 have
one black and one white; jars number 13 to 33 have one black and
two white, and so on.

Now take a clipboard and a large (preferably infinite) sheet of
paper, and take a walk along the line. Pull a ball at random from each
jar. If it’s black, write down the number of the jar. When you finish, you
have a long list of whole numbers starting “2, 3, 4, ….” The chance
that 5 is on your list is 50−50, since jar 5 has one white ball and one
black. The chance that 1,000,000,000,000 is on your list is 1 in 28.

Now, what can we say about this list? It is not a list of the primes,
of course. There are lots of even numbers on it, for example; but only
one prime, 2, is even. Well, if the Cramér model is true, the list will be
statistically indistinguishable from the primes. Any broad statistical
property the primes have—how many you expect to find in intervals
of certain lengths, for instance, or the degree of clustering (what Hil-
bert, in stating his eighth problem, called “condensation”)—this ran-
dom list will have, too.

For an analogy, consider the decimal digits of π . So far as anyone
knows, they are perfectly random.122 They never repeat themselves.
Digits, and pairs of digits, and triplets and quartets of digits, occur
with just the frequency you would expect from pure chance. Nobody
has ever been able to detect any pattern in the billions of digits of π
now available for inspection. The decimal digits of π  are a random
sequence of digits … except that they represent π ! So with the
primes, on Cramér’s model. They are indistinguishable from any
other sequence with frequency 1 ⁄ log N, and in that sense they are
perfectly random … except, of course that they are the primes!

In 1985 Helmut Maier proved that the Cramér model in the
simple form I have sketched above is not a complete picture of the
primes. A modified version of the model does give accurate predic-
tions for the distribution of primes, however, and is linked to the RH
in ways subtle and indirect. There is a modest hope that further re-
search on this topic will yield insights into the RH.123
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VIII. Finally, I cannot resist mentioning the most indirect approach
of all, the one through non-deductive logic. This is not, properly
speaking, a mathematical topic. Mathematics demands rigorous logi-
cal proof before a result can be accepted. Most of the world is not like
this, however. In our daily lives we work mainly from probabilities. In
courts of law, in medical consultations, in drawing up insurance poli-
cies, it is the balance of probabilities that we take into account, not
ironclad certainties. Sometimes, of course, we use the actual math-
ematical theory of probability to quantify the matters under dis-
pute—that is why insurance companies employ actuaries. Much more
often we do not, and cannot—think of a law court.

Mathematicians have often cast an interested eye at this side of
life. George Pólya actually wrote a two-volume book about it,124 in
which he made the rather surprising claim that non-deductive logic
is better appreciated in mathematics than in the natural sciences. This
line of thought has most recently been taken up by Australian math-
ematician James Franklin. His 1987 paper “Non-deductive Logic in
Mathematics,” in The British Journal for the Philosophy of Science, in-
cluded a section headed “Evidence for the Riemann Hypothesis and
other Conjectures.”

Franklin approaches the RH as if it were a courtroom case. He
presents the evidence for the RH being true:

� Hardy’s 1914 result that all infinitely many zeros lie on the
critical line.

� The RH implies the PNT, which is known to be true.
� “Denjoy’s probabilistic interpretation”—that is, the coin-

tossing argument given in this chapter.
� Another 1914 theorem by Landau and Harald Bohr, stating

that most zeros—all but an infinitesimal proportion—are very
close to the critical line. Note that since the number of zeros is
infinite, one trillion counts as an infinitesimal proportion.

� The algebraic results of Artin, Weil, and Deligne, that I men-
tioned in Chapter 17.iii.
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Then the case for the prosecution:

� Riemann himself had no sound reasons to support his state-
ment in the 1859 paper that the RH was “very likely,” and the
semi-reasons that might have motivated his statement have
been knocked down since.

� The zeta function exhibits some very peculiar behavior high
up the critical line, as revealed by the computer-generated re-
sults of the 1970s. (Franklin seems not to have known of
Odlyzko’s work.)

� Littlewood’s 1914 result on the error term Li(x) − π (x). Says
Franklin: “The relevance of Littlewood’s discovery to Rie-
mann’s Hypothesis is far from clear. But it does give some rea-
son to suspect that there may be a very large counterexample
to Riemann’s Hypothesis, although there are no small ones.”
So far as I can tell, Franklin’s argument here is by analogy. “For
some extremely large numbers, the error term misbehaves. It
is connected with the zeros of the zeta function.” [See my
Chapter 21.] “So perhaps for very large T, the zeta function
misbehaves, having zeros off the critical line.”

This is all circumstantial, of course. It should not, however, be
dismissed as mere sub-philosophical word-play. The rules of evidence
can deliver very persuasive results, sometimes contrary to the strictly
argued certainties of mathematics. Consider, for example, the very
un-mathematical fact that a hypothesis might be seriously weakened
by a confirming instance. Hypothesis: No human can possibly be
more than nine feet tall. Confirming instance: A human being who is
8′113⁄4′′ tall. The discovery of that person confirms the hypothesis …
but at the same time casts a long shadow of doubt across it!125
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21
THE ERROR TERM

In Chapter 19, after defining that step
function J in terms of the prime counting function π , I used Möbius
inversion to get π  in terms of J. Then, turning the Golden Key, I went
through the steps Riemann took to express the zeta function ζ  in
terms of J. Another inversion (I said) will now give J in terms of ζ .
The long and short of it is that:

� The prime counting function π  can be written in terms of
another step function, J.

� The function J can be written in terms of Riemann’s zeta func-
tion ζ .

It follows that all the properties of the prime counting function
π  are coded, in some way, in the properties of ζ . A sufficiently close
study of ζ  will tell us all we want to know about π —that is, about
the distribution of prime numbers.

How does this actually work? What’s the code? Where do those
non-trivial zeros come into it? And what does that middle-man

I.

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003



328 PRIME OBSESSION

function, J, look like when written in terms of ζ —a point I left hang-
ing at the end of Chapter 19?

II. I left it hanging for a very good reason, which will now become
clear. Expression 21-1 shows the result of that last inversion, the final
and precise expression for J(x) in terms of the zeta function.

J x Li x Li x
dt

t t tx

( ) = − ( ) − +
−( )∑ ∫

∞

( ) log
log

ρ

ρ
2

12

Expression 21-1

You take the point. If you’re not a mathematician, that’s an ugly beast
of a thing (and where, by the way, is the zeta function in it?) I’m going
to take it apart piece by piece, though, and show you what’s going on
inside it. First, I just want you to know that this equation is the main
result of Riemann’s 1859 paper. If you can get some kind of a handle
on it, you will essentially understand Riemann’s work in this area and
have a clear view of all that followed.

The first thing to note is that Expression 21-1 has four parts, or
terms, on the right-hand side. The first term, Li(x), is generally called

the “principal term.” The second term, Li x ρ

ρ
( )∑ , was referred to by

Riemann in the plural as the “periodic terms” (periodischer Glieder)
for reasons that will shortly become clear; I shall speak of it in the
singular as the “secondary term.” The third term is a no-brainer. It’s
just a number, log 2, which is 0.69314718055994….

The fourth term, though intimidating to the nonmathematician,
is in fact easy to dispose of. It’s an integral, that is, the area under the
curve of a certain function, from argument x all the way out to infin-
ity. The function is, of course, 1 ⁄ (t(t2 – 1) log t). If you draw a graph
of this function (see Figure 21-1), you will see that it is very friendly
to the purpose in hand. Bear in mind that we have no interest in
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arguments x less than 2, since J(x) is zero when x is less than 2. So the
shaded area I’ve shown, corresponding to x = 2, is as big as this inte-
gral—this fourth term—is ever going to get. The actual value of this
area, the maximum value of the fourth term for any x we might ever
be interested in, is, in fact, 0.1400101011432869….

So the third and fourth terms taken together (and minding signs)
are limited to the range from −0.6931… to −0.5531…. Since we are
studying π (x), which is only really interesting up in the millions and
trillions, this is pretty inconsequential. I will, therefore, say almost
nothing more about those last two terms and concentrate on the first
two.

1 x 3 4
t

1

2

3

1

12t t t−( )log

FIGURE 21-1 The fourth term of Riemann’s expression for J(x).
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The principal term is not too much of a problem either. I have
already defined the function Li(x) in Chapter 7.viii as the area under
the curve of 1 ⁄ log t from zero to x, and I have given the Prime Num-
ber Theorem (PNT) in the form π (N) ~ Li(N). In this principal
term, x is a real number. The value of Li(x) can, therefore, be looked
up in a book of mathematical tables, or computed by any decent math
software package like Maple or Mathematica.126

Having thus disposed of the first, third, and fourth terms in Ex-

pression 21-1, I will focus on the second, Li x ρ

ρ
( )∑ . This is the heart

of the matter; this is the real business. First I will explain broadly
what it means and how it got into Expression 21-1. Then I shall take
it apart and show why it is crucial to understanding the distribution
of primes.

III. The Σ  is an invitation to add many things together. The things to
be added together are indicated by the little “ ρ” underneath the sign.
That’s not an American “p,” it’s a “rho,” the seventeenth letter of the
Greek alphabet, and in this usage stands for “root.” To calculate this
secondary term you must add up Li(x ρ) for all of these roots, with ρ
taking the value of one root after another. And what are these roots?
Why, they are the non-trivial zeros of the Riemann zeta function!

How did these zeros turn up in the expression for J(x)? I can
explain this, but only in outline. Recall the expression we arrived at in
Chapter 19 by turning the Golden Key,

1

0

1

s
s J x x dxslogζ( ) = ( )

∞
− −∫

I said that mathematicians have a way to invert this, to turn it
inside out, to get J(x) in terms of the zeta function. The actual process
of inversion is rather long and complex (in both senses of that word!),
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and most of the steps involve math beyond the level I am presenting
here. That is why I have leaped straight to the final result, my Expres-
sion 21-1. I think I can explain one part of the process, though. It
happens that one step in this inversion is to express the zeta function
in terms of its zeros.

Expressing functions in terms of their zeros is not altogether a
novel idea, if you have done high school algebra. Consider the good
old quadratic equation, for example. I’ll take the one I used in Chap-
ter 17.iv, z2 − 11z + 28 = 0 (but using z instead of x, since we are in the
realm of complex numbers here). The left-hand side of this equation
is of course a function, a polynomial function. If you feed in any
argument z and do some arithmetic, it works out to some function
value. If you feed in the argument 10, for example, the value is 100 −
110 + 28, which is 18. If you feed in the argument i, the value is
27 − 11i.

What are the solutions of the equation z2 − 11z + 28 = 0? As I
showed in Chapter 17, the solutions are 4 and 7. If you feed either
number into the function on the left-hand side, the equation is true,
the left-hand side is equal to zero. Another way to say this is that 4
and 7 are the zeros of the function z2 − 11z + 28.

Now that I know the zeros, I can factorize this function. It factor-
izes to (z − 4)(z − 7); or what, by the rule of signs, amounts to the
same thing, (4 − z)(7 − z). Another way to write this is 28(1 – z ⁄4)
(1 – z ⁄ 7). And, look! Either way, I have expressed the function z2 −
11z + 28 in terms of its zeros. This doesn’t work only for quadratic
functions, of course. The fifth-degree polynomial z5 − 27z4 + 255z3 −
1045z2 + 1824z − 1008 can be rewritten in terms of its zeros (which
are 1, 3, 4, 7, and 12), too. Here it is: –1008(1 – z ⁄ 1)(1 – z ⁄ 3)
(1 – z ⁄ 4)(1 – z ⁄ 7)(1 – z ⁄ 12). Any polynomial function can be rewrit-
ten in terms of its zeros.

From the point of view of complex function theory, polynomial
functions have a very interesting property. The domain of a polyno-
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mial is all complex numbers. A polynomial never “equals infinity.”
There is no argument z for which its value just can’t be calculated.
Calculating the value of a polynomial function for any given argu-
ment just involves raising the argument to natural-number powers,
multiplying it by numbers, and adding the results together. You can
do that with any number.

Functions whose domain is all complex numbers and which are
decently well behaved (there is a precise mathematical definition of
that!) are called entire functions. All polynomials are entire functions,
so is the exponential function. Those rational functions I showed in
Chapter 17.ii, however, are not entire functions, since their denomi-
nators can be zero. The log function is not an entire function, either:
it has no value at argument zero. Riemann’s zeta function, likewise,
has no value at argument 1, and so is not an entire function.

An entire function might have no zeros at all (like the exponen-
tial function: ez = 0 is never true), or it might have many (like a poly-
nomial: 4 and 7 are the zeros of z2 − 11z + 28), or it might have infi-
nitely many (like the sine function, which is zero at every integer
multiple of π ).127 Now since polynomials can be rewritten in terms
of their zeros, can all entire functions that have zeros be rewritten this
way? Suppose I have some entire function, call it F, that can be de-
fined by an infinite sum, F(z) = a + bz + cz2 + dz3 + …. And suppose I
happen to know that this function has infinitely many zeros; call them
ρ , σ , τ  …. Can I rewrite this function in terms of its zeros, as an
infinite product, F(x) = a (1 – z ⁄ ρ)(1 – z ⁄ σ )(1 – z ⁄ τ )…? As if the
infinite sum were a sort of super-polynomial?

The answer is that under certain conditions, yes, you can. When
you can do it, it’s often a very handy thing. This, for example, is how
Euler solved the Basel problem, by applying this reasoning to the sine
function.

How does this help us with the zeta function, which unfortu-
nately is not an entire function? Well, as part of that complicated
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inversion process, Riemann transformed the zeta function into some-
thing slightly different—an entire function, whose zeros are exactly
the non-trivial zeros of the zeta function. At that point, we can write
out this slightly different function in terms of those zeros. (The trivial
zeros conveniently vanished during the transformation.)

That, after some further processing, is how we end up with

Li x ρ

ρ
( )∑ , with the sum being taken over all the non-trivial zeros of

the zeta function.
Now, to show the significance of this second term in Expression

21-1, and the problems it raises, I am going to take it apart. I shall do
this from the inside out, first looking at x ρ, then at the Li function,
and then at the matter of summing across all possible zeros ρ .

IV. I have this number x, which is a real number. (The ultimate ob-
ject of the exercise is to get a formula for π (x), and π (x) is relevant
only for real numbers—only for natural numbers, to tell the truth;
but we have switched from “N” to “x” so that we can apply the tools of
analysis.) I raise this real number x to the power of ρ , which is a
complex number—one having the form 1

2  + ti, for some real number
t, if the Riemann Hypothesis (RH) is true. This is worth a note by
itself.

If you raise a real number x to a complex power a + bi, the rules
of complex arithmetic dictate the following. The modulus of the an-
swer—how far it is from zero, as the crow flies—is xa. It is not affected
by b at all. The amplitude of the answer—how far round it is, which
part of the complex plane it is found in—depends on x and b. It is not
affected by a.

If you raise a real number x to the power 1
2  + ti, the modulus of

the result is, therefore, x to the power of 1
2 , that is, x . The ampli-

tude, however, might be anything at all—the result might be any-

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003



334 PRIME OBSESSION

where in the complex plane, so long as its distance from zero is x .
To put it another way, if, for a given number x, you compute values of
x ρ for a host of different zeta zeros ρ , the numbers you get are scat-
tered round the circumference of a circle of radius x  in the com-
plex plane, centered on zero. (If the RH is true!)

–4 –3 –2 –1 1 2 3 4
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–4i

–3i

–2i

–i

i

2i
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4i

Imaginary
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14

16

3
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12

9

FIGURE 21-2 The value plane for the function w = 20z, showing the values

of w for the first 20 non-trivial zeros of the zeta function.

The points marked on Figure 21-2 are the results of raising 20 to
the power of the first, second, third, …, twentieth zeros of the zeta
function. You see how the results are scattered around a circle of ra-
dius 20  (which is 4.47213…) in the complex plane, in no particu-
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lar order. This is because the function 20z sends the critical line into a
circle radius 20 , wrapping the critical line (and all the zeta zeros
speckled along it) round and round that circle an infinity of times.
Mathematically speaking, that circle in the value plane is 20critical line. If
you imagine our pal the argument ant walking north up the critical
line in the argument plane with his function-ometer set to the func-
tion 20z, his twin brother, the value ant, tracing out the correspond-
ing values in the value plane, is walking round and round and round
that circle. He is proceeding counterclockwise and by the time the
argument ant has reached the first zeta zero, the value ant is nearly
three-quarters of the way through his seventh circuit.

V. Now, one by one, I am going to find the Li function of all those
points—the whole infinity of them. Unfortunately, they are complex
numbers. I defined the Li function only for real numbers, as the area
under a curve. Is there a way to define Li for complex numbers, too?
How do integrals work with complex numbers? Yes, there is a way to
define it; and, yes, there is a way to develop integrals involving com-
plex numbers. Integration is in fact a key feature of complex analysis,
the subject of many of the most beautiful and powerful theorems in
the topic. I shall not go into detail, only say that, yes, Li(z) is defined128

for complex numbers z.
Figure 21-3 shows where the first 10 of the points in Figure 21-2

are sent by the Li function. To put it another way, it shows where the
critical line (to be precise, a stretch of it from 1

2  + 14i to 1
2  + 50i) is

sent by the function Li(20z). As you can see, this function maps the
critical line into a counter-clockwise spiral that closes in on the num-
ber π i as the argument ascends the critical line. Where the function
20z wrapped the critical line infinitely many times round and round
the circle with radius 20 , applying the Li function unwraps it into
this elegant spiral, with the zeros still dotted along it.

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003



336 PRIME OBSESSION

–0.10 –0.05 0.05 0.10
Real

3.05i

πi

3.25i

Imaginary

FIGURE 21-3 The function Li(20z) for a segment of the critical line.

VI. Now I shall tackle the sigma sign—the business of summing
those dots (each of which is just a complex number) across all pos-
sible non-trivial zeros of the zeta function. To do this, let me first
bring up a point I have mostly been ignoring so far. For any non-
trivial zero on the north half of the critical line, there is a correspond-
ing one in the south half. That is, if 1

2  + 14.134725i is a zero of the zeta
function, so must 1

2  – 14.134725i be. In proper math language, if z is

a zero, then so is its complex conjugate z . (Remember that “ z ” is
pronounced “z-bar.” At this point you might want to check back with
Figure 11-1 to refresh your memory on complex number basics.)
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In carrying out this summation, the south half of the critical strip
plays a key role. Figures 21-2 and 21-3 were concerned only with the
first few zeros along the northern half of the critical line. For a fuller
picture, including the southern half of the line, Figure 21-4 shows, at
the far left, a plane of complex numbers with the critical strip marked
in from 1

2  – 15i to 1
2  + 15i. This is enough to show the first zero at

1
2 + 14.134725i, and also its complex conjugate at 1

2  – 14.134725i. I

have marked them as “ ρ” and “ ρ .”

( )Li 20
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–1 10

20

20

20

–5 5

Li 20( )

FIGURE 21-4 The critical line, out to the first pair of non-trivial zeros,

mapped first by the function 20z, then by the function Li(20z).

Taking this as the argument plane for the function 20z, the middle
part of the diagram shows the “comes from” figure in the value plane,
a circle of radius 20 , with 20 ρ marked as in Figure 21-2, and now
also 20ρ . Notice that the values are complex conjugates just as the
arguments are. This doesn’t happen with all functions, but fortunately
it does with 20z. If we apply the Li function, using that middle figure
this time as the argument plane for Li, we see that the critical line,
which got wound round that circle an infinity of times by 20z, now
unwinds into that pleasing double spiral at the right. (Figure 21-3
was a close-up of the top spiral.) And again, when the arguments are
complex conjugates, so are the values.
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There is just one more thing to notice before I actually evaluate

the sum Li 20ρ

ρ
( )∑ . That spiral—Figure 21-3 shows it best—isn’t

closing in on its target very fast. Its closing-in rate is, in fact, har-
monic. That is, if you imagine the argument ant walking north up the
critical line with his function-ometer set to Li(20z), the value ant tra-
versing the spiral in the value plane is getting closer and closer to π i
at a rate inversely proportional to the argument ant’s height. If the
argument ant’s height is T, the value ant’s distance from π i is
(roughly) proportional to 1 ⁄ T.

Bearing this in mind, I am now ready to tackle the sum

Li 20ρ

ρ
( )∑ . What I am adding is the complex numbers that corre-

spond to all those dots on the spiral in Figure 21-3, together with all
the complex conjugate dots on the southern spiral. Since for every
dot on the northern spiral there is a mirror-image dot in the south-
ern one, the imaginary parts all cancel out. Every a + bi has a corre-
sponding a − bi, so when I add them I just get 2a. This is just as well
because J(x) is a real number. It wouldn’t do to have imaginary num-
bers showing up on the right-hand side of Expression 21-1! It is really
good news, in fact, because it means I have to add up only the real
(that is, east-west) parts of the dots in Figure 21-3. The contribution
of the southern hemisphere is merely to double the answer,
(a + bi) + (a − bi) = 2a.

The rest of the news is not so good. The dots scattered along that
spiral in Figure 21-3 are, as I observed, closing in on π i—their real
parts, therefore, closing in on zero—at a harmonic rate. Adding up
the real parts of all those dots, therefore, offers the danger that I might
be adding up something like the harmonic series, which, we recall

from Chapter 1, is divergent. How do I know this sum Li 20ρ

ρ
( )∑

converges?
It helps that the dots can have real parts that are either positive or

negative. In fact, the sum this one resembles is not the harmonic sum
but its cousin, which I introduced briefly in Chapter 9.vii:
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Here the terms approach zero harmonically: 1, 1
2 , 1

3 , 1
4 , 1

5 , …, but

the alternating plus and minus signs mean that each term to some
degree cancels out the term before, and convergence is possible. How-
ever, the convergence is, in the terminology I introduced in Chapter
9.vii, only conditional. It depends on adding up the terms in the cor-
rect order.

Just so with Li x ρ

ρ
( )∑ . We need to be careful about the order in

which we do the addition if we want to be sure of convergence to the
correct number. So what is the proper order? It is just what you would
think it should be. Take the zeros one by one, heading north up the
critical line, pairing off each zero with its complex-conjugate zero
down south.

VII. So to evaluate Li x ρ

ρ
( )∑  we first pair off each zeta zero with its

mirror image (i.e., complex conjugate) in the south half of the argu-
ment plane. Then these pairs must be taken in ascending order of the
positive imaginary parts. So we take the zeros in this order,

1
2

 + 14.134725i  and 1
2

 – 14.134725i ; then
1
2

 + 21.022040i  and 1
2

 – 21.022040; then
1
2

 + 25.010858i  and 1
2

 – 25.010858i ; then….

To see how this process actually works out, and to get an insight into
why Riemann called this secondary term the “periodic terms,” let me
work through the arithmetic for an actual value of x. I’ll take x = 20 as
before, so we are engaged in computing J(20)—which, you can easily
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verify from the original definition of J, is actually 9 7
12 , that is,

9.5833333…. Here goes.
First, I must raise 20 to the power 1

2  + 14.134725i. The result is
−0.302303 − 4.46191i, which is the dot marked “1” in Figure 21-2.
Take the logarithmic integral—the Li function—of that to get the
answer −0.105384 + 3.14749i, which is the western-most dot in Fig-
ure 21-3. Now do the conjugate member of this pair of zeros. Raise 20
to the power 1

2  – 14.134725i. The result is −0.302303 + 4.46191i.
That’s shown in the middle picture of Figure 21-4. It’s the mirror
image in the real axis of the “1” dot in Figure 21-2. Take the logarith-
mic integral to get answer −0.105384 − 3.14749i, which is the one
way down south on the right of Figure 21-4. Add the two answers:
−0.210768. The imaginary parts have, of course, canceled out. So
much for the first matching pair of zeros.

Repeat for the second pair, 1
2  + 21.022040i and 1

2  – 21.022040i.
The final answer this time is 0.0215632. For the third pair it’s
−0.0535991. Three down, an infinity to go!

After 50 of these calculations, you have the following answers
(read down the columns):

−0.210768 0.0563226 −0.0332852 0.00801349 0.0240114

0.0215632 −0.0274298 −0.00692417 0.0279464 −0.0223427

−0.0535991 0.0481966 0.0205354 0.0159041 −0.0225924

−0.00432174 0.00127986 −0.0312052 −0.0102871 −0.000132221

−0.0868451 0.0128283 0.0280167 0.0224912 −0.0180932

−0.037716 −0.00472225 0.0188243 −0.00106082 0.0221559

−0.0046281 0.0361164 0.0228139 0.0130158 −0.017333

−0.0577894 0.0317626 −0.0301646 −0.0191586 −0.0150514

−0.0400277 0.0222196 0.0208943 −0.018169 0.0206192

−0.0595976 −0.037927 0.0275883 −0.0165671 0.0207551

That first is a bit of an anomaly, because that westernmost dot in
Figure 21-3 is more than twice as far from the vertical axis as any of
the others. After that, though, they get smaller as the values corre-
sponding to the north half of the critical line spiral in toward π i.
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And look at the signs—there are about as many positives as nega-
tives.129 That’s good news, because, though the answers are getting
smaller, they’re not getting smaller very fast, and we need all the help
we can get from positives and negatives canceling each other out on
addition. This is all happening under the sigma sign, remember—
those 50 numbers have to be added up. (The sum is −0.343864, which
is, as a matter of fact, within 8 percent of the infinite sum. Not bad for
just 50 terms.)

Li 20 Li 20kth zero –kth zero  ( ) + ( )

k

–0.2

–0.1

0.1

10 20 30 40 50

FIGURE 21-5 The first 50 values got by taking a non-trivial zero and its

complex conjugate, computing the function values Li (20z), and then

adding them.

You can see from Figure 21-5 why Riemann referred to these
components of the secondary term as “periodic.” They vary irregu-
larly (which means, if you want to be finicky about it, that they are
not strictly “periodic,” only “oscillatory”) up and down, from positive
to negative and back.130 The reason for this is plain in Figure 21-3.

The oscillatory quality of these secondary terms arises because,
as Figure 21-3 shows, the function Li(x ρ) winds the critical line round
and round in an ever-tighter spiral. The function values for the zeros
are likely to end up anywhere on this spiral; especially since, for large
x, the critical line gets immensely stretched before being wound. The
winding is so tight that a high segment of the critical line maps into
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something very close to a circle. The values for the zeros, therefore,
resemble points scattered around the circumference of a circle again.
If you know some trigonometry, you know that this brings us into
the world of sines and cosines, of wave functions, oscillations, vibra-
tions … of music. This is the ultimate root of Sir Michael Berry’s
notion of the “music of the primes.”

Li 20 Li 20kth zero –kth zero  ( ) + ( )

k

–0.02

–0.01

0.01

0.02

500 1000

FIGURE 21-6 Same as Figure 21-5, but showing 1,000 values (and the

points not joined up).

As you add them up, the terms are gradually decreasing, and the
positives and negatives are canceling out, and you get convergence,
though it’s awfully slow. For three-digit accuracy you need to add up
over 7,000 terms; for four-digit accuracy, more than 86,000. In Figure
21-6 I have plotted the first 1,000 results (though some over at the left
got lost in the scaling) without attempting to join the dots this time.
You can see that they really do get smaller, though at a leisurely pace.

The final result is −0.370816425…. This is, to remind you, the
second term in Expression 21-1. The first is, in this case, Li(20), which
is 9.90529997763…. The third term is log 2, which is
0.69314718055994…. The fourth term, that nuisance integral, deliv-
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ers a piddling 0.000364111…. Feed those into Expression 21-1 and—
ker-ching! J(20) = 9.58333333, which we knew all along.

VIII. I’ll round off with a complete calculation of π (1,000,000),
the number of primes up to one million, using Riemann’s formula—
not for the fun of it, though it is of course great fun, but to make
some important points about the error term.

Remember from Chapter 19.iv that

π 1 000 000 1 000 000
1

2
1 000 000

1

3
1 000 0003, , ( , , ) , , , ,( ) = − ( ) − ( ) −J J J L

How far do I need to take that right-hand side? Until the number
inside the parenthesis is less than 2, because J(x) is zero when x is less
than 2. The nineteenth root of 1,000,000 is 2.069138…; the twentieth
root is 1.995262…. We can, therefore, stop at 19. Since 19 is square-
free and has only one prime factor—itself—the Möbius function
µ (19) has value −1. The last item on the right-hand side is, therefore,
− ( )1

19
19 1 000 000J , , . Altogether there are 13 items on that right-hand

side since there are 13 numbers from 1 to 19 whose Möbius function
is not zero: 1, 2, 3, 5, 6, 7, 10, 11, 13, 14, 15, 17, 19. The Möbius func-
tion is zero, remember, for any number that is divisible by a perfect
square like 4 or 9.

Each of those 13 items has four terms: the principal term, the
secondary term (which involves the zeros of the zeta function), the
log 2 term, and the integral term. If I add up all 52 of these fragments,
I have π (1,000,000)—which, we know in advance from Chapter 3.iii,
is 78,498.

I have laid out all this arithmetic in Table 21-1 (omitting row N
when µ (N) is zero). Reading across row N, and using y to stand for
the N-th root of one million, the principal term is (µ(N) ⁄ N) Li(y),
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the secondary term is −
( ) ( )∑

µ ρ

ρ

N

N
Li y , the log 2 term is

−
( )µ N

N
log2, and the integral term is 

µ N

N

dt

t t ty

( )
−( )

∞

∫ 2 1 log .

TABLE 21-1 Calculation of π (1,000,000).

Principal Secondary Log 2 Integral

N term term term term Row totals

1 78627.54916 −29.74435 −0.69315 0.00000 78597.11166

2 −88.80483 0.11044 0.34657 0.00000 −88.34782

3 −10.04205 0.29989 0.23105 0.00000 −9.51111

5 −1.69303 0.08786 0.13863 −0.00012 −1.46667

6 1.02760 −0.02349 −0.11552 0.00031 0.88889

7 −0.69393 −0.04737 0.09902 −0.00058 −0.64286

10 0.29539 −0.02791 −0.06931 0.00183 0.20000

11 −0.23615 −0.00634 0.06301 −0.00234 −0.18182

13 −0.15890 0.03206 0.05332 −0.00340 −0.07692

14 0.13281 −0.01581 −0.04951 0.00394 0.07143

15 0.11202 −0.00362 −0.04621 0.00448 0.06667

17 −0.08133 −0.01272 0.04077 −0.00554 −0.05882

19 −0.06013 −0.02241 0.03648 −0.00657 −0.05263

Column 78527.34662 −29.37378 0.03515 −0.00799 78498.00000

totals

The row totals should, and in fact do, work out to (µ(N) ⁄ N) J(y).
For an easy check, look at the row N = 6. Since a million is 106, the
sixth root of a million is 10. The value of J(10) is easy to work out, it
comes to 16

3 . Because 10 is square-free and the product of two primes,
its Möbius function µ (10) has the value +1. For the row N = 6, that
last column should therefore work out to (+1) × ( 1

6 ) × ( 16
3 ). That is

8
9 , which is just what we have for the row total when N = 6.
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The principal term when N = 1 is of course just Li(1,000,000),
the approximation given by the PNT. What is the difference between
that and π (1,000,000)? A quick subtraction gives the answer. The
difference, taking it as π (1,000,000) minus Li(1,000,000) to preserve
the signs in my table, is –129.54916. How is that difference made up?
As follows.

From principal terms: −100.20254

From secondary terms: −29.37378

From log 2 terms: 0.03515

From integral terms: −0.00799

The largest difference arises from the principal terms. However,
these are pretty predictable. They decline steadily and rapidly.

The difference arising from the secondary terms is of the same
order of magnitude, and its components, those secondary terms, are
much more worrisome. The first secondary term is quite large and
negative; but there is no obvious reason why this should be so. Even
the others do not look helpful. If you just read down the column of
secondary terms, ignoring minus signs, and noting whether each term
is bigger or smaller than the one above it, they read: smaller, bigger,
smaller, smaller, bigger, smaller, smaller, bigger, smaller, smaller, big-
ger, bigger. The one for N = 19 is almost as big as the one for N = 6.
Those secondary terms, the terms that involve zeros of the zeta func-
tion, are the wild cards in this calculation. The log 2 and integral
terms are, as I promised, negligible.

Think of Littlewood’s 1914 paper (Chapter 14.vii), in which he
proved it is not true that Li(x) is always greater than π (x). That means
that the difference will eventually be positive. Since the primary terms
decrease very fast in size, and since the Möbius function makes most
of the first few, including the really big ones (N = 2, N = 3, N = 5),
negative, it’s hard to see how those primary terms can ever contribute
anything to the difference but a big negative number. If the net differ-
ence is going to be positive, as Littlewood proved it eventually will be,
then that number will have to be swamped by bigger, positive, sec-
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ondary terms. For that to happen, the secondary terms—the zeros of
the zeta function—are going to have to seriously misbehave. Appar-
ently they do.

IX. For further insights into the meaning of the error term, look
back at that double spiral on the right of Figure 21-4. It is Li(xcritical line)
when x = 20. The critical line—with, if the RH is true, all the zeta
zeros speckled along it—is sent to that spiral by the function Li(20z).
What happens if, instead of 20, we choose some larger value of x?
What will the corresponding spirals look like?

Figure 21-7 gives the general idea. It shows Li(10critical line),
Li(100critical line) and Li(1,000critical line). In all three cases I have mapped
the same segment of the critical line, the segment from 1

2  – 5i to
1
2 + 5i. Notice the following things that happen as x goes from 10, to

100, to 1,000.

� The spirals get bigger. They still, however, converge on the
same two points, − π i and π i.

� The segment of the critical line that we are mapping, which
has length 10 units, gets more and more stretched, winding
more and more times round the result points at −π i and π i.

� The top spiral and the bottom spiral approach each other,
“kiss” at some value of x between 100 and 1,000, and thereaf-
ter overlap. (The spirals actually kiss when
x = 399.6202933538….)

The segment of the critical line I have mapped here is too short
to reach to the first pair of zeros at 1

2  + 14.134725i. Because the line is
getting stretched, wound more and more round the result points, even
as the spirals get bigger, an interesting question arises. Does the
stretching and winding perhaps keep the zeta zeros close in to − π i
and π i, regardless of how big the spirals become? Answer: No, for
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FIGURE 21-7 Li(xcritical line), for x = 10, 100, and 1,000. The part of the critical

line being mapped here is the segment from 1
2 5− i  to 1

2 5+ i .

–10 10
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bigger and bigger x, the zeta zeros map into points that get arbitrarily
large. When ρ  is the first zeta zero, the one at 1

2  + 14.134725i, for
arguments x around a mere trillion, Li(x ρ) is clocking up real parts of
more than 2,200.

In Chapter 14.vii I noted the recent result by Bays and Hudson
that the first Littlewood violation—when π (x) exceeds Li(x) for the
first time—occurs before, and quite likely at, x = 1.39822 × 10316. Sup-
pose I were to repeat the process I used to calculate π (1,000,000),
but using this number—I’ll call it the “Bays-Hudson Number”—in-
stead of 1,000,000. What would the arithmetic look like?

Obviously I would have more than 13 J-functions to work out.
The 1,050th root of the Bays-Hudson number is 2.0028106…, the
1,051st root is 1.99896202…, so I must take first, second, …, 1,050th
roots of the number and compute their J-functions. It’s not quite
that bad, because a lot of the numbers from 1 to 1,050 are square-
divisible, and so have Möbius function zero. How many? As a matter
of fact 411, so I need to compute only 639 J-functions.131

The double spirals in Figure 21-7 cross the positive real axis suc-
cessively further east, at 2.3078382, 6.1655995, and 13.4960622. If I
was working with the Bays-Hudson Number, that double spiral would
cross the real axis at a number much larger than these, a number that
begins “325,771,513,660” and continues for a further 144 digits be-
fore reaching its decimal point. The spirals now are inconceivably
vast. Yet they still close in on π i and −π i. This means that the top
and bottom spirals massively overlap—you would not be able to dis-
tinguish them in a diagram. The critical line, with the zeros speckled
along it (if the RH is true!) is tremendously stretched out. The dia-
gram equivalent to Figure 21-3 has a far bigger hole in the middle—
though still centered on π i—and the spiral winds trillions of times
between successive low-order zeros, scrambling their coordinates in
the complex plane very effectively, the real parts of the values oscillat-
ing between hugely negative and hugely positive numbers. And all
this refers only to the first of the 639 table rows I need for computing
π (Bays-Hudson Number). Those secondary terms are very unruly.
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All of the calculations in this chapter have assumed, with occa-
sional reminders, that the RH is true. If it is not true, then these el-
egant circles and spirals are mere approximations, and at some un-
known height up the critical line—for some zero ρ  far out along the
infinite sum in that secondary term—the logic of this chapter falls
apart. In the theory of the error term, the RH is central.

X. I have attained the main object of the mathematics in this book,
to show the intimate connection between the distribution of prime
numbers, as embodied in π (x), and the non-trivial zeros of the zeta
function, which make up a large—and, by Littlewood’s result, some-
times dominant—component of the difference between π (x) and
Li(x), that is, of the error term in the PNT.

All this was revealed to us by Bernhard Riemann’s dazzling 1859
paper. We know much more today, of course, than we did in 1859. Yet
the great conundrum first set out in that paper still stands unresolved,
as resistant to assaults by the world’s finest minds as when Riemann
recorded his own “fleeting vain attempts” to prove it, back when ana-
lytic number theory had just been born. What are the prospects now,
in the fifteenth decade of our efforts to crack the RH?
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22
EITHER IT’S TRUE,
OR ELSE IT ISN’T

There is a satisfying symmetry about
the fact that the Riemann Hypothesis (RH), after 120 years among
the mathematicians, has got the attention of the physicists. Riemann’s
own imagination was, as I noted in Chapter 10.i, very much that of a
physical scientist. “Four of the nine papers that he himself managed
to publish must be viewed as belonging to physics” (Laugwitz). And
in fact, number theorist Ulrike Vorhauer132 reminds me, the distinc-
tion between mathematician and physicist was not much made in
Riemann’s time. Shortly before that it was not made at all. Gauss was
a first-rank physicist as well as a first-rank mathematician and would
have been puzzled to hear the two disciplines spoken of as separate
spheres of interest.

Jonathan Keating133 tells the following anecdote, which I must
say I find rather eerie.

I was vacationing in the Harz Mountains with some colleagues. Two

of us decided to drive the 30 miles or so to Göttingen to look at

Riemann’s working notes, which are kept in the library there. I my-

I.
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self wanted to look at his notes from around the time of the 1859

zeta function paper.

My colleague, however, an applied mathematician with no in-

terest in number theory, was interested in some completely differ-

ent work Riemann had done, relating to perturbations. Imagine a

large blob of gas in empty space, held together by the gravitational

attraction between its particles. What happens if you give it a good

kick? Well, there are basically two things that might happen: it might

fly apart, or it might just start wobbling at some frequency. It de-

pends on the size, direction, and location of the kick, the shape and

size of the original blob, and so on.

We got to the library, and I asked to see the notes on number

theory, and my colleague asked to see the notes on perturbation

theory. The librarian did some checking, then she came back and

told us that a single set of Riemann’s notes would do for both of us.

He had been working on both these problems at the same time.

Of course, Jonathan adds, Riemann didn’t have twentieth-
century operator algebra to help him with the perturbation problem,
to give him the set of all possible wobble frequencies as a spectrum of
eigenvalues. He’d just slogged through the differential equations, cre-
ating a sort of ad hoc, embryonic operator theory for himself. Still,
it’s hard to believe that a mind as acute and penetrating as Riemann’s
would have missed the analogy between the zeta zeros strung out on
the critical line, and his spectrum of perturbation frequencies—the
analogy that was so dramatically paralleled over afternoon tea in Fuld
Hall 113 years later!

II. It was at New York University’s Courant Institute that I heard
Keating tell that anecdote, in the early summer of 2002. The occasion
was a four-day series of lectures and discussions organized by the
American Institute of Mathematics (AIM). The title of the thing was
“Workshop on Zeta Functions and Associated Riemann Hypotheses.”
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There were many famous names at the Courant conference. Atle
Selberg himself showed up, 84 years old and still sharp as a tack. (He
pulled up Peter Sarnak on a point of historical-mathematical fact in
the very first lecture. During lunch break I went up to the Courant’s
excellent library and checked the point. Selberg was right.) Many of
the other names mentioned in these last few chapters were present,
too, including both halves of the Montgomery-Odlyzko Law. Other
attendees included the current superstar of math, Andrew Wiles, fa-
mous for having proved Fermat’s Last Theorem; Harold Edwards,
whose definitive book on the zeta function I have mentioned several
times in these pages; and Daniel Bump, one of the two names at-
tached to the most euphonious of all RH-related results, the Bump-
Ng Theorem.134

The AIM has been a considerable force in assaults on the RH
during recent years. The Courant conference was the third they had
sponsored on RH-related topics. The first, at the University of Wash-
ington in Seattle, in August 1996, was inspired by a wish to com-
memorate the proof of the Prime Number Theorem by Hadamard
and de la Vallée Poussin 100 years earlier. The second was held in
1998 at the Erwin Schrödinger Institute in Vienna. The AIM by no
means restricts its activities to RH studies—nor even just to number
theory. They currently have a project on general relativity, for ex-
ample. They have, though, done great work in bringing together
scholars from different fields, pursuing all the different approaches I
have mentioned: algebraic, analytic, computational, and physical.

AIM was established in 1994 by Gerald Alexanderson, a senior
figure in American mathematics (and author of a very good book
about George Pólya), and John Fry, a California businessman. Fry
comes from a family of entrepreneurs. His parents owned a success-
ful chain of supermarkets in California. John fell in love with math
early on and in the 1970s he majored in the subject at Santa Clara
University, where Alexanderson was on the faculty. After graduation
John faced the choice of following the family tradition into business
or going to graduate school. John opted for business and with his two
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brothers started the Fry’s Electronics chain of stores, originally just in
California, but at the time of writing going nationwide.

John Fry and Jerry Alexanderson stayed in touch. They shared a
common interest, collecting rare math books and original papers. In
the early 1990s they kicked around the idea of establishing a math
library to house their collections. This developed into a plan for a
math institute. They called in Brian Conrey, an old classmate of John’s
at Santa Clara, a number theorist of some repute, and a very success-
ful head of department at Oklahoma State University.

For the first few years of its existence, AIM was funded almost
entirely by personal donations from John Fry, to the tune of around
$300,000 a year. This was a case of doing good by stealth. John is a
reserved and private man who does not publicize his activities. When
I first learned about AIM I went looking for a picture of him on the
internet; there weren’t any. In his element, though, that is, among
mathematicians and people who love math, John is perfectly acces-
sible. He took a party of us to lunch at the Courant conference in
New York. A tall, boyish man, his face lights up when he talks math. I
quietly wondered whether he had ever regretted the decision to go
into business rather than the academy, but thought it might be im-
pertinent to ask, and so missed the opportunity.

Visiting AIM headquarters a few days before the Courant confer-
ence, I found it occupying a utilitarian suite of rooms attached to the
Fry’s store in Palo Alto, California. In 2001, however, AIM applied for
National Science Foundation funding to help establish a conference
center on a leafy 200-acre property south of San Jose, California. The
funding was approved, and research programs at the new location
will begin in December 2002.

Another privately-funded enterprise similar to AIM began on the
East Coast of the United States in 1998, when Boston businessman
Landon T. Clay and Harvard mathematician Arthur Jaffe established
the Clay Mathematics Institute (CMI). While AIM’s first major ini-
tiative was to commemorate the proof of the Prime Number Theo-
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rem, CMI’s was to mark the anniversary of Hilbert’s speech at the
1900 Paris Congress.

For that purpose, the Clays held a two-day Millennium Event,
also in Paris, at the Collège de France, in May 2000, during the course
of which a $7 million fund was unveiled, $1 million to be awarded for
the solution to each of seven great mathematical problems. The RH
was naturally included, as problem number 4. (The order was based
on the lengths of the problems’ titles, to give the announcement an
attractive appearance.)Whatever may be the case with the other six
problems, $1 million is very little extra incentive to prove, or dis-
prove, the Hypothesis. It is sufficiently established as the open prob-
lem in math at the beginning of the twenty-first century that who-
ever can resolve it will attain, in addition to everlasting fame, financial
success—in lecture, interview, and royalty fees alone—far in excess of
$1 million.135

III. What are the prospects for a proof or disproof of the RH? De-
livering prognostications about this sort of thing is a very good way
to make a fool of yourself. This is true even if you are a great math-
ematician, which of course I am not. Seventy-five years ago, lecturing
to a lay audience, David Hilbert ranked three problems in ascending
order of difficulty:

� The RH.
� Fermat’s Last Theorem.
� “The Seventh”—that is, number 7 in the list of 23 problems

Hilbert presented at the 1900 congress. In its more explicit
form: If a and b are algebraic numbers, then ab is transcenden-
tal (see Chapter 11.ii) except when it trivially isn’t.

Hilbert said that the RH would be resolved in his lifetime, and
Fermat’s Last Theorem within the lifetime of younger audience mem-

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003

EITHER IT’S TRUE, OR ELSE IT ISN’T 355

bers; but “no-one in this room will live to see a proof of the Seventh.”
In fact the Seventh was proved less than 10 years later, by Alexander
Gel’fond and Theodor Schneider working independently. Hilbert was
right, at a stretch, about Fermat’s Last Theorem, proved by Andrew
Wiles in 1994, when younger members of Hilbert’s audience would
have been in their nineties. He was drastically wrong about the RH,
though. Should the RH make a fool of me, too—should the words I
am about to write be rendered null and void by a proof of the RH
turning up while this book is at the casebinder—I shall at least be
able to console myself that I am in excellent company.

I am, therefore, going to stick my neck out and say that I believe a
proof of the RH to be a long way beyond our present grasp. Survey-
ing the modern history of attempts on the RH is something like read-
ing an account of a long and difficult war. There are sudden surpris-
ing advances, tremendous battles, and heartbreaking reverses. There
are lulls—times of exhaustion, when each side, “fought out,” does
little but conduct small-unit probes of the enemy defenses. There are
breakthroughs followed by outbursts of enthusiasm; and there are
stalemates followed by spells of apathy.

My impression of the current (mid-2002) state of affairs—
though, to be sure, it is only the impression of a noncombatant—is
that researchers are stalemated. We are in a lull. The great burst of
interest generated by Deligne’s proof of the Weil Conjectures in 1973
and by the Montgomery-Odlyzko developments of 1972−1987 seems
to me to have spent itself.

In May 2002 I spent three days at the AIM office in Palo Alto,
reviewing the videotaped record of the 1996 Seattle conference. The
following month I attended the Courant Institute workshop. If you
subtract 1996 from 2002, you get six years. If you “subtract” the con-
tents of the Seattle conference from those of the Courant workshop,
the mathematicians assembled at the Courant had little new to show.
That is not a very surprising statement, to be sure, and I certainly do
not mean it in a disparaging sense. This is work of the utmost diffi-
culty. Progress is naturally slow, and six years is a very short time in
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the history of mathematics. (It took 357 years to prove Fermat’s Last
Theorem!) And there were some striking presentations at the Cou-
rant by younger mathematicians like Ivan Fesenko.

Still, the overriding impression was of stalemate. It is as if the RH
were a mountain to be climbed, but from whichever direction one
approaches it, one sooner or later finds oneself stuck at the rim of a
wide, bottomless crevasse. I lost count of the number of times, in
both 1996 and 2002, a lecturer ended his presentation with a verbal
throwing up of hands: “This is of course a very important advance.
However, it is not clear how we can proceed from here to a proof of
the classical RH….”

Sir Michael Berry, who has a way with words, has coined the con-
cept of the “clariton,” which he defines to be “the elementary particle
of sudden understanding.” In the realm of the RH, claritons are cur-
rently in short supply.

Andrew Odlyzko: “It was said that whoever proved the Prime
Number Theorem would attain immortality. Sure enough, both
Hadamard and de la Vallée Poussin lived into their late nineties. It
may be that there is a corollary here. It may be that the RH is false;
but, should anyone manage to actually prove its falsehood—to find a
zero off the critical line—he will be struck dead on the spot, and his
result will never become known.”

IV. Setting aside the search for a proof, how do mathematicians feel
about the RH? What does their intuition tell them? Is the RH true, or
not? What do they think? I made a point of asking every mathemati-
cian I spoke with, very directly, whether he or she believed the Hy-
pothesis to be true. The answers formed a wide spectrum, with a full
range of eigenvalues.

Among that majority of mathematicians who believe it true
(Hugh Montgomery, for example), it is the sheer weight of evidence
that tells. Now, all professional mathematicians are aware that weight
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of evidence can be a very treacherous measure. There was a good
weight of evidence for Li(x) being always greater than π (x), until
Littlewood’s 1914 result disproved it. Ah, yes, RH believers will tell
you, but that was merely one line of evidence, numerical evidence,
together with the unsupported assumption that the second log-
integral term − 1

2

1
2Li x( ) would continue to dominate the difference,

which would therefore always be negative. For the Hypothesis we have
far more lines. The RH underpins an enormous body of results, most
of them very reasonable and—to bring in a word mathematicians are
especially fond of—“elegant.” There are now hundreds of theorems
that begin, “Assuming the truth of the Riemann Hypothesis….” They
would all come crashing down if the RH were false. That is undesir-
able, of course, so the believers might be accused of wishful thinking,
but it’s not the undesirability of losing those results, it’s the fact of
their existence. Weight of evidence.

Other mathematicians believe, as Alan Turing did, that the RH is
probably false. Martin Huxley136 is a current nonbeliever. He justifies
his nonbelief on entirely intuitive grounds, citing an argument first
put forward by Littlewood: “A long-open conjecture in analysis gen-
erally turns out to be false. A long-open conjecture in algebra gener-
ally turns out to be true.”

The answer I liked best was Andrew Odlyzko’s. He was actually
the first person to whom I posed the question—the first mathemati-
cian I approached, when I was preparing the proposal for this book.
We went for dinner at a restaurant in Summit, New Jersey. Andrew
was at that time working for Bell Labs; he is now at the University of
Minnesota.

I was fairly new to the RH at this point and had been learning a
lot. With an excellent Italian meal under our belts and two hours of
solid math talk behind us, having finally run out of things to ask, I
said this:

JD: Andrew, you have gazed on more non-trivial zeros of the
Riemann zeta function than any person alive. What do you think
about this darn Hypothesis? Is it true, or not?
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AO: Either it’s true, or else it isn’t.
JD: Oh, come on, Andrew. You must have some feeling for an

answer. Give me a probability. Eighty percent it’s true, twenty percent
it’s false? Or what?

AO: Either it’s true, or else it isn’t.
I could get no more from him than that. He simply would not

commit himself. In a later conversation, in another place, I asked An-
drew if there are any good mathematical reasons to believe the Hy-
pothesis false. Yes, he said, there are some. You can, for example, de-
compose the zeta function into different parts, each of which tells
you something different about zeta’s behavior. One of these parts is
the so-called S function.  (This has no connection at all with the func-
tion I called S(x) in Chapter 9.ii.) For the entire range for which zeta
has so far been studied—which is to say, for arguments on the critical
line up to a height of around 1023—S mainly hovers between –1 and
+1. The largest value known is around 3.2. There are strong reasons
to think that if S were ever to get up to around 100, then the RH
might be in trouble. The operative word there is “might”; S attaining
a value near 100 is a necessary condition for the RH to be in trouble,
but not a sufficient one.

Could values of the S function ever get that big? Why, yes. As a
matter of fact, Atle Selberg proved in 1946 that S is unbounded; that
is to say, it will eventually, if you go high enough up the critical line,
exceed any number you name! The rate of growth of S is so creepingly
slow that the heights involved are beyond imagining; but certainly S
will eventually get up to 100. Just how far would we have to explore
up the critical line for S to be that big? Andrew: “Probably around T
equals 101010 000,

.” Way beyond the range of our current computational
abilities, then? “Oh, yes. Way beyond.”

V. A thing that nonmathematical readers want to know, a question
that is always asked when mathematicians address lay audiences, is,
What use is it? Suppose the RH were proved true, or false. What prac-

Copyright © 2003 National Academy of Sciences. All rights reserved.
Unless otherwise indicated, all materials in this PDF File provided by the National Academies Press (www.nap.edu) for res
purposes are copyrighted by the National Academy of Sciences. Distribution, posting, or copying is strictly prohibited w
written permission of the NAP.
Generated for deleow@telefonica.com.ar on Mon Nov 24 14:22:41 2003

EITHER IT’S TRUE, OR ELSE IT ISN’T 359

tical consequences would follow? Would our health, our convenience,
our safety be improved? Would new devices be invented? Would we
travel faster? Have more devastating weapons? Colonize Mars?

I had better unmask myself at this point as a pure mathematician
sans mélange, having no interest in such questions at all. Most math-
ematicians—and most theoretical physicists, too—are motivated not
by any thought of advancing the health or convenience of the human
race, but by the sheer joy of discovery and the challenge of tackling
difficult problems. Mathematicians are generally pleased when their
work turns out to have some practical result (at any rate if the result
is peaceful), but they rarely think about such things in their working
lives. At the Courant conference I sat through four days of solid lec-
tures and discussions on topics related to the RH, from 9:30 A.M. to
6:00 P.M. every day, without ever hearing a mathematician mention
practical consequences.

Here is what Jacques Hadamard had to say on this point in The
Psychology of Invention in the Mathematical Field.

[T]he answer appears to us before the question…. Practical appli-

cation is found by not looking for it, and one can say that the whole

progress of civilization rests on that principle…. [P]ractical ques-

tions are most often solved by means of existing theories…. It sel-

dom happens that important mathematical researches are directly

undertaken in view of a given practical use: they are inspired by the

desire which is the common motive of every scientific work, the

desire to know and to understand.

G.H. Hardy, in the concluding pages of his strange little Apology,
was more blunt and more personal about it.

I have never done anything “useful.” No discovery of mine has made,

or is likely to make, directly or indirectly, for good or ill, the least

difference to the amenity of the world…. Judged by all practical

standards, the value of my mathematical life is nil.
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In the case of prime number theory, Hadamard’s “the answer ap-
pears to us before the question” applies, and Hardy’s claim is no
longer true. Beginning in the late 1970s, prime numbers began to
attain great importance in the design of encryption methods for both
military and civilian use. Ways to test a large number for primality,
ways to resolve large numbers into their prime factors, ways to manu-
facture gigantic primes; these all became very practical matters in-
deed in the last two decades of the twentieth century. Theoretical
results, including some of Hardy’s, were essential in these develop-
ments, which, among other things, allow you to use your credit card
to order goods over the internet. A resolution of the RH would un-
doubtedly have further consequences in this field, validating all those
countless theorems about primes that begin, “Assuming the truth of
the RH…” and acting as a spur to further discoveries.

And of course, if the physicists really do succeed in identifying a
“Riemann dynamics,” our understanding of the physical world will
be transformed thereby.

Unfortunately, it is impossible to predict what things will follow
from that transformation. Not even the cleverest people can make
such predictions, and those who do should not be trusted. Here is a
mathematician at work, not quite 100 years ago.

Every morning I would sit down before a blank sheet of paper.

Throughout the day, with a brief interval for lunch, I would stare at

the blank sheet. Often when evening came it was still empty….

[T]he two summers of 1903 and 1904 remain in my mind as a pe-

riod of complete intellectual deadlock…. [I]t seemed quite likely

that the whole of the rest of my life might be consumed in looking

at that blank sheet of paper.

That is from Bertrand Russell’s autobiography. What was stump-
ing him was the attempt to find a definition of “number” in terms of
pure logic. What does “three,” for example, actually mean? The Ger-
man logician Gottlob Frege had come up with an answer; but Russell
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had found a flaw in Frege’s reasoning and was searching for a way to
plug the leak.

If you had asked Russell, during those summers of frustration,
whether his perplexities were likely to lead to any practical applica-
tion, he would have hooted with laughter. This was the purest of pure
intellection, to the degree that even Russell, a pure mathematician by
training, found himself wondering what the point was. “It seemed
unworthy of a grown man to spend his time on such trivialities…,”
he remarked. In fact, Russell’s work eventually brought forth Principia
Mathematica, a key development in the modern study of the founda-
tions of mathematics. Among the fruits of that study have been, so
far, victory in World War II (or at any rate, victory at a lower cost than
would otherwise have been possible) and machines like the one on
which I am writing this book.137

The RH should therefore be approached in the spirit of
Hadamard and Hardy, though preferably without the overlay of mel-
ancholy Hardy put on his disclaimer. As Andrew Odlyzko told me,
“Either it is true, or else it isn’t.” One day we shall know. I have no idea
what the consequences will be, and I don’t believe anyone else has,
either. I am certain, though, that they will be tremendous. At the end
of the hunt, our understanding will be transformed. Until then, the
joy and fascination is in the hunt itself, and—for those of us not
equipped to ride—in observing the energy, resolution, and ingenuity
of the hunters. Wir müssen wissen, wir werden wissen.
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