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A prime number is a positive whole number greater than one which is divisible
only by itself and one. The first few are shown above. If the definition doesn’t
mean much to you, think of prime numbers as follows:

If you are presented with a pile of 28 stones, you will eventually deduce that the
pile can be divided into 2 equal piles of 14, 4 equal piles of 7, 7 equal piles of 4,
etc. However, if one more stone is added to the pile, creating a total of 29, you
can spend as long as you like, but you will never be able to divide it into equal
piles (other than the trivial 29 piles of 1 stone). In this way, we see that 29 is a
prime number, whereas 28 is non-prime or composite.

All composites break down uniquely into a product of prime factors: i.e. 28 = 2 x 2
x 7. Note that 2 is the only even prime - all other even numbers are divisible by 2.
1 is neither prime nor composite by convention.
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The number one is far more special than a prime!  It is the unit (the building
block) of the positive integers, hence the only integer which merits its own
existence axiom in Peano's axioms.  It is the only multiplicative identity (1.a =
a.1 = a for all numbers a).  It is the only perfect nth power for all positive
integers n.  It is the only positive integer with exactly one positive divisor. 
But it is not a prime.  So why not?  Below we give four answers, each more
technical than its precursor. 

Answer One:  By definition of prime!

The definition is as follows. 

An integer greater than one is called a prime number if its only
positive divisors (factors) are one and itself. 

Clearly one is left out, but this does not really address the question "why?" 

Answer Two:  Because of the purpose of primes.

The formal notion of primes was introduced by Euclid in his study of perfect
numbers (in his "geometry" classic The Elements).  Euclid needed to know
when an integer n factored into a product of smaller integers (a nontrivially
factorization), hence he was interested in those numbers which did not factor. 
Using the definition above he proved: 

The Fundamental Theorem of Arithmetic 

Every positive integer greater than one can be written uniquely as a
product of primes, with the prime factors in the product written in order
of nondecreasing size.

Here we find the most important use of primes: they are the unique building
blocks of the multiplicative group of integers.  In discussion of warfare you
often hear the phrase "divide and conquer."  The same principle holds in
mathematics.  Many of the properties of an integer can be traced back to the
properties of its prime divisors, allowing us to divide the problem (literally)
into smaller problems.  The number one is useless in this regard because a =
1.a = 1.1.a = ...  That is, divisibility by one fails to provide us any information
about a. 

Answer Three: Because one is a unit.

Don't go feeling sorry for one, it is part of an important class of numbers call
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the units (or divisors of unity).  These are the elements (numbers) which have
a multiplicative inverse.  For example, in the usual integers there are two units
{1, -1}.  If we expand our purview to include the Gaussian integers {a+bi | a,
b are integers}, then we have four units {1, -1, i, -i}.  In some number systems
there are infinitely many units. 

So indeed there was a time that many folks defined one to be a prime, but it is
the importance of units in modern mathematics that causes us to be much
more careful with with the number one (and with primes).

Answer Four: By the Generalized Definition of
Prime.

(See also the technical note in The prime Glossary' definition).

There was a time that many folks defined one to be a prime, but it is the
importance of units and primes in modern mathematics that causes us to be
much more careful with the number one (and with primes).  When we only
consider the positive integers, the role of one as a unit is blurred with its role
as an identity; however, as we look at other number rings (a technical term for
systems in which we can add, subtract and multiply), we see that the class of
units is of fundamental importance and they must be found before we can
even define the notion of a prime.  For example, here is how Borevich and
Shafarevich define prime number in their classic text "Number Theory:" 

An element p of the ring D, nonzero and not a unit, is called
prime if it can not be decomposed into factors p=ab, neither of
which is a unit in D. 

Sometimes numbers with this property are called irreducible and then the
name prime is reserved for those numbers which when they divide a product
ab, must divide a or b (these classes are the same for the ordinary
integers--but not always in more general systems).  Nevertheless, the units are
a necessary precursors to the primes, and one falls in the class of units, not
primes. 
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Here the sequence of primes is presented graphically in terms of a step function or
counting function which is traditionally denoted . (Note: this has nothing to do

with the value =3.14159...)

The height  of the graph at horizontal position x indicates the number of primes

less than or equal to x. Hence at each prime value of x we see a vertical jump of one
unit.

Note that the positions of primes constitute just about the most fundamental,
inarguable, nontrivial information available to our consciousness. This transcends
history, culture, and opinion. It would appear to exist 'outside' space and time and yet
to be accessible to any consciousness with some sense of repetition, rhythm, or
counting. The explanation in the previous page involving piles of stones can be used
to communicate the concept of prime numbers without the use of spoken language,
or to a young child.
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By zooming out to see the distribution of primes within the first 100
natural numbers, we see that the discrete step function is beginning to
suggest a curve.
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Zooming out by another factor of 10, the suggested curve becomes even
more apparent. Zooming much further, we would expect to see the
"granular" nature of the actual graph  vanish into the pixelation of

the screen.
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Now zooming out by a factor of 50, we get the above graph. Senior Max Planck Institute
mathematician Don Zagier, in his article "The first 50 million primes" [Mathematical
Intelligencer, 0 (1977) 1-19] states:

"For me, the smoothness with which this curve climbs is one of the most
astonishing facts in mathematics."

(Note however that you are not looking at a smooth curve. Sufficiently powerful
magnification would reveal that it was made of unit steps. The smoothness to which
Zagier refers is smoothness in limit.)

The juxtaposition of this property with the apparent 'randomness' of the individual
positions of the primes creates a sort of tension which can be witnessed in many
popular-mathematical accounts of the distribution of prime numbers. Adjectives such as
"surprising", "astonishing", "remarkable", "striking", "beautiful", "stunning" and
"breathtaking" have been used. Zagier captures this tension perfectly in the same article:

"There are two facts about the distribution of prime numbers of which I
hope to convince you so overwhelmingly that they will be permanently
engraved in your hearts. The first is that, despite their simple definition
and role as the building blocks of the natural numbers, the prime
numbers...grow like weeds among the natural numbers, seeming to obey
no other law than that of chance, and nobody can predict where the next
one will sprout. The second fact is even more astonishing, for it states
just the opposite: that the prime numbers exhibit stunning regularity,
that there are laws governing their behaviour, and that they obey these
laws with almost military precision."
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In 1896, de la Valee Poussin and Hadamard simultaneously proved what had been
suspected for several decades, and what is now known as the prime number
theorem:

In words, the (discontinuous) prime counting function  is asymptotic to the

(smooth) logarithmic function x/log x. This means that the ratio of  to x/log x can

be made arbitrarily close to 1 by considering large enough x. Hence x/log x provides
an approximation of the number of primes less than or equal to x, and if we take
sufficiently large x this approximation can be made as accurate as we would like
(proportionally speaking - very simply, as close to 100% accuracy as is desired).

The original proofs of the prime number theorem suggested other, better
approximations. In the above graph we see that x/log x, despite being asymptotic to

, is far from being the smooth function which  suggests when we zoom out

- there is plenty of room for improving the approximation. These improvements turn
out to be greatly revealing.
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The first improvement on x/log x we consider is the logarithmic integral
function Li(x). This is defined to be the area under the curve of the
function 1/log u between 2 and x, as illustrated in the lefthand figure.
Gauss arrived at this from the empirical fact that the probability of finding
a prime number at an integer value near a very large number x is almost
exactly 1/log x.

l'Hopital's rule can be used to show that the ratio of x/log x to

 tends to 1 as x approaches infinity. Thus we may

use either expression as an approximation to  in the statement of

the prime number theorem.

In the righthand figure we see that this function provides an excellent fit
to the function . As Zagier states, "within the accuracy of our

picture, the two coincide exactly."
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Zagier goes on to state:
"There is one more approximation which I would like to
mention. Riemann's research on prime numbers suggests
that the probability for a large number x to be prime should be
even closer to 1/log x if one counted not only the prime
numbers but also the powers of primes, counting the square
of a prime as half a prime, the cube of a prime as a third, etc.
This leads to the approximation

or, equivalently,

The function on the right side. . .is denoted by R(x), in honour
of Riemann. It represents an amazingly good approximation
to  as the above values show."

To be clear about this, it should be pointed out that the explicit definition
for the the function R(x) is

where  are the Möbius numbers. These are defined to be zero

when n is divisible by a square, and otherwise to equal (-1)k where k is
the number of distinct prime factors in n. As 1 has no prime factors, it
follows that (1) = 1.

<< previous      next >>
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It seems, then, that the distribution of prime numbers 'points to' or implies
Riemann's function R(x). This function can be thought of as a smooth
ideal to which the actual, jagged, prime counting function clings. The next
layer of information contained in the primes can be seen above, which is
the result of subtracting  from R(x). This function relates directly to

the local fluctuations of the density of primes from their mean density.

In their article "Are prime numbers regularly ordered?", three Argentinian
chaos theorists considered this function, treated it as a 'signal', and
calculated its Liapunov exponents. These are generally computed for
signals originating with physical phenomena, and allow one to decide
whether or not the underlying mechanism is chaotic. The authors
conclude

"...a regular pattern describing the prime number
distribution cannot be found. Also, from a physical point
of view, we can say that any physical system whose
dynamics is unknown but isomorphic to the prime
number distribution has a chaotic behaviour."

A physicist shown the above graph might naturally think to attempt a
Fourier analysis - i.e. to see if this noisy signal can be decomposed into a
number of periodic sine-wave functions. In fact something very much like
this is possible. To understand how, we must look at the Riemann zeta
function.

<< previous      next >>
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Euler proved that the infinite sum 1 + 1/2 + 1/3 + 1/4 + 1/5 + . . . does not
take a finite value (unlike, say, 1 + 1/2 + 1/4 + 1/8 + . . . which sums to 2).
However, if we raise the denominators to higher powers, for example

1 + 1/22 + 1/32 + 1/42+ . . .      or      1 + 1/23 + 1/33 + 1/43 + . . . 

we get a computable, finite sum. As it is possible to extend the concept of
exponentiation xn from integer n to rational powers, and eventually to all
real-valued exponents, we can consider how small x>1 can be made so
that

1 + 1/2x + 1/3x+ 1/4x + 1/5x + . . . 

still converges to a finite sum. It turns out that this sum converges for all x
> 1, which then suggests the (real valued) zeta function

 = 1 + 1/2x + 1/3x + 1/4x + 1/5x + . . .

We know that (a) this is a well-defined smooth function for x>1, (b) that its
value approaches infinity as x approaches 1 from above, and (c) that as x
tends to infinity,   approaches 1 (all higher terms dwindle to

nothing). Euler demonstrated that this infinite sum could also be
expressed in terms of an infinite product using the sequence of prime
numbers:

 = [1/(1-1/2x)] [1/(1-1/3x)][1/(1-1/5x)][1/(1-1/7x)]. . .

Formally, we write
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Although this identity may be initially surprising, it's not actually that
difficult to demonstrate. See for example K. Devlin's elementary historical
account "How Euler discovered the zeta function".

The zeta function, as simple as it is to define, has some remarkable
properties, some of which we shall now examine.
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Are Prime Numbers Regularly Ordered?

Z. Gamba, J. Hernando

Departamento de Fisica, Comision Nacional de Energia Atomica, Av.
Libertador 8250, 1429 Buenos Aires, Argentina

and

L. Romanelli

CAERCEM, Julian Alvarez 1218, 1414 Buenos Aires, Argentina

This article appeared in Physics Letters A 145, no. 2,3 (2 April 1990),
106-108.

Abstract: The form of the prime number distribution function has
withstood the efforts of all the mathematicians that have considered it.
Here we address this problem with the tools of chaotic dynamics and find
that, from a physical point of view, this distribution function is chaotic.

[Commentary]
The article was not part of the authors' usual current of research.
Hernando's 12 year old daughter Leticia brought the issue to his attention
whilst doing her homework! As they had been working on certain
chaos-related issues, it occurred to them to apply certain tests to the
prime distribution which are normally applied to physical systems studied
by chaos theorists.

The article begins:

"A classical and long standing problem in number theory is the behaviour
of the prime number distribution [1].

Several attempts to find a regular pattern for the prime distribution have
been made in the past [2] and, to our knowledge, none of them was
successful.

From a strictly mathematical point of view, this problem was extensively
studied and still remains unsolved. However, some statistical results have
been obtained, e.g. the fractions of intervals which contains exactly k
primes follow a Poisson distribution [3]."

From a physical point of view we thought that if we find that this
distribution is chaotic, some non-rigorous answers can be provided."

They go on to discuss the connection with quantum chaology, and the
study of the Riemann zeta function by Berry, et.al. in the search for a
model of quantum chaos [4], and a possible proof of the Riemann
hypothesis, based on the "spectral conjecture" of Hilbert and Pólya. The
GUE hypothesis is also mentioned.
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They continue:

"Furthermore, as there is an increasing interest in applying number
theory to chaotic dynamics [6], we think that it is worthwhile to look into
the older number theory problem with the tools provided by classical
chaotic dynamics.

The evolution of the power spectrum and Liapunov exponents
lambdaIare the most elementary tests to be applied to a series of
numbers generated by an unknown dynamics in order to search for some
hidden regularity. If at least one of the lambdaI is positive, we know the
underlying dynamics is chaotic [7]."

Rather than analysing the sequence of primes itself, the authors consider

the difference between the prime counting function  and the analytic
approximation function R(x) given by Riemann. This difference function
D(x) shows how the actual distribution of primes fluctuates around its
analytic density. In some sense it is a more direct representation of the

"behaviour" of the primes than the more obvious . They include a
graph of D(x) as their Figure 1.

Fig.1. Evolution of the D(x) function; N is the natural number succession

Figure 1 shows the evolution of D(x) and we analyze its seemingly erratic
behaviour by calculating its power spectrum and Liapunov exponent."

Figure 2 shows the corresponding power spectrum. They observe a
broad band at low frequencies, and point out that it is quite a strong
(necessary but not sufficient) indication of chaotic behaviour.
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Figure 3 shows the variation of the largest Liapunov exponent with the
size of the analyzed succession. The authors observe that it is
unequivocally positive in all the range and, after an initial increase, a wide
plateau is reached with a convergent value of 0.11 after nearly 20,000
points. They calculated this with the method of Eckmann, et. al. [9]. It
turns out that this method also gives a minimal embedding dimension of
for the unknown underlying classical dynamic system.

The other Liapunov exponents are 0.00, -0.04, and -0.14 to give a sum of
-0.07. The authors safely conclude that their statistics are not sufficient to
conclude reliably whether the system in question is conservative or
dissipative.

To conclude:

"Therefore we can safely conclude that a regular pattern describing the
prime number distribution cannot be found. Also, from a physical point of
view, we can say that any physical system whose dynamics is unknown
but isomorphic to the prime number distribution has a chaotic behaviour."
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The function , whose graph is seen above, can be easily shown

to equal the infinite sum

where  is the Möbius Function which we encountered earlier. Recall

that it is defined on the natural numbers as follows:

 equals zero when n is divisible by a square, and otherwise equals

(-1)k where k is the number of distinct prime factors in n.

For example,

(28) = 0, as 28 is divisible by 4 = 22

(42) = (-1)3 = -1 as 42 = 2 x 3 x 7

(55) = (-1)2 = 1 as 55 = 5 x 11.

(242) = 0, as 242 is divisible by 121 = 112.

In this way,  acts as a "generating function" for the arithmetic

information associated with the function . Other functions

constructed from  have similar properties. Three examples:

(i)  generates the sequence of values  as follows:

 = (1)|/1x + | (2)|/2x + | (3)|/3x + . . .
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(ii) log  generates the sequence of values {l(n)} where l(n) is defined

to be 1/k when n = pk and to be zero otherwise:

log  = l(1)/1x + l(2)/2x + l(3)/3x + . . .

(iii)  generates the sequence of values  where

 (the von Mangoldt function) is zero unless n is a power of a prime

p, in which case it takes the value log p:

 = (1)/1x + (2)/2x + (3)/3x + . . .

<< previous      next >>
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The zeta function we have encountered until now has only been defined
for real values greater than 1.

The real number line is contained within a larger number system, the
plane of complex numbers of the form z = a + ib where a and b are reals.
Here i is the imaginary unit, defined to be the square root of -1 which is a
property not possessed by any real number. The complex plane 
represented above has a real axis consisting of all complex numbers z
with imaginary part zero, and an imaginary axis consisting of all complex
numbers z with real part zero.

The darker portion of the real axis shows the domain of definition for the
real-valued zeta function. By a very important process called analytic
continuation, the zeta function can be extended in a unique way to be
defined over the entire complex plane, with the exception of the point z =
1, where it effectively becomes infinite. This point is known as a simple
pole of the (analytically continued) Riemann zeta function.

This newly extended zeta function is not only defined on complex values,
but is also complex-valued, i.e.  is not generally a real number. For

this reason, it is not easy to display its behaviour with a static graph. It
maps points in  to other points in , so it is perhaps best to try to
imagine it in more 'dynamic' terms. Just as the real-valued zeta function
essentially maps the (real) interval x > 1 onto itself by "inverting" it in a
very particular and important way, the complex-valued Riemann zeta
function can be thought of roughly as "turning the complex plane
inside-out" in a very particular and profoundly important way. This
"turning inside-out" mapping is far from simple, as we shall go on to see.
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Here we see the modulus  of the zeta function plotted over the complex

plane where z = x + iy. Recall the definition |a + ib|2 = |a|2 + |b|2. Note the pole at
z = 1.

Unfortunately we cannot represent the behaviour of  itself with a static graph,

because it is a complex-valued function over the complex plane. It may be useful
to think of it in more 'active' terms, acting on the complex plane to transport the
point z to the point .

However, a Mathematica application developed by Bernd Thaller (University of
Graz) allows 2D or 3D representation of complex-valued functions through the
use of colours. Here is a representation of the zeta function produced by Alex
Astashyn using this application.

<< previous       next >>
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This graph shows the behaviour of .

This allows us to see some points z where  is zero. These lie at the bases of

the vertical spikes where  becomes infinite. It appears that there is a row

of such zeros running parallel, and close, to the imaginary axis. These turn out to
be of great importance to the distribution of prime numbers.
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The zeros of , that is the points in the complex plane where  , are of

particular interest.

They fall into two categories. The trivial zeros are the negative even integers
-2,-4,-6,-8,..., so-called because it is relatively easy to demonstrate that  for

natural numbers n. The nontrivial zeros are much more mysterious.

Riemann was able to prove that they must all lie in the vertical strip defined by 0 <
Re(z) < 1, which is now known as the critical strip. Further, due to the functional
equation, which relates the values of  and , we are able to see that the

set of all nontrivial zeros must be symmetric about both the real axis Im(z) = 0 and the
critical line, the central axis of the critical strip defined by Re(z) = 1/2.

That is, if a + bi is a nontrivial zero, then we know immediately that a - bi, (1-a) + bi and
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(1-a) - bi are also nontrivial zeros.

Riemann was able to prove that there are an infinite number of nontrivial zeros. He
computed the first few by hand and discovered that the all lay on the critical line. This
led to the now-famous Riemann Hypothesis which states simply that all nontrivial
zeros of  have real part 1/2. This has been confirmed for at least the first

1,500,000,000 zeros, using powerful computers, but this does not constitute a proof!

Here are some tables of zeros compiled by Andrew Odlyzko.

The proof of the Riemann Hypothesis has been called "the single most desirable
achievement for a mathematician".
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Here we see the behaviour of the Riemann zeta function on the critical
line Re[z] = 1/2. Recall that all known zeros lie on this line. These graphs
show parts of the image of this line after it has been mapped into  by .

The nontrivial zeros correspond to the points on the curve where it
passes through the origin.

These graphs are taken from the article "Phase of the Riemann zeta
function and the inverted harmonic oscillator" by R.K. Bhaduri, Avinash
Khare and J. Law in which they state

"The loop structure of the  function at  = 1/2, with some near-circular

shapes, is reminiscent of the Argand plots for the scattering amplitudes of
different partial waves in the analysis of resonances, for example in
pion-nucleon scattering."

This seems to be more than a superficial resemblance, as the authors go
on to argue that "The smooth phase of the  function along the line of the

zeros is related to the quantum density of states of an inverted oscillator."
This is just one of a number of surprising connections between physics
and prime numbers (in this case via the zeta function).
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We encountered this graph earlier. Recall that it shows us the deviations
of the prime counting function  from the smooth approximating

function R(x). It was hinted that this noisy function might somehow
decompose into fairly simple component functions. Indeed, this is the
case.

The usual process of Fourier analysis essentially decomposes "signals"
such as this into (periodic) sine wave functions. In this case, the
component functions are quasi-periodic, based on sine waves but with a
particular kind of logarithmic deformation.

Remarkably, the functions in question, the sum of which produces the
function seen above, are intimately connected with the nontrivial zeros of
the zeta function which we've just seen.

<< previous      next >>
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The difference function R(x) -  seen earlier can be expressed as the infinite

sum over the set of zeros (both trivial and nontrivial)  of the Riemann zeta

function:

This sum separates into sums over the trivial and nontrivial zeros respectively. The
former is the relatively simple function R(x -2) + R(x -4) + R(x -6) + ...

The sum over the nontrivial zeros can be expressed as the sum of the sequence of
functions {-Tk(x)} where Tk is defined as follows:

where the  and  are the kth pair of nontrivial zeta zeros, which we know

must be complex conjugates. The first four functions T1(x), T2(x),T3(x), and T4(x)
are pictured above.

Our first apparent obstacle is that  and  are complex numbers. However, the

function xk can be meaningfully extended from real k to complex k in a fairly
straightforward way. This means that the  and  are also complex- valued.

This also initially seems like a problem, as the Riemann function R defined earlier
as an approximation of  was clearly intended to act on real values only.

However, by the same process of analytic continuation discussed earlier, R can be
extended to the entire complex plane, taking the form given by the Gram series:
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Here ln x is the usual extension of the logarithm function to . Also note the role of
the Riemann zeta function.

So we see that  and  can be given precise meanings, and will yield

complex numbers. Usefully, the imaginary parts of this pair of complex numbers
can be shown to cancel, so that their sum which is Tk(x) will always be a
real-valued function.

A detailed explanation of how the nontrivial zeros can be used to exactly
reconstruct the function  can be found here.

<< previous      next >>
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If we define the sequence of functions:

then from what we have seen, this should approach  in limit as n

tends to infinity. This is indeed what happens. Above we see R10(x) and
R29(x), which clearly appear to be progressing toward a step function. An
animation depicting this progression can be found here.

Here we have an infinite sequence of smooth functions, each built up
from the simple Riemann function R(x) and a finite number of the
quasi-sinusoidal functions Tn(x) which we have just defined. The limit of
this sequence is a discontinuous function, the familiar .

In this way we see how the distribution of prime numbers, as
characterised by the counting function , can be reconstructed from

the nontrivial zeros of the Riemann zeta function in the complex plane.
The function R(x) deals with the average behaviour of , whereas the

sum of the Tk(x) captures the local fluctuations in the distribution. For this
reason the sequence of nontrivial zeta zeros is sometimes described as
being "dual" to the sequence of prime numbers. They appear to be two
aspects of the same thing.

<< previous       next >>
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This graph compares the two approximate functions R10(x) and R29(x)
with the prime counting function . The fairly rapid convergence of

the Rn(x) thus becomes apparent.

<< previous      next >>
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The distribution of nontrivial zeros of the zeta function is governed by the
following asymptotic law:

This gives the approximate number of zeros in the critical strip whose
imaginary parts are between 0 and T. Using this, we can 'renormalise' the
locations of the zeros, so that the average spacing between them
becomes 1, and then study the statistics of the local fluctuations.

It has been hypothesised that these statistics correspond to the
eigenvalue spacing statistics of a particular class of large random
matrices called the Gaussian Unitary Ensemble. GUE statistics are
important because they relate to the energy spectra of particular systems
studied by quantum chaologists.

This hypothesis is backed up by overwhelming numerical evidence,
involving thousands of hours of supercomputer calculations carried out by
A. Odlyzko, among others. This makes plausible the spectral
interpretation of the Riemann zeta function, which suggests that the
imaginary parts ('heights') of the nontrivial zeros correspond to the
spectrum of eigenvalues of some operator. The spectral interpretation is
among the most promising approaches to proving the Riemann
Hypothesis.
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Peter Sarnak of Princeton University says, "Odlyzko's computations are
the first phenomenological insight that the zeros are absolutely,
undoubtedly, 'spectral' in nature. Riemann himself would be
impressed...At the phenomenological level, this is perhaps the most
striking discovery about zeta since Riemann."

Remarkably, on the basis of his conjecture, and results from quantum
chaology, Michael Berry has been able to predict certain subtle statistical
trends in the spacing of the nontrivial zeros. These concern their number
variance, and have also been confirmed by Odlyzko's calculations. Above
we see a graphs displaying how accurately Berry's prediction (the curve)
fits the actual data based on the spacings of the zeros (the small black
squares).

More information on this quantum chaological approach to proving the
Riemann Hypothesis can be found here.

<< previous      next >>
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"I sometimes have the feeling that the number system is comparable with the
universe that the astronomer is studying...The number system is something like a
cosmos."

M. Jutila [quoted in K. Sabbagh, "Beautiful Mathematics", Prospect (Jan. 2002)]

In recent years, a rapidly expanding body of work has been making unexpected,
seemingly unrelated connections between the mysterious distribution of prime
numbers and various branches of physics. Note that in general, mathematics
'informs' physics, but not vice versa. That is, mathematicians have traditionally been
able to provide physicists with useful insights and techniques, but this has been
largely a one-way process. What we are considering here is the reverse process,
where insights and techniques derived from physics are shedding new light on pure
mathematical (in particular, number theoretical) concerns. The following pages are
an attempt to document and archive this material as comprehensively as possible:

number theory and physics archive

As far as I am aware, no general explanation has been put forward as to why this
should be happening - i.e. why elaborate concepts, structures and phenomena
developed and studied by physicists, such as thermodynamic partition functions,
quantum harmonic oscillators, spontaneous symmetry breaking, 1/f noise,
Hagedorn catastrophes, pion-nucleon scattering, The Fokker-Planck equation, the
Wiener-Khintchine duality relation, etc. should be so directly relevant to the purest of
pure mathematical structures - the sequence of prime numbers.

However, some months before I became aware of any of the various material
compiled in the above-mentioned archive, an image emerged out of my
dream-consciousness, and turned into one of the strangest ideas ever to have
entered my mind:

mysterious occurences on the interface of physics and number theory
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In some previously unexplored context, the familiar 'shape' of the sequence of
prime numbers is the result of a kind of dynamic or evolutionary process.

Although I was aware that this might be completely meaningless, the idea had such
a profound effect on me that I attempted to find a rigorous mathematical framework
in which it could perhaps be given some meaning.

In the process, I gradually discovered the various material mentioned above, and
found it rather encouraging. For suppose we imagine that there is some meaningful
content to my unorthodox speculation, i.e there does exist some sort of mysterious
dynamics underlying the distribution of prime numbers. We might then expect to find
certain 'clues' as to the nature of the dynamics hidden in the subtleties of the prime
distribution. Perhaps this is what is happening.

The following page documents an initial attempt to provide a coherent mathematical
foundation for the concept. Although I am no longer sure what to think about this
idea, I feel that it is worth leaving the document online for anyone who might be
interested.

This may turn out to be of more psychological than mathematical interest. I feel that
at the very least I picked up on some kind of 'resonance' with an important set of
ideas emerging in the mathematical sciences, even if the form into which my mind
translated this may have been somewhat naive.

'prime evolution' notes

The following rather extraordinary preprint, which I discovered recently (April 2001),
may turn out to be relevant here:

I.V. Volovich, "Number theory as the ultimate physical theory", Preprint CERN-TH
87 4781-4786 (1987)

You are invited to send me any comments, questions, or criticism. My original hope
was that the notes would eventually attract the attention of researchers
appropriately specialised to either make use of the ideas involved, or to
demonstrate conclusively that they are meaningless.
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This animation depicts the approximation of the prime counting function

(shown in blue) using the first 70 pairs of nontrivial zeros of the Riemann zeta
function in a variant of von Mangoldt's explicit formula. At each step, the current
function (shown in yellow) is modified by adding a waveform whose frequency and
amplitude is related to the next pair of nontrivial (complex) zeros in a very simple
and direct way.

The horizontal animation at the top of this page is based on the slope of the yellow
curve, so that the primes emerge from a homogeneous field as 'points of light'. It is
the closest thing I have managed to find within existing mathematical theory to my
aforementioned 'inner perception'.
 

Also available is a similar animation depicting the emergence of Chebyshev's
function
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which is a logarithmically-weighted prime counting function of great importance (for
example in the proof of the prime number theorem.)

[graphics kindly produced by R. Manzoni on request]

archive      tutorial      mystery      new      search      home      contact
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quantum mechanics
the nontrivial Riemann zeta zeros interpreted as a spectrum of energy levels

"The Riemann zeta function is of interest to pure mathematicians
because of its connection with prime numbers, but it is also a hugely
important tool in quantum chaos because many calculations involving the
Riemann zeta function mirror the most fundamental manipulations in
semiclassical work, those concerning the energy eigenvalues of
semiclassical systems and the action of the periodic orbits of those
systems. Whereas the semiclassical calculations involve sums over
periodic orbits of the system in question...the Riemann zeta function
version contains sums over prime numbers. As much knowledge has built
up about prime numbers over the years, the Riemann zeta calculations
are often more tractable than the periodic orbit ones, and so can provide
insight as to how the semiclassical calculations ought to proceed."

from N. Snaith's Ph.D. thesis "Random matrix theory and zeta functions"
(University of Bristol, 2000)
 

"There's been an explosion of activity in this field - the progress in the last
half dozen years because of this marriage of these two fields has been
absolutely incredible."

S. Gonek, Dr. Riemann's Zeros (Atlantic, 2002), p. 148
 

"One idea for proving the Riemann hypothesis is to give a spectral
interpretation of the zeros. That is, if the zeros can be interpreted as the
eigenvalues of 1/2 + iT, where T is a Hermitian operator on some Hilbert
space, then since the eigenvalues of a Hermitian operator are real, the
Riemann hypothesis follows. This idea was originally put forth by Pólya
and Hilbert, and serious support for this idea was found in the
resemblance between the "explicit formulae" of prime number theory,
which go back to Riemann and von Mangoldt, but which were formalized
as a duality principle by Weil, on the one hand, and the Selberg trace
formula on the other.

The best evidence for the spectral interpretation comes from the theory of
the Gaussian Unitary Ensemble (GUE), which show that the local
behavior of the zeros mimics that of a random Hamiltonian. The link gives
a more extended discussion of this topic."

Quantum mechanics: The nontrivial zeros of the Riemann zeta function interpreted as a spectrum of energy levels
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"Gutzwiller gave a trace formula in the setting of quantum chaos which
relates the classical and quantum mechanical pictures. Given a chaotic
(classical) dynamical system, there will exist a dense set of periodic
orbits, and one side of the trace formula will be a sum over the lengths of
these orbits. On the other side will be a sum over the eigenvalues of the
Hamiltonian in the quantum-mechanical analog of the given classical
dynamical system.

This setup resembles the explicit formulas of prime number theory. In this
analogy, the lengths of the prime periodic orbits play the role of the
rational primes, while the eigenvalues of the Hamiltonian play the role of
the zeros of the zeta function. Based on this analogy and pearls mined
from Odlyzko's numerical evidence, Sir Michael Berry proposes that there
exists a classical dynamical system, asymmetric with respect to time
reversal, the lengths of whose periodic orbits correspond to the rational
primes, and whose quantum-mechanical analog has a Hamiltonian with
zeros equal to the imaginary parts of the nontrivial zeros of the zeta
function. The search for such a dynamical system is one approach to
proving the Riemann hypothesis."   (Daniel Bump)

"When this conjecture was formulated about 80 years ago, it was
apparently no more than an inspired guess. Neither Hilbert nor Pólya
specified what operator or even what space would be involved in this
correspondence. Today, however, that guess is increasingly regarded as
wonderfuly inspired, and many researchers feel that the most promising
approach to proving the Riemann Hypothesis is through proving the
Hilbert-Pólya conjecture. Their confidence is bolstered by several
developments subsequent to Hilbert's and Pólya's formulation of their
conjecture. There are very suggestive analogies with Selberg zeta
functions. There is also the extensive research stimulated by Hugh
Montgomery's work on the pair-correlation conjecture for zeros of the
zeta function. Montgomery's results led to the conjecture that zeta zeros
behave asynptotically like eigenvalues of large random matrices from the
GUE ensemble that has been studied extensively by mathematical
physicists...Although this conjecture is very speculative, the empirical
evidence is overwhelmingly in its favor."

A.M. Odlyzko from "The 1022-nd zero of the Riemann zeta function".
 

"We have all this evidence that the Riemann zeros are vibrations, but we
don't know what's doing the vibrating."

Quantum mechanics: The nontrivial zeros of the Riemann zeta function interpreted as a spectrum of energy levels
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M. du Sautoy, The Music of the Primes (Fourth Estate, 2003) p.280
 

Andrew Odlyko's correspondence with George Pólya concerning the
origins of the 'Hilbert-Pólya conjecture'.
 

M. du Sautoy describes Jon Keating's discovery in Riemann's notes of
possible evidence that he may have considered this approach to his
Hypothesis long before Hilbert or Pólya.

Conference: Arithmetic Quantum Chaos, 23-24 January 2004,
Département de Mathématiques, Université Montpellier, France

"Arithmetic Quantum Chaos" is a research area at the cross-roads of
differential geometry, ergodic theory, harmonic analysis, mathematical
physics, and number theory. This session of the MAT Seminar will focus
on important recent progress in this area and will consist of two series of
introductory lectures given by experts in the field, with the goal of
showing that quantum chaos hides a deep harmony at its core.

The first series of lectures will focus on several aspects of the spectrum
of Riemann surfaces - on the one hand, the existence and the reparition
of eigenvalues of the laplacian operator, and on the other hand, the
properties of its eigenfunctions (behavior with respect to a
quasiconformal deformation, properties of equirepartition when the
eigenvalue goes to infinity, ...). The main focus will be on the case of
surfaces of "arithmetic" type for which ergodic methods, as well as
methods coming from the theory of automorphic forms and analytic
number theory, have been able to make spectacular progress and to
prove (at least in the arithmetic case) several of the main conjectures
from quantum chaos theory.

The second series of lectures will be devoted to random matrices.
Introduced by E. P. Wigner as a way of modelling the resonances of an
heavy (atomic) nucleus, this theory has - thanks to the works of
Montgomery and more recently Katz/Sarnak - found applications in the
understanding of the zeros of L-functions.

The most important of these, of course, is the Riemann zeta function. But
the model becomes especially significant when we consider general
families of L-functions of automorphic forms. We then get a coherent
scaffold of conjectures on the structure of the zeros, as well as special
values, of L-functions. Many of these conjectures have been confirmed
by numerous experimental and theoretical results."
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popular/general introductions

Michael Berry's research

partially successful attempts to produce the required
operator/dynamics

other related material

quantum mechanics and number theory (other contexts)

quantum chaos links (workgroups, introductory articles, etc.)

random matrix theory and the Riemann zeta function

 

popular/general introductions

B. Cipra, "A Prime Case of Chaos" (An excellent introduction to Berry's
conjecture, etc. for general readership.)
 

E. Klarreich, "Prime Time", New Scientist, 11/11/00 (another popular
exposition)
 

"The Mark of Zeta" - introductory essay on the Riemann Hypothesis and
Riemann's zeta function (I. Peterson)

"The Return of Zeta" - sequel article by I. Peterson on links between the
Riemann Hypothesis, random matrix theory and quantum chaos
 

J. Keating, "Physics and the Queen of Mathematics", Physics World, April
1990, p.46
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"...number theory, once considered by mathematicians to be a field with
no application to the other sciences, is now proving to be of considerable
use to physicists, both as a working tool and as a guide to possible
directions of future research. It may even be the case that physics can
help in the solution of some of the important problems in this, one of the
purest areas of pure mathematics."
 

B. Cipra, "Prime formula weds number theory and quantum mechanics",
Science 274 (1996) 2014.
 

W. Blum, "Wird dank der Quantenphysik die Riemannsche Vermutung
endlich bewiesen?" (an article in German from the newspaper Die Zeit on
the connection between quantum chaos and the zeros of the Riemann
zeta function)
 

WWN notes - "Physics and the zeros of the zeta-function" (part of a
work-in-progress)
 

N. Patson, "Review of quantum chaology and structural complexity
approaches to characterising global behaviour with application to primes"
(A more mathematically advanced introduction to these issues.)
 

T. Kriecherbauer, J. Marklof and A. Soshnikov, "Random matrices and
quantum chaos" (brief introductory article, including a description of how
this applies to the Riemann Hypothesis)
 

H.-J. Stöckmann, Quantum Chaos: An Introduction (Cambridge
University Press, 1999)
 

Michael Berry's research

The following is an excellent survey article on the work of Berry and
Keating in this area:

M.V. Berry and J.P. Keating "The Riemann zeros and eigenvalue
asymptotics", SIAM Review, 41, No. 2 (1999) 236-266.

See also:

M.V. Berry, "Quantum chaology, prime numbers and Riemann's zeta
function" (paper presented at International Conference on Nuclear and
Particle Physics, Glasgow, 1993)
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M.V. Berry, "Riemann's zeta function: a model for quantum chaos?"

M.V. Berry and J.P. Keating, "H = xp and the Riemann zeros", from
Supersymmetry and Trace Formulae: Chaos and Disorder, ed. Lerner, et.
al. (Kluwer/Plenum, 1999).

M.V. Berry, "Semiclassical formula for the number variance of the
Riemann zeros", Nonlinearity 1 (1988) 399-407.

M.V. Berry and J.P. Keating, "A new asymptotic representation for
zeta(1/2 + it) and quantum spectral invariants", Proceedings of the Royal
Society fo London A 437 151-173.

M.V. Berry, "Quantum Chaology" (The Bakerian Lecture, 1987),
Proceedings of the Royal Society of London A 413 (1987) 183-198.
 

Michael Berry's list of publications (most are available for downloading as
PDF files)
 

M. du Sautoy's account of how Berry came to be involved with the
Riemann Hypothesis

 

partially-successful attempts to produce the required
operator/dynamics

Several partially succesful attempts have been made by other
researchers to produce the required Hermitian operator, and thereby, via
Berry's scheme, prove the Riemann Hypothesis.

H.C. Rosu, "Quantum Hamiltonians and prime numbers", Modern
Physics Letters A 18 (2003)

[abstract:] "A short review of Schrödinger hamiltonians for which the
spectral problem has been related in the literature to the distribution of
the prime numbers is presented here. We notice a possible connection
between prime numbers and centrifugal inversions in black holes and
suggest that this remarkable link could be directly studied within trapped
Bose-Einstein condensates. In addition, when referring to the factorizing
operators of Pitkanen and Castro and collaborators, we perform a
mathematical extension allowing a more standard supersymmetric
approach."

This very welcome, thorough review article discusses and compares the
various inter-related work of Bhaduri-Khare-Law, Berry-Keating, Aneva,
Castro, et.al., Pitkänen, Khuri, Joffily, Wu-Sprung, Okubo, Mussardo,
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Boos-Korepin, Crehan and others.
 

A. Connes, "Formule de trace en geometrie non commutative et
hypothese de Riemann", C.R.Sci. Paris, t.323, Serie 1 (Analyse) (1996)
1231-1235.;

(Abstract) "We reduce the Riemann hypothesis for L-functions on a
global field k to the validity (not rigorously justified) of a trace formula for
the action of the idele class group on the noncommutative space quotient
of the adeles of k by the multiplicative group of k."

Berry and Keating refer to this article in their "H = xp and the Riemann
zeros", and explain that Connes has devised a Hermitian operator whose
eigenvalues are the Riemann zeros on the critical line. This is almost the
operator Berry seeks in order to prove the Riemann Hypothesis, but
unfortunately the possibility of zeros off the critical line cannot be ruled
out in Connes' approach.

His operator is the transfer (Perron-Frobenius) operator of a classical
transformation. Such classical operators formally resemble quantum
Hamiltonians, but usually have complicated non-discrete spectra and
singular eigenfunctions. Connes gets a discrete spectrum by making the
operator act on an abstract space where the primes appearing in the
Euler product for the Riemann zeta function are built in; the space is
constructed from collections of p-adic numbers (adeles) and the
associated units (ideles). The proof of the Riemann Hypothesis is thus
reduced to the proof of a certain classical trace formula.
 

A. Deitmar, "A Pólya-Hilbert operator for automorphic L-functions"

[abstract:] "We generalize the first part of A. Connes paper
(math/9811068) on the zeroes of the Riemann zeta function from a
number field k to any simple algebra M over k. To a given automorphic
representation pi of the reductive group M* of invertible elements of M we
find a Hilbert space Hpi and an operator Dpi (Pólya-Hilbert operator),
which is the infinitesimal generator of a canonical flow such that the
spectrum of Dpi coincides with the purely imaginary zeroes of the function
L(pi,\rez{2}+z). As a byproduct we get meromorphicity of all automorphic
L-functions, not only the cuspidal ones.
 

S. Okubo, "Lorentz-invariant Hamiltonian and Riemann Hypothesis"

"We have given some arguments that a two-dimensional
Lorentz-invariant Hamiltonian may be relevant to the Riemann hypothesis
concerning zero points of the Riemann zeta function. Some eigenfunction
of the Hamiltonian corresponding to infinite-dimensional representation of
the Lorentz group have many interesting properties. Especially, a
relationship exists between the zero zeta function condition and the
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absence of trivial representations in the wave function."  
 

R.K. Bhaduri, Avinash Khare, S.M. Reimann, and E.L. Tomusiak, "The
Riemann zeta function and the inverted harmonic oscillator" (outline)

R.K. Bhaduri, Avinash Khare and J. Law, "Phase of the Riemann zeta
function and the inverted harmonic oscillator"   article       outline

"The Argand diagram is used to display some characteristics of the
Riemann zeta function...The Argand plots also lead to an analogy with
the scattering amplitude and an approximate rule for the location of the
zeros. The smooth phase of the zeta function along the line of the zeros
is related to the quantum density of states of an inverted oscillator." 

"The loop structure of the zeta function ...with some near-circular shapes,
is reminiscent of the Argand plots for the scattering amplitudes of
different partial waves in the analysis of resonances, for example, in
pion-nucleon scattering." 
 

J.V. Armitage, "The Riemann Hypothesis and the Hamiltonian of a
quantum mechanical system", from Number Theory and Dynamical
Systems, eds. M.M. Dodson and J.A.G. Vickers (LMS Lecture Notes,
series 134, Cambridge University Press), 153-172. 

"The basic theme of this lecture is an approach to the Riemann
Hypothesis in terms of diffusion processes, which has occupied the
author's attention for twelve years and which, if correct, has some
tantalisingly appealing features culminating in a plausible conjecture that
implies the truth of that most celebrated of hypotheses. The connection
with diffusion processes suggests that a change of variables (the
introduction of imaginary time) might yield a connection with quantum
mechanics. That variation offers a possible answer to a conjecture of
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Berry relating the zeros of the Riemann zeta-function to the Hamiltonian
of some quantum mechanical system, which in turn makes precise
Hilbert's original suggestion that the zeros are eigenvalues of some
operator and the Riemann Hypothesis is true because that operator is
Hermitian. We shall offer possible candidates for Hilbert's operator and
Berry's Hamiltonian, but we do not claim satisfactorily to have settled
those questions, let alone to have proved the Riemann Hypothesis"
 

Hua Wu and D.W.L. Sprung, "Riemann zeta and a fractal potential",
Physical Review E 48 (1993) 2595.

"The nontrivial Riemann zeros are reproduced using a one-dimensional
local-potential model. A close look at the potential suggests that it has a
fractal structure of dimension d = 1.5."
 

K. Chadan and M. Musette, "On an interesting singular potential", C.R.
Acad. Sci. Paris 316 II, 1 (1993)

[commentary by H. Rosu:] "Chadan and Musette proposed [a] rather
complicated singular potential in a closed interval [0,R] and Dirichlet
boundary condition at both ends. They gave arguments that the spectrum
in the coupling constant g = 1/4 + t2/4 (t is the imaginary part on the
critical line), which is real and discrete, with gn > 1/4 coincides
approximately with the nontrivial Riemann zeros when R =exp(-4*pi/3).

We note that this is a so-called Sturmian quantum problem, i.e., a
quantization problem in the coupling constant of the potential. A very
detailed analysis of this singular hamiltonian and a generalization thereof
from the point of view of inverse scattering and s-wave Jost functions has
been performed in the important work of Khuri."
 

other related material

There are a number of other approaches:

D. Bump, Kwok-Kwong Choi, P. Kurlberg, and J. Vaaler, "A Local
Riemann Hypothesis, I", Mathematische Zeitschrift 233 (1) (2000), 1-18.
(A subscription to Mathematische Zeitschrift is required if you wish to
download this.)

"[This paper describes] how local Tate integrals formed with
eigenfunctions of the quantum mechanical harmonic oscillator, and its
p-adic analogs, have their zeros on the line Re(s) = 1/2.
This...incorporates new material on the harmonic oscillator in n
dimensions, Mellin transforms of the Laguerre functions, and a reciprocity
law for their values at negative integers."
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B. Aneva, "Symmetry of the Riemann operator", Physics Letters B 450
(1999) 388-396.

"Chaos quantization conditions, which relate the eigenvalues of a
Hermitian operator (the Riemann operator) with the non-trivial zeros of
the Riemann zeta function are considered, and their geometrical
interpretation is discussed"
 

J. Sakhr, R.K. Bhaduri and B.P. van Zyl, "Zeta function zeros, powers of
primes, and quantum chaos" Phys. Rev. E 68 (2003) 026105

[abstract:] "We present a numerical study of Riemann's formula for the
oscillating part of the density of the primes and their powers. The formula
is comprised of an infinite series of oscillatory terms, one for each zero of
the zeta function on the critical line and was derived by Riemann in his
paper on primes assuming the Riemann hypothesis. We show that high
resolution spectral lines can be generated by the truncated series at all
powers of primes and demonstrate explicitly that teh relative line
intensitites are correct. We then derive a Gaussian sum rule for
Riemann's formula. This is used to analyze the numerical convergence of
the truncated series The connections to quantum chaos and
semiclassical physics are discussed."
 

P. Crehan, "Chaotic spectra of classically integrable systems"

"We prove that any spectral sequence obeying a certain growth law is the
quantum spectrum of an equivalence class of classically integrable
non-linear oscillators. This implies that exceptions to the Berry-Tabor rule
for the distribution of quantum energy gaps of clasically integrable
systems, are far more numerous than previously believed. In particular
we show that for each finite dimension k, there are an infinite number of
classically integrable k-dimensional non-linear oscillators whose quantum
spectrum reproduces the imaginary part of zeros on the critical line of the
Riemann zeta function."
 

J.-F. Burnol, "A lower bound in an approximation problem involving the
zeros of the Riemann zeta function"

[Abstract:] "We slightly improve the lower bound of Baez-Duarte,
Balazard, Landreau and Saias in the Nyman-Beurling formulation of the
Riemann Hypothesis as an approximation problem. We construct Hilbert
space vectors which could prove useful in the context of the the so called
'Hilbert-Pólya idea'."
 

S. Joffily, "Jost function, prime numbers and Riemann zeta function"
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[abstract:] "The large complex zeros of the Jost function (poles of the S
matrix) in the complex wave number-plane for s-wave scattering by
truncated potentials are associated to the distribution of large prime
numbers as well as to the asymptotic behavior of the imaginary parts of
the zeros of the Riemann zeta function on the critical line. A variant of the
Hilbert and Pólya conjecture is proposed and considerations about the
Dirac sea as 'virtual resonances' are briefly discussed."
 

Articles by Alain Connes on noncommutative geometry and the zeta
function

"We give a spectral interpretation of the critical zeros of the Riemann zeta
function as an absorption spectrum, while eventual noncritical zeros
appear as resonances." 
 

O. Bohigas, P. Leboeuf, M.-J. Sanchez, "On the distribution of the total
energy of a system on non-interacting fermions: random matrix and
semiclassical estimates"

"A semiclassical formula describing, as a function of n, a non-universal
behavior of the variance of the total energy starting at a critical number of
particles is...obtained. It is illustrated with the particular case of single
particle energies given by the imaginary part of the zeros of the Riemann
zeta function on the critical line." 

O. Bohigas, P. Leboeuf, and M.-J. Sanchez, "Spectral spacing
correlations for chaotic and disordered systems"

"New aspects of spectral fluctuations of (quantum) chaotic and diffusive
systems are considered, namely autocorrelations of the spacing between
consecutive levels or spacing autocovariances. They can be viewed as a
discretized two point correlation function. Their behavior results from two
different contributions. One corresponds to (universal) random matrix
eigenvalue fluctuations, the other to diffusive or chaotic characteristics of
the corresponding classical motion. A closed formula expressing spacing
autocovariances in terms of classical dynamical zeta functions, including
the Perron-Frobenius operator, is derived. It leads to a simple
interpretation in terms of classical resonances. The theory is applied to
zeros of the Riemann zeta function. A striking correspondence between
the associated classical dynamical zeta functions and the Riemann zeta
itself is found. This induces a resurgence phenomenon where the lowest
Riemann zeros appear replicated an infinite number of times as
resonances and sub-resonances in the spacing autocovariances. The
theoretical results are confirmed by existing "data". The present work
further extends the already well known semiclassical interpretation of
properties of Riemann zeros."

P. Leboeuf, A. G. Monastra and O. Bohigas, "The Riemannium", Regular
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and Chaotic Dynamics 6 (2001) 205-210.

[abstract:] "The properties of a fictitious, fermionic, many-body system
based on the complex zeros of the Riemann zeta function are studied.
The imaginary part of the zeros are interpreted as mean-field
single-particle energies, and one fills them up to a Fermi energy EF. The
distribution of the total energy is shown to be non-Gaussian, asymmetric,
and independent of EF in the limit EF -> infinity. The moments of the limit
distribution are computed analytically. The autocorrelation function, the
finite energy corrections, and a comparison with random matrix theory
are also discussed."

P. Leboeuf and A.G. Monastra, "Quantum thermodynamic fluctuations of
a chaotic Fermi-gas model"

[abstract:] "We investigate the thermodynamics of a Fermi gas whose
single-particle energy levels are given by the complex zeros of the
Riemann zeta function. This is a model for a gas, and in particular for an
atomic nucleus, with an underlying fully chaotic classical dynamics. The
probability distributions of the quantum fluctuations of the grand potential
and entropy of the gas are computed as a function of temperature and
compared, with good agreement, with general predictions obtained from
random matrix theory and periodic orbit theory (based on prime
numbers). In each case the universal and non-universal regimes are
identified."
 

C. Castro, A. Granik, and J. Mahecha, "On SUSY-QM, fractal strings and
steps towards a proof of the Riemann hypothesis"

(abstract) "The steps towards a proof of Riemann's conjecture using
spectral analysis are rigorously provided. We prove that the only zeroes
of the Rieamnn zeta-function are of the form s = 1/2 + i lambdan. A
supersymmetric quantum mechanical model is proposed as an
alternative way to prove the Riemann conjecture, inspired in the
Hilbert-Pólya proposal; it uses an inverse scattering approach associated
with a system of p-adic harmonic oscillators. An interpretation of the
Riemann's fundamental relation Z(s) = Z(1 - s) as a duality relation, from
one fractal string L to another dual fractal string L' is proposed."
 

A. Odlyzko "Primes, quantum chaos, and computers"
 

N. Katz and P. Sarnak, "Zeroes of zeta functions and symmetry", Bulletin
of the AMS, 36 (1999)

P. Sarnak, "Arithmetic quantum chaos", Israeli Mathematical Conference
Proceedings 8 (1995) 183.
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Physicists have long studied spectra of Schrödinger operators and
random matrices, thanks to the implications for quantum mechanics.
Analogously number theorists and geometers have investigated the
statistics of spectra of Laplacians on Riemannian manifolds associated
with arithmetic groups. Sarnak calls this "arithmetic quantum chaos."
Equivalently one studies the zeros of Selberg zeta functions. Parallels
with the statistics of the zeros of the Riemann zeta function have been
evident for some time.
 

R. Aurich, F. Scheffler and F. Steiner, "On the subtleties of arithmetical
quantum chaos", Physical Review E 51 (1995) 4173.

J. Bolte, "Periodic orbits in arithmetical chaos"

J. Bolte, "Some studies on arithmetical chaos in classical and quantum
mechanics"

[Abstract:] "Several aspects of classical and quantum mechanics applied
to a class of strongly chaotic systems are studied. These consist of single
particles moving without external forces on surfaces of constant negative
Gaussian curvature whose corresponding fundamental groups are
supplied with an arithmetic structure. It is shown that the arithmetic
features of the considered systems lead to exceptional properties of the
corresponding spectra of lengths of periodic orbits. The most significant
one is an exponential growth of degeneracies in these length spectra.
Furthermore, the arithmetical systems are distinguished by a structure
that appears as a generalization of geometric symmetries. These
pseudosymmetries occur in the quantization of the classical arithmetic
systems as Hecke operators, which form an infinite algebra of self-adjoint
operators commuting with the Hamiltonian. The statistical properties of
quantum energies in the arithmetical have previously been identified as
exceptional. They do not fit into the general scheme of random matrix
theory. It is shown with the help of a simplified model for the spectral form
factor how the spectral statistics in arithmetic quantum chaos can be
understood by the properties of the corresponding classical length
spectra. A decisive is played by the exponentially increasing multiplicities
of lengths. The model developed for the level spacings distribution and
for the number variance is compared to the corresponding quantities
obtained from quantum energies for a specific arithmetical system."
 

J. Main, V. Mandelshtam, and H. Taylor, "Periodic orbit quantization by
harmonic inversion of Gutzwiller's recurrence function", Physical Review
Letters 79 no. 5 (1997)

"Semiclassical eigenenergies and resonances are obtained from classical
periodic orbits by harmonic inversion of Gutzwiller's semiclassical
recurrence function, i.e., the trace of the propagator. Applications to the
chaotic three disk scattering system and, as a mathematical model, to the
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Riemann zeta function demonstrate the power of the technique. The
method does not depend on the existence of a symbolic code and might
be a tool for a semiclassical quantization of systems with nonhyperbolic
or mixed regular-chaotic dynamics as well."

J. Main, V.A. Mandelshtam, G. Wunner and H.S. Taylor, "Riemann zeros
and periodic orbit quantization by harmonic inversion"

[abstract:] "In formal analogy with Gutzwiller's semiclassical trace
formula, the density of zeros of the Riemann zeta function zeta(z=1/2-iw)
can be written as a non-convergent series rho(w)=-pi^{-1} sum_p
sum_{m=1}^infty ln(p)p^{-m/2} cos(wm ln(p)) with p running over the
prime numbers. We obtain zeros and poles of the zeta function by
harmonic inversion of the time signal which is a Fourier transform of
rho(w). More than 2500 zeros have been calculated to about 12 digit
precision as eigenvalues of small matrices using the method of
filter-diagonalization. Due to formal analogy of the zeta function with
Gutzwiller's periodic orbit trace formula, the method can be applied to the
latter to accurately calculate individual semiclassical eigenenergies and
resonance poles for classically chaotic systems. The periodic orbit
quantization is demonstrated on the three disk scattering system as a
physical example."

J. Main, P.A. Dando, Dz. Belkic and H S Taylor, "Decimation and
harmonic inversion of periodic orbit signals", J. Phys.A: Math. Gen. 33
(2000) 1247-1263.

[excerpts:] "Introduction. The semiclassical quantization of systems with
an underlying chaotic classical dynamics is a nontrivial problem due to
the fact that Gutzwiller's trace formula [1, 2] does not usually converge in
those regions where the eigenenergies or resonances are located.
Various techniques have been developed to circumvent the convergence
problem of periodic orbit theory. Examples are the cycle expansion
technique [3], the Riemann-Siegel-type formula and pseudo-orbit
expansions [4], surface of section techniques [5], and a quantization rule
based on a semiclassical approximation to the spectral staircase [6].
These techniques have proven to be very efficient for systems with
special properties, e.g., the cycle expansion for hyperbolic systems with
an existing symbolic dynamics, while the other methods mentioned have
been used for the calculation of bound spectra.

...

In section 5 we present and compare results for the three-disc scattering
system as a physical example and the zeros of the Riemann zeta
function as a mathematical model for periodic orbit quantization. Some
concluding remarks are given in section 6."

more papers by J. Main, et. al.
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E. Doron, "Do spectral trace formulae converge?"

[abstract:] "We evaluate the Gutzwiller trace formula for the level density
of classically chaotic systems by considering the level density in a
bounded energy range and truncating its Fourier integral. This results in a
limiting procedure which comprises a convergent semiclassical
approximation to a well defined spectral quantity at each stage. We test
this result on the spectrum of zeros of the Riemann zeta function,
obtaining increasingly good approximations to the level density. The
Fourier approach also explains the origin of the convergence problems
encountered by the orbit truncation scheme."
 

A.V. Andreev, O. Agam, B.D. Simons, B.L. Altschuler, "Quantum chaos,
irreversible classical dynamics, and random matrix theory", Physical
Review Letters 76 (1996) 3497

O. Agam, A.V. Andreev, B.L. Altshuler, "Relations between quantum and
classical spectral determinants (zeta-functions)"

"We demonstrate that beyond the universal regime correlators of
quantum spectral determinants $\Delta(\epsilon)=\det (\epsilon-\hat{H})$
of chaotic systems, defined through an averaging over a wide energy
interval, are determined by the underlying classical dynamics through the
spectral determinant $1/Z(z)=\det (z- {\cal L})$,  where $e^{-{\cal L}t}$ is
the Perron-Frobenius operator. Application of these results to the
Riemann zeta function, allows us to conjecture new relations satisfied by
this function."
 

M. Levitin and D. Vassiliev, "Spectral asymptotics, renewal theorem, and
the Berry conjecture for a class of fractals", Proceedings of the London
Mathematical Society (3) 72 (1996) 188-214.
 

M. Rubinstein, "Evidence for a spectral interpretation of zeros of
L-functions" (Princeton University Ph.D. thesis, 1998)

"...provides additional theoretical and numerical evidence connecting the
zeros of L-functions (generalization of Riemann Zeta) to eigenvalues of
operators from the classical compact groups (unitary, orthogonal, unitary
symplectic)."
 

Matti Pitkänen, Quantum TGD and how to prove Riemann hypothesis
(3/2/2001)

"During last month further ideas about Riemann hypothesis have
emerged and have led to further sharpening of Riemann hypothesis and
to p-adic particle physicist's articulation for what it is to be zero of
Riemann Zeta and to the idea that Riemann hypothesis reduces to
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superconformal invariance of the physical system involved. One can
verify Hilbert-Pólya hypothesis on basis of the physical picture obtained.
This means an explicit construction of the differential operator having the
moduli squared of the zeros of Riemann Zeta as eigenvalues. This
operator is product of two operators which are Hermitian conjugates of
each other and have zeros of Riemann Zeta as their eigenvalues. The
facts that x corresponds to the real part of conformal weight in this model
and that one has x = n/2 for the operators appearing in the
representations of Super Virasoro, suggest that x = n/2 is indeed the only
possible value of x for the zeros of Riemann zeta both in real and p-adic
context. Hence Riemann hypothesis would indeed reduce to
superconformal invariance."

M. Pitkänen, "A further step in the proof of Riemann Hypothesis"
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the prime number theorem

"Some order begins to emerge from this chaos when the primes are
considered not in their individuality but in the aggregate; one
considers the social statistics of the primes and not the
eccentricities of the individuals."

P.J. Davis and R. Hersh, The Mathematical Experience,
Chapter 5

hyperlinked proof outline

Eric Weisstein's notes on the prime number theorem

Ilan Vardi's "Introduction to Analytic Number Theory"
including useful notes on the PNT

Chapter 5 of P.J. Davis and R. Hersh's The Mathematical Experience,
dealing with the PNT

A proof of the prime number theorem involving Fourier transforms
(summarised by Jonas Wiklund)

Although not its primary subject matter, this article by A. Granville
contains
a beautifully succinct explanation of the PNT, in a historical context.

"The prime number theorem obtained by statistical methods" -
a heuristic argument from What is Mathematics? by Courant and Robbins

A new way to visualise the Prime Number Theorem - approximate
logarithmic spirals generated from the distribution of primes

N. Wiener's The Fourier Integral and Certain of its Applications, section
17, "The Prime-Number Theorem as a Tauberian Theorem" begins:

"The present section and the three following will be devoted to the
application of Tauberian theorems to the problem of the distribution of the
primes. The theorem which we shall eventually prove is the famous
theorem of Hadamard and de la Vallée Poussin..."
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Riemann's zeta function

"The zeta function is probably the most challenging and mysterious
object of modern mathematics, in spite of its utter simplicity"

M.C. Gutzwiller - Chaos in Classical and Quantum Mechanics
(Springer-Verlag 1990)

"We may - paraphrasing the famous sentence of George Orwell - say that
'all mathematics is beautiful, yet some is more beautiful than the other.'
But the most beautiful in all mathematics is the zeta function. There is no
doubt about it."

Polish cosmologist Krzysztof Maslanka

"...a variety of evidence suggests that underlying Riemann's zeta function
is some unknown classical, mechanical system whose trajectories are
chaotic and without [time-reversal] symmetry, with the property that,
when quantised, its allowed energies are the Riemann zeros. These
connections between the seemingly disparate worlds of quantum
mechanics and number theory are tantalising."

M. Berry - "Quantum Physics on the Edge of Chaos" (New
Scientist, 19 November 1987)

basic introduction to the Riemann zeta function (C. Caldwell)

in-depth examination of the Riemann zeta function (E. Weisstein)

WWN notes on the Riemann zeta function (part of a work-in-progress)

A. Weil, "Prehistory of the Zeta-Function", from Number Theory, Trace
Formulas and Discrete Groups, K.E. Aubert, E. Bombieri and D. Goldfeld,
eds. (Academic, 1989) 1-10

K. Devlin, "How Euler discovered the zeta function" (elementary historical
introduction to the function which Riemann later extended to the complex
plane)

Riemann's original eight-page paper introducing his zeta function
(PostScript, English translation)    [other formats]

Critical Strip Explorer v0.67, a wonderful applet produced by Raymond
Manzoni for this site - explore the behaviour of the Riemann zeta function
in and around the critical strip in a highly visual, interactive way. The
resulting images are quite astonishing!

more applets for exploring the behaviour of the Riemann zeta function by
Glen Pugh of the University of British Columbia

Riemann's Zeta Function
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J. Arias-de-Reyna, "X-Ray of Riemann zeta-function" (preprint, revised
09/03)

the functional equation of the zeta function and related issues

Xavier Gourdon and Pascal Sebah's notes on the zeta function

Noam D. Elkies' (Harvard Univ.) lecture notes for course "Analytic
Number Theory" (Spring '98)

summary of Ilan Vardi's (excellent) "Introduction to Analytic Number
Theory"

J. Borwein, D. Bradley and R. Crandall, "Computational strategies for the
Riemann zeta function", J. Comp. App. Math. 121 (2000) 247-296

Wadim Zudilin's bibliography of literature treating specific values of zeta
 

the Lindeöf
hypothesis
 

Lehmer's
phenomenon
 

Voronin universality
theorem
 

a directory of all
known zeta
functions
 

Riemann-Siegel
functions
 

xi function
 

[an image of points in the rectangle [0,1] x [0,20] after having being
transformed by the zeta function - from J. Perry's Riemann Hypothesis
notes]

 

H. Edwards, Riemann's Zeta Function (Academic Press, 1974)

A. Ivic, The Riemann Zeta-Function: The Theory of the Riemann
Zeta-Function with Applications (Wiley, 1985)

S. Patterson, An Introduction to the Theory of the Riemann
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Zeta-Function, (Cambridge University Press, 1988)

A.A. Karatsuba, S.M. Voronin, N. Koblitz, The Riemann Zeta-function (de
Gruyter, 1992)

E. Titchmarsh, The Theory of the Riemann Zeta-Function, 2nd edition -
revised by D. Heath-Brown (Oxford University Press, 1986).
 

a poem
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The Riemann Hypothesis

" Hilbert included the problem of proving the Riemann hypothesis in his
list of the most important unsolved problems which confronted
mathematics in 1900, and the attempt to solve this problem has occupied
the best efforts of many of the best mathematicians of the twentieth
century. It is now unquestionably the most celebrated problem in
mathematics and it continues to attract the attention of the best
mathematicians, not only because it has gone unsolved for so long but
also because it appears tantalizingly vulnerable and because its solution
would probably bring to light new techniques of far reaching importance."

H.M. Edwards - Riemann's Zeta Function
"Right now, when we tackle problems without knowing the truth of the
Riemann hypothesis, it's as if we have a screwdriver. But when we have
it, it'll be more like a bulldozer."

P. Sarnak, from "Prime Time" by E. Klarreich (New Scientist, 11/11/00)

"The consequences [of the Riemann Hypothesis] are fantastic: the
distribution of primes, these elementary objects of arithmetic. And to have
tools to study the distribution of these of objects."

H. Iwaniec, quoted in K. Sabbagh's Dr. Riemann's Zeros (Atlantic, 2002),
p.30

"If [the Riemann Hypothesis is] not true, then the world is a very different
place. The whole structure of integers and prime numbers would be very
different to what we could imagine. In a way, it would be more interesting
if it were false, but it would be a disaster because we've built so much
round assuming its truth."

P. Sarnak, quoted in K. Sabbagh's Dr. Riemann's Zeros (Atlantic, 2002),
p.30

"If there are lots of zeros off the line - and there might be - the whole
picture is just horrible, horrible, very ugly. It's an Occam's razor sort of
thing, you either have absolutely beautiful behaviour of prime numbers,
they behave just like you want them to behave, or else it's really bad."

S. Gonek, quoted in Dr. Riemann's Zeros (Atlantic, 2002), p.112

"The Riemann Hypothesis is the most basic connection between addition
and multiplication that there is, so I think of it in the simplest terms as
something really basic that we don't understand about the link between
addition and multiplication."

B. Conrey, quoted in Dr. Riemann's Zeros (Atlantic, 2002), p.160

The Riemann Hypothesis
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"[The Riemann Hypothesis] is probably the most basic problem in
mathematics, in the sense that it is the intertwining of addition and
multiplication. It's a gaping hole in our understanding..."

A. Connes, quoted in Dr. Riemann's Zeros (Atlantic, 2002), p.208
 

Basic introduction to the Riemann Hypothesis (C. Caldwell)

Eric Weisstein's notes on the Riemann Hypothesis

In-depth examination of issues surrounding the Riemann Hypothesis (D.
Bump)

Introduction to the Riemann Hypothesis (K. Spiliopoulos)

G. Pugh's excellent "The Riemann Hypothesis in a Nutshell", including a
Z(t) plotting applet

J. Brian Conrey, "The Riemann Hypothesis", Notices of the AMS (March
2003) - a very nice, comprehensive introduction to the RH

J. Perry's introductory notes on the Riemann Hypothesis

WWN notes on the Riemann Hypothesis (part of a work-in-progress)
 

Critical Strip Explorer v0.67, a wonderful applet produced by Raymond
Manzoni for this site - explore the behaviour of the Riemann zeta function
in and around the critical strip in a highly visual, interactive way. The
resulting images are quite astonishing!
 

Riemann's original eight-page paper
PostScript, English translation     other formats

"Riemann wrote only one article on the theory of numbers, published in
1859. This paper radically redrew the landscape of the subject. The
specific approach to the distribution of prime numbers he developed, both
simple and revolutionary, consists of appealing to Cauchy's theory of
holomorphic functions, which at that time was a relatively recent
discovery."

[G. Tenenbaum and M. Mendès France, from The Prime Numbers and
Their Distribution (AMS, 2000)]
 

"The Riemann Hypothesis and its generalisations" - WWN notes, part of
a work-in-progress, see also the subsections:

Generalised Riemann Hypothesis�   

Extended Riemann Hypothesis�   

The Riemann Hypothesis

http://www.maths.ex.ac.uk/~mwatkins/zeta/riemannhyp.htm (2 de 4) [21/11/2003 18:53:09]

Grand Riemann Hypothesis�   

E. Bach, "Is the Riemann Hypothesis necessary?"
 

The Clay Mathematics Institute offers $1,000,000 for a proof of the
Riemann Hypothesis

an extremely thorough mathematical description of the Riemann
Hypothesis (with historical background, etc.) provided by Enrico Bombieri
for the purposes of this competition

video recording of an introductory lecture by J. Vaaler on the RH (one of
the Clay Foundation's "Millenium Lectures") [requires RealPlayer]

K. Sabbagh, Dr. Riemann's Zeros: The Search for the $1 Million Solution
to the Greatest Problem in Mathematics (Atlantic Books, 2002) - a
recently published popular account of the Riemann hypothesis, to be
published in the U.S. in April as The Riemann Hypothesis: The Greatest
Unsolved Problem in Mathematics (Farrar, Straus and Giroux)

Two more books of a similar nature followed in 2003:

J. Derbyshire, Prime Obsession: Bernhard Riemann and the Greatest
Unsolved Problem in Mathematics, (JHP, 2003)

Marcus du Sautoy, The Music of the Primes: Searching to Solve the
Greatest Mystery in Mathematics (HaperCollins, 2003)

Observer profile of du Sautoy

Here is K. Leutwyler's comparitive review of all three books from
Scientific American.

Here is another, by D. Lim, from The Village Voice.

...and another by J.C. Alexander
 

some proposed proofs of the Riemann Hypothesis (some more serious
than others...)

some reformulations of the Riemann Hypothesis

Professor J.E. Littlewood's brief argument as to why he believes the
Riemann Hypothesis to be false.

Set theorist and mathematical philosopher Gregory Chaitin discusses the
possibility that the RH might be undecidable, i.e there is no proof.
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a popular exposition on the Riemann Hypothesis which appeared in New
Scientist (11/11/00)

"The Mark of Zeta" - introductory essay on RH and Riemann's zeta
function (I. Peterson)

"The Return of Zeta" - sequel article by I. Peterson on links between the
RH, random matrix theory and quantum chaos

K. Sabbagh, "Beautiful Mathematics", Prospect (January 2002)

B. Schechter, "143-year-old problem still has mathematicians guessing".
A fairly good New York Times article on recent Zeta-functions conference
at the Courant Institute (02/07/02). This online version requires a user ID
and password, but registration is free and only takes a couple of minutes.
 

ZetaGrid - Verification of the Riemann Hypothesis (a project coordinated
by S. Wedeniwski of IBM Deutschland)

"Today, we have better resources to verify or falsify Riemann's
hypothesis. First the high-speed computers, then the networks have
increased the capacity of calculations. Now we want to go one step
further by bundling up the resources into a grid network. Therefore, I
invite all interested people to participate in the calculation of the zeros of
the Riemann zeta function for a new record."

S. Wedeniwski, "Computations connected with the verification of the
Riemann Hypothesis" (useful overview with history and references)
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p-adic numbers and adeles - an
introduction

"...we turn our attention to the most fundamental concept we've employed
throughout our exploration - the notion of distance...We
measured...distances [between real and rational numbers] using the
absolute value on the real numbers, since that is the natural metric
(distance measure) on R. This remark raises a basic question: How did
the real numbers enter our analysis? We began by studying the rational
numbers...The rationals were our footholds into the more mysterious
realm of the irrational. But why were we looking at the rational numbers
as a subset of the reals? The answer appears clear: because the
rationals are a subset of the reals! Perhaps, however, the rational
numbers are subsets of other interesting, mysterious realms.

...we [now] begin a journey into the basic idea of distance and discover
new worlds of numbers that are as natural and as important as the reals
but have a foreign feel and look. These new numbers, in fact, lead to a
broader and deeper understanding...of number..."

E.B. Burger, Exploring the Number Jungle: A Journey into Diophantine Analysis
(AMS, 2000) p.105
 

A map |.| from the rationals to the non-negative reals is called a norm
(absolute value or valuation) if it satisfies the three following conditions:

(1) |x| = 0 if and only if x = 0
(2) For all rational x, y, we have |xy| = |x||y|
(3) For all rational x, y we have |x + y| < |x| + |y| (the triangle inequality)

The usual absolute value |.| clearly satisfies these properties, but what
other kinds of norms can exist?

There's a trivial norm which works like this: |x| = 1 for all rationals x
except 0, with |0| = 0. The non-trivial norms turn out to be very interesting
indeed, and we shall consider them now.
 

A sequence {xn} is called a Cauchy sequence with respect to the norm |.|
if it satisfies the following property:

Given any a > 0, there exists some N such that m,n > N implies |xm - xn|
< a. Basically, a sequence is Cauchy if its terms become 'arbitrarily close'
with respect to the norm |.|.

The definitions of norms and of Cauchy sequences can be easily
generalised to other fields, but we shall restrict our attention here to the
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field of rational numbers Q.

Q is said to be Cauchy incomplete with respect to the usual absolute
value |.| since there exist Cauchy sequences within Q which do not
converge in Q. For example the sequence of rationals

{1, 1.4, 1.41, 1.414, 1.4142, 1.41421, 1.414213...}
is clearly Cauchy, but its limit, the square root of 2, is not an element in
Q.

The field of real numbers R is the result of completing the field of
rationals Q with respect to the usual absolute value |.|. This completion
works as follows:

First we define an equivalence relation on all Cauchy sequences in Q:
{xn} and {yn} are said to be equivalent if |xn - yn| -> 0 as n goes to infinity.
The field of real numbers can be defined in terms of the resulting
equivalence classes. For example, sqrt(2) can be thought of as the
equivalence class containing the sequence given above.

One doesn't generally think of this correspondence (involving
equivalence classes of Cauchy sequences) when working with the real
numbers, but this is how they are rigorously defined.

The general definition of completion goes like this:

A field K (with norm |.|K) is a completion of field k (with norm |.|) if
(1) K contains k
(2) |x|K = |x| for all x in k
(3) K is Cauchy complete with respect to |.|K
(4) k is dense in K with respect to the topology associated with |.|K

It turns out that by choosing different norms, we get different kinds of
'Cauchyness'. That is, the set of sequences of rational numbers which
are Cauchy will generally change if we change to a different norm. We
will also generally get a different set of equivalence classes when we
change norms. This all means that different norms can lead to entirely
different ways in which we can complete Q - different fields which contain
Q, but which differ considerably from R and each other.

The trivial norm mentioned earlier (where |x| = 1 unless x = 0 when |x| =
0) leads to a 'trivial completion': Q itself. The only Cauchy sequences are
those with constant tails, and the equivalence classes naturally
correspond to individual rational numbers.

There is also an infinitude on non-obvious completions of the rationals.
These are the p-adic fields Qp (where p is some fixed prime number)
discovered by K. Hensel in 1902. Each p-adic field Qp is defined by
completing Q with respect to the absolute value |.|p which is defined as
follows:
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Let x be a nonzero rational number. It can always be expressed as
pk(m/n) where m and n are nonzero integers, neither divisible by the
prime p, and k is an integer. We then have

|x|p = p-k

If we further define |0|p = 0, then it is not difficult to check that |.||x|p
satisfies the necessary conditions above to be a norm on Q. It can be
said to provide Q with an "arithmetical measure of distance". The set of
equivalence classes of Cauchy (with respect to |.|p) sequences has a
natural field structure. It is a completion of Q which we call the field of
p-adic numbers. To see how it contains Q as a subfield, we simply put
the rational number x in correspondence with the equivalence class
containing the (obviously Cauchy) sequence {x, x, x, ...}.

Note following facts:
a rational number is 'p-adically large' if it has a large power of p in
its denominator

�   

a rational number is 'p-adically small' if it has a large power of p in
its numerator

�   

a rational number without factors of p in either numerator or
denominator (that is the vast majority of rational numbers for any
given p) will have p-adic norm equal to 1.

�   

all p-adic distances are powers (positive, negative or zero) of p�   

The sequence of rationals {1, p, p2, p3, p4, p5, ...} is a straightforward
example of a sequence which is not convergent (and hence not Cauchy)
in Q according to the usual absolute value |.|, but which is Cauchy in Q
according to |.|p. For we know that |pk|p = p-k. Whereas this sequence
diverges rapidly according to the usual norm, it actually converges to 0
according to the p-adic norm.

Two rational numbers can be a huge distance apart in 'real' terms, but if
the numerator of their difference (in reduced terms) happens to be
divisible by a high power of p, then they can be p-adically close. Similarly,
two rational numbers close together in 'real' terms could be far apart
p-adically as a result of the denominator of their difference (in reduced
terms) being divisible by a high power of p.

Any attempt to 'picture' the field Qp must necessarily involve the
relinquishing of all 'common sense' Euclidean-type concepts of space
and distance, something which is not easy to achieve.

The mathematical existence and validity of such norms and their
accompanying fields (completions of Q) is clear, but how can we actually
refer to or work with the non-rational elements of Qp? It turns out that
there is a very usable notation, a sort of "base p" (some people call it
"pinary") notation which has a kind of "reverse decimal" quality. The digits
available are {0,1,2,...,p-1}. You may be confused, so here's an example
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(here p is some prime number bigger than 7)

...729464938675.542

would mean (reading right-to-left) 2p-3 + 4p-2 + 5p-1 + 5 + 7p + 6p2 + 8p3

+ ...

As with familiar decimal notation, the digits to the left of the point deal
with (higher, the further left we go) positive powers, and digits to the right
of the point deal with (higher the further right we go) negative powers. But
the situation has been turned on its head: the negative powers always
terminate, while the positive ones can continue indefinitely. In the
'sensible' world of the usual absolute value |.|, numbers like this could not
be finite. They are described by what amounts to a divergent infinite
series. But if we are using |.|p then they can be convergent and thereby
elements of Qp.

This notation allows us to easily describe the p-adic integers. These are
the p-adic numbers with nothing after the point. That is, sums of
nonnegative powers of p, or equivalently the limits of sequences of
integers within Qp. Zp, the ring of p-adic integers, is the maximal subring
of Qp. Note that Z is not closed in Qp. Zp is in fact its closure. The norm of
a p-adic integer is always < 1 (consider the ultrametric inequality).

Note that a p-adic norm provides us with a notion of distance, hence a
metric, a notion of open discs, neighbourhoods, and hence a p-adic
topology on the field Qp and its subfield Q.

There is a stronger inequality for an absolute value |.| than the triangle
inequality which is known as the ultrametric inequality or strong triangle
inequality:

|x + y| < max{|x|,|y|}
Any norm |.| satisfying this is called nonarchimedean (or ultrametric). A
norm which does not satisfy it is called archimedean. The usual norm on
the real line is clearly archimedian - in fact there is an archimedean
axiom:
 

"Let us turn our attention to axioms of Euclidean geometry. In a list of
axioms there exists the so-called Archimedean axiom, which was at first
pointed out and analyzed by Veroneze and Hilbert. According to the
Archimedean axiom any given large segment on a straight line can be
surpassed by successive addition of small segments along the same line.
Really, this is a physical axiom which concerns the process of
measurement. Two different scales are compared by this axiom. It means
that we can measure distances as small as we want."

(from V.S. Vladimirov, I.V. Volovich, E.I. Zelenov, p-Adic Analysis and Mathematical
Physics (World Scientific, 1994))
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A more formal statement of the axiom woud be that if 0 < |x| < |y| then
there is some positive integer multiple nx of x such that |nx| > |y|. As the
excerpt above indicates, this property corresponds to common sense
experiences of measurement. If one distance is smaller than another,
then by simply taking enough copies of the smaller distance and stacking
them end to end, we can eventually produce something which exceeds
the bigger distance.

It is very difficult to imagine a situation where this axiom does not hold,
but in fact the very space and time we inhabit have both been shown by
20th century science to be unequivocally nonarchimedian: The
archimedean axiom breaks down at the Planck scale, that is for distances
less than 1.6 x 10-33 metres and durations less than 5.4 x 10-44 seconds.
Despite our entrenched belief that space and time are continuous,
homogeneous, infinitely divisible quantities, we are now confronted with
the fact that below this scale, distances and durations cannot scaled up
in order to produce macroscopic distances and durations. Equivalently,
we cannot meaningfully measure distances or durations below this scale.
 

"...So a suggestion emerges to abandon the Archimedean axiom at very
small distances. This leads to a non-Euclidean and non-Riemannian
geometry of space at small distances.

How can one construct a physical theory corresponding to a
non-Archimedean geometry? As it is well known there is an analytical
description of geometry. One uses coordinates to describe a geometrical
picture.

There are two equivalent approaches

geometry <---> number system
The usual Euclidean geometry is described by means of real numbers. If
we want to abandon the standard geometry for description of small
distance in physical space-time we have to abandon real numbers. What
should be used instead of real numbers?

In computations in everyday life, in scientific experiments and on
computers we are dealing with integers and fractions, that is with rational
numbers and we never have dealings with irrational numbers - infinite
non-periodic decimals. Results of any practical action we can express
only in terms of rational numbers which are considered to have been
given to us by God. Certainly, there exists generally accepted confidence
that if we carry out measurements more and more precisely, then in
principle we can get any large number of decimal digits and interpret a
result as a real number. However, this is an idealization and as it follows
from the previous discussion we should be careful with such statements.
Thus, let us take as our starting point the field Q of rational numbers....

...What norms do exist on Q? There is a remarkable Ostrowski theorem
describing all norms on Q. According to this theorem any nontrivial norm
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on Q is equivalent to either ordinary absolute value or p-adic norm for
some fixed prime number p."

(from V.S. Vladimirov, I.V. Volovich, E.I. Zelenov, p-Adic Analysis and Mathematical
Physics (World Scientific, 1994))
 

Incidentally, French physicist Laurent Nottale has introduced a concept of
scale relativity where the Planck length and time play comparable roles to
the role played by the speed of light in the theory of special relativity, that
is, invariant under a fundamental set of transformations (in this case
scale transformations). Einstein took as his starting point the observed
fact that the speed of light is invariant under changes of inertial frame of
reference (acceleration, basically), and followed this counterintuitive fact
to its logical conclusion, which was that spacetime must be curved (i.e.
conforms to a hyperbolic geometry). Notalle takes as his starting point the
invariance of the Planck length with respect to scale transformations, and
follows this counterintuitive idea to its astonishing logical conclusion - that
spacetime has an intrinsically fractal quality. (See L. Nottale, Fractal
Space-Time and Microphysics - Towards a Theory of Scale Relativity
(World Scientific, 1993).)

Because p-adic fields are nonarchimedian, and space and time have
revealed themselves as nonarchimedian, it's natural to consider whether
or not physics might not better be formulated in terms of Qp rather than R
as it traditionally has been. In fact there's a growing body of "p-adic
physics". The book by Vladimirov, et.al. is a good starting point.

If we're going to use p-adic fields to describe physical phenomena, there
arises the obvious question "which p do we use?". It turns out that there
is an approach which involves ALL p-adic norms (as well as the usual
one which produces R) simultaneously.
 

The adeles constitute a locally compact topological ring AQ, individually
taking the form

(aoo;a2, a3, a5, a7, a11,...)

aoo is a real number (that subscript is meant to be 'infinity').

Each ap is a p-adic number. We must require that in all but a finite
number of cases ap is a p-adic integer.

aoo is the archimedian entry. The rest are non-archimedian. Hence the
semicolon separating them.

The notation aoo conforms to the notion that whereas the field of p-adic
numbers relates to the finite prime number p, the field of real numbers
relates to the prime at infinity. Some people call it the real prime (as
opposed to the finite primes 2, 3, 5, 7, ...). The real prime is something of
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a mysterious entity. There is a recent book by Haran which explores it in
some depth, called The Mysteries of the Real Prime (OUP, 2001).

There is a meaningful sense in which we can think of the usual absolute
value |.| as "|.|oo" and of R as "Qoo".

Note that we can easily embed Q in the ring of adeles. Any rational x can
be associated with the adele (x;x, x, x,...). Note that x can only have a
finite collection of primes appearing in the factorisation of its denominator,
so x must be a p-adic integer for all but a finite number of primes p.

The ideles constitute the multiplicative group IQ of AQ, that is those

(aoo;a2, a3, a5, a7, a11,...)

where aoo is nonzero, |ap|p is nonzero for all p and equals 1 for all but a
finite number of p.

The ideles in IQ turn out to be the units (multiplicatively invertible
elements) within the ring of adeles AQ.

It is possible to generalise the notions of adeles and ideles to fields other
than Q (we can define subrings of integers and prime ideals. The prime
ideals can be used to construct norms (analogous to p-adic norms) on
the field. Some of these turn out to be archimedean and others
nonarchimedean.

The term global is sometimes applied in the adelic setting, as opposed to
the use of the term local in connection with the valuations |.| or |.|p.

Here are two useful excerpts from M. Pitkänen's online notes on p-adic
numbers:

"2. Algebraic extensions of p-adic numbers

1. Real numbers allow only complex numbers as their algebraic
extension. The extension is obtained by requiring that each number
allows square root.

2. p-Adic numbers allow infinite number of algebraic extensions with
all possible dimensions. One class of extensions of dimension n can be
defined using irreducible polynomial of degree n. Irreducibility implies that
the roots are not p-adic numbers and are linearly independent. Any
number in the extension can be written as a superposition of roots with
p-adic coefficients. Cyclic extensions determined by irreducible
polynomial P(x) = xn-1 are the simplest extensions.

3. The requirement that any p-adically real number (not all numbers of
the extension) allows square root leads to a 4-dimensional extension for
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p > 2. The extension is 8-dimensional for p = 2..."

"4. Canonical correspondence between the real and p-adic numbers

1. There are good motiviations for trying to find some kind of
correspondence between the real and p-adic numbers. The so-called
canonical correspondence is defined by the map

SUM(n)nxnpn --> SUM(n) xnp-n

of the p-adic numbers to real numbers. The image of a p-adic number is
always finite and the map is continuous. The inverse map is two-valued
for the real numbers with finite pinary digits...

2. The canonical correspondene makes it possible to associate to a
p-adically analytic function a real function and these functions have
fractal like appearance. Also higher dimensional fractal can be defined
using algebraic extensions."

3. the canonical correspondence makes it possible to define p-adic
definite integral and the definition makes it possible to formulate
variational principles with desired properties (in particular, total
divergence reduces to a surface integral)..."

 

additional resources

Mathworld entry

F.Q. Gouvea, p-adic Numbers: An introduction (Springer-Verlag, 1993)

A.J. Baker, "An Introduction to p-adic Numbers and p-adic Analysis"
(2003 lecture notes)

M. Ram Murty, "Introduction to p-Adic Analytic Number Theory" (1999
lecture notes)

W.H. Schikhof, Ultrametric Calculus: An Introduction to p-Adic Analysis
(C.U.P. 1984)

E. Lapid, "Notes on the adeles" (July 2002)

S.D. Miller, "Adeles, Automorphic Forms and Representations" (2002
course notes)

N. Koblitz, p-Adic numbers, p-adic analysis, and zeta-functions (Graduate
Texts in Mathematics, Vol 58) (Springer-Verlag, 1984)

N. Koblitz, p-Adic Analysis: A Short Course on Recent Work (Cambridge
University Press, 1980)
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A.M. Robert, A Course in p-adic Analysis, Graduate Texts in Mathematics
198 (Springer-Verlag, 2000).

K. Mahler, p-Adic numbers and their functions, Cambridge Tracts in
Mathematics 76 (C.U.P., 1980)

A. Weil, Adeles and Algebraic Geometry, Progress in Mathematics 23
(Birkhauser, 1982)

J.E. Holly, "Pictures of ultrametric spaces, the p-adic numbers, and
valued fields", American Mathematical Monthly 108 (2001) 721-728

A.A. Cuoco, "Visualizing the p-adic integers", American Mathematical
Monthly 98 (1991) 355-364.

A. Robert, "Euclidean models of p-adic spaces, Lecture Notes in Pure
and Applied Mathematics 192 (1997) 95-105

more books and links
 

p-adic physics
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Chance in the Primes: Chapter 1
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Prepared by J. Laurie Snell, Bill Peterson, Jeanne Albert, and Charles Grinstead, with help from Fuxing Hou
and Joan Snell.

We are now using a listserv to send out notification that a new issue of Chance News has been posted on the
Chance website. You can sign on or off or change your e-mail address at this Chance listserv. This listserv is
used only for mailing and not for comments on Chance News. We do appreciate comments and suggestions
for new articles. Please send these to:

jlsnell@dartmouth.edu

The current and previous issues of Chance News and other materials for teaching a Chance course are
available from the Chance web site.

Chance News is distributed under the GNU General Public License (so-called 'copyleft'). See the end of the
newsletter for details.

There are two facts about the distribution of prime numbers of which
I hope to convince you so overwhelmingly that they will be permanently
engraved in your hearts.

The first is that, despite their simple definition and role as the building
blocks of the natural numbers, the prime numbers belong to the most
arbitrary and ornery objects studied by mathematicians: they grow like
weeds among the natural numbers, seeming to obey no other law than
that of chance, and nobody can predict where the next one will sprout.

The second fact is even more astonishing, for it states just the opposite:
that the prime numbers exhibit stunning regularity, that there are laws
governing their behaviour, and that they obey these laws with the almost
military precision.

Don Zagier
The First 50 Million Prime Numbers
The Mathematical Intelligencer, Vol. 0,
August 1977

This is a special issue of Chance News. It includes only one item which is a story 'The Chance of a Prime'. The
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more traditional Chance News will be sent out soon.

In 1998 the Mathematical Sciences Research Institute in Berkeley, California had a three-day conference on
Mathematics and the Media. The purpose of this conference was to bring together science writers and
mathematicians to discuss ways to better inform the public about mathematics and new discoveries in
mathematics. As part of the conference, they asked Peter Sarnak, from Princeton University, to talk about new
results in mathematics that he felt the science writers might like to write about. He chose as his topic "The
Riemann Hypothesis." This is generally considered the most famous unsolved problem in mathematics and is
the major focus of Sarnak's research. 

In his talk, Sarnak described some fascinating new connections between the Riemann Hypothesis, physics and
random matrices. He used only mathematics that one would meet in calculus and linear algebra. Sarnak's
lecture, and a discussion of his talk by the science writers, can be found here under "Mathematics for the
Media". (Readers might also enjoy the lecture by Larry Gonick, author of "The Cartoon Guide to Statistics.") 

Unfortunately, the discussion of Sarnak's talk by the science writers revealed that most of them were
completely lost. The first science writer commenting on the talk said that she felt the way she had at a party
with German friends. Her friends would try to speak English for a while but would lapse into and out of
German resulting in her understanding very little of the conversation. 

Even though Sarnak's talk was not a great experience for most of the science writers, it was an excellent
expository talk given by a great mathematician. Our own enjoyment of this talk suggested to us that readers of
Chance News would also enjoy it. However, we felt that it would help to have some written commentary to go
with the video. Our colleague Dan Rockmore offered to provide such a commentary for us. Dan's first
installment, presented below, is related to to the first half of Sarnak's talk dealing with properties of prime
numbers and history of the Riemann Hypothesis. In future issues of Chance News Dan will provide
commentaries related to the second half of Sarnak's talk in which he explains the connection between the
Riemann Hypothesis and physics through random matrices.

Another interested popular talk on the Riemann Hypothesis was given recently be Jeff Laaler at the University
of Texas. The Clay Mathematics Institute has offered million dollar prizes for solutions of seven famous
outstanding problems in mathematics. One of these problems is the Riemann Hypothesis. The University of
Texas mathematics department had a series of Millennium Lectures for the general public with a lecture on
each of the seven problems. Jeff gave the lecture on the Riemann Hypothesis. The original video of this lecture
was hard to follow since the slides were difficult to read. The Clay Institute provided us with the original tape
and the slides and we have put them on the Chance Lecture series in our format developed for our Chance
Lectures by photographer Bob Drake that makes it easy to read the slides. You can find Vaaler's lecture at the
Chance Lecture Series under "Other Lectures". You can skip most of the introduction by starting at 6 minutes
into the video.

To watch these videos you will need the free RealOne Player. which you can obtain here. Finding the free
player might seem like a hide and seek game but keep on the free path and you will succeed. You will also need
the real player plug-in which comes with recent versions of Real Player. Finally, you will need a connection to
the internet which is at true 56 Kbps or faster.

We encourage you to read Dan's commentary from the web before printing it in order to see the wonderful
interactive graphics that our colleague Peter Kostelec provided for us. We suggest reading Dan's commentary
first, then watching Jeff Laaler's talk and then Sarnak's talk for the final word. You will then be in a position to
fully appreciated the news and the movie when this famous problem is finally solved. 

HERE IS EPISODE ONE!

Chance in the Primes
Dan Rockmore
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We hardly ever think of the good old natural numbers as a place for chance or randomness. Much of

mathematics may seem inscrutable, but the numbers  spill out, known and familiar, grains

making up a mathematical salt of the earth. Nevertheless, the understood aspect of the natural numbers is their
additive structure. Getting from one number to another by addition or subtraction poses no mysteries. It is only
when we start to think of things multiplicatively that the trouble starts and the surprises enter. In a recent MSRI
lecture, Sarnak discusses the ways in which probability and statistics, chance, are helping unravel some of the
prime mysteries.

The prime numbers are the basic multiplicative building blocks and there is a great deal of work still ongoing to
understand the way in which they are distributed among the natural numbers. As you list them, they seem to
fall by chance: 2,3,5,7,11,13,.... Since the time of Euclid we have known that there are an infinite number of

primes. His proof is easy to restate. Given any finite collection of primes  then the number 

 is not divisible by any of , so must be divisible by primes not

among this set. So, given any finite set of primes, this produces a different prime, so no finite set of primes can
be complete, so there must be an infinite number. 

Knowing that there are an infinite number is just the beginning; the next step is to quantify this. More
precisely, we define a function 

 the number of primes less than or equal to , 

and we study the asymptotics of this function. Based on extensive calculation, Gauss first conjectured and
ultimately de Vallee Poisson and Hadamard (1896) proved the "Prime Number Theorem" 

 

that is,

 

In fact, Gauss had conjectured (and it implies the Prime Number Theorem) a more precise estimate, that 

 

where  is the logarithmic integral of  
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As an aside, the comparison of  and  is the source of one of the largest numbers ever written

in a math paper. It is known that  is not always greater than , but the first place where it will

happen may be around . 

Figure 1: Comparing , Li(x), and .

Now, asymptotics are ok, but what is of interest is in getting the estimate as right as can be. That is, we'd like to
be able to write that 

 

where  is the error term in this estimate. Understanding this error term is one of the reasons behind

studying "The Riemann Hypothesis". This is a conjecture concerning the behavior of a complex function
called the Riemann zeta function, and in particular, understanding the statistical nature of the arguments for
which this function is equal to zero, the "zeros" of the zeta function, a lively area at the intersection of number

theory, mathematical physics, probability and statistics. Riemann's zeta function, , for 
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for , is the slight generalization to a complex function of a real function first cooked up by the

Swiss mathematician Euler. It is defined as 

 

For  we get the well-known divergent harmonic series, and for , the less well-known, but still

interesting fact (due to Euler) that .

One obvious connection to the primes is through Euler's product formula  

 

The formula results from expanding each of the factors on the right 

 

and noting that their product is a sum of terms of the form 

 

where  are distinct primes and  are natural numbers. Then use the Fundamental

Theorem of Arithmetic which states that all natural numbers have a unique factorization into prime powers. 

Riemann's great contribution was in linking the zeros of the zeta function to the asymptotics of . He

first was able to show that even though  diverges to infinity, the zeta function did have a consistent

definition at all other points in the complex plane. In other words, while it is easy to see that  makes

sense for any  with real part greater than , he was able to find an analytic continuation of  to the
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entire complex plane, outside of a singularity at . Part of this work was the discovery of the

"functional equation" which relates the values of  to the those of  - like some funny sort

of mirror symmetry about the line . 

The functional equation immediately shows that there are some easy to find zeros: the numbers -2,-4,-6,....
These are called the trivial zeros. The functional equation also easily shows that any other zeros have to have
real part between 0 and 1, the so-called "critical strip"! It is these nontrivial zeros that are all the rage. Riemann
conjectured (get ready - this is the infamous hypothesis!) that those nontrivial zeros must split the critical strip :

all the nontrivial zeros of the zeta function have real part equal to .

This has been checked into the millions - that is, that all the zeros with imaginary part into the millions and in

the critical strip are actually on the line 

In order to relate  to  Riemann defined a weighted prime-counting function 

 

In other words, whereas  is a step function that adds one for every prime,  is the step function

that adds  for any power  of a prime .

Note that  and  are step functions whose value at a jump point, when graphed, is the height of

the upper point. For the following discussion we redefine these functions to have value at a jump point the
average of the height of the lower and upper points of the jump. 

The function  can be obtained from  by the infinite series: 

(1)

This equation, in turn, can be inverted to compute  from  as 
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(2)

where  is the Möbius function which is  if  is divisible by a prime square,  if  is a product

of an even number of distinct primes and  if  is a product of an odd number of distinct primes.

Riemann showed that  can be determined from the zeros  of the zeta function by the equation 

(3)

Here the sum on  in the second term is taken with increasing values of the absolute value of the complex part

of .

Putting (3) into (2),  can be determined from the zeros of the zeta function. For fixed x, (2) is a finite

series. Thus if we use the first k zeros of the zeta function in (3) we will obtain an approximation to . 
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Figure 2: Approximating  using the first 30 zeros of the zeta function. Click here for

an amusing animation using the first 500 zeros. And clickhere for an animation of 

being approximated in the interval , again using the first 500 zeros. 

So, as we use more and more of the zeros of the zeta function we eventually get a good approximation to the
number of primes less than or equal to x. In the limit we would get the exact value. 

Hans Riesel and Gunnar Göhl [2] show how these computations can be carried out. We illustrate this
approximation in Figure 2. The animations show how the approximation improves when we increase the
number of zeros used. 

Riemann's proof of formula (3) was not complete and a rigorous proof was first provided by H. von Mangoldt.

The function  introduced by Riemann has pretty much been replaced, in modern studies of prime

numbers, by a similar function , introduced by Chebyshev, a Russian mathematician famous for

making some of the first progress on the Prime Number Theorem and also for having a seemingly infinite
number of accepted spellings of his name. 

 is again a step function which starts at 0 but now has a jump of  at each prime power .
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Thus 

(4)

We redefine  at jump points in the same way we did for  and . 

Figure 3: Comparing  and .

Chebyshev proved that the prime number theorem is equivalent to the statement that . (See

Figure 3). And knowing the error in using the approximation of  for  is equivalent to knowing the

Error term for our  approximation to . 

The Riemann Hypothesis has been shown to be equivalent to the following estimate for the difference between 
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 and : 

 

for .

Mangoldt showed that  can also be determined from the zeros of the zeta function by the following

equation: 

(5)

Again the sum is taken in increasing order of the absolute value of the complex part of . Thus, using the first

k roots  of the zeta function, we can obtain from equation (5) an approximation for . We illustrate

this approximation in Figure 4 and again the animations show how the approximation improves when we
increase the number of zeros used. 
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Figure 4: Comparing  with its approximation via summing the first 50 zeros of the

Zeta function. Click here for an animation! Animations are also available for views of 

 being approximated in the interval : a slow one using the first

100 zeros, and a fast one using the first 500 zeros.

Thus the product formula for  suggests that that the zeta function knows the prime numbers and

formulas (3) and (5) suggest that the zeros of the zeta function know the distribution of the prime numbers. 

Dan Rockmore's story "The Chance of a Prime" will be continued in future issues of Chance News. 
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The are numerous web sites devoted to prime numbers and the Riemann Hypothesis. Just search on Google
using "prime numbers'' or "Riemann Hypothesis." 
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July 28, 1993, Robert Osserman, Lenore Blum, Karl Rubin, Ken Ribet, John Conway, and
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the 'encoding' of the distribution of
prime numbers by the nontrivial zeros
of the Riemann zeta function

" Riemann showed that the [nontrivial] zeros of [the zeta function]
determine the fluctuations in the density of primes (that is their
importance) and conjectured that they all have real part 1/2."

M.V. Berry, from "Quantum Chaology", The Bakerian Lecture
1987, Proceedings of the Royal Society of London A 413
(1987) 183-98.

"...the complex zeros of the Riemann zeta-function induce the local
variations in the distribution of the primes."

Hans Riesel from Prime Numbers and Computer Methods for
Factorisation

There are two approaches:

the more common approach              the more elegant approach

archive      tutorial      mystery      new      search      home      contact
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the functional equation of the Riemann
zeta function and related issues

"This is still perhaps the most important thing we know about the zeta
function, as far as its structure..." [Peter Sarnak]

"In his great 1859 paper, "Uber die Anzahl der Primzahlen unter eine
gegebene Grosse," Riemann gave two proofs of the analytic continuation
and functional equation of the zeta function:

Theorem: Let . Then  has meromorphic

continuation to all s, analytic except at simple poles at s = 0 and 1, and
satisfies .

Both proofs are important: the first proof gives the values of the zeta
functions at negative odd integers (or, using the functional equation, at
positive even integers) while the second proof expresses the zeta
function as the Mellin transform of an automorphic form, and leads to the
result that  is an entire function of order one. I'll describe

the second proof here."

D. Bump - "The Zeta Function" (lecture notes)

"In this paper, Riemann introduces the function of the complex variable t
defined by

with s = 1/2 + it, and shows that  is an even entire function of t whose

zeros have imaginary part between -i/2 and i/2. He further states,
sketching the proof, that in the range between 0 and T the function 

has about  zeros...The statement that all of

the zeros of the function  are real is the Riemann hypothesis."

The functional equation of Riemann's zeta function
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E. Bombieri, "Problems of the Millenium: The Riemann Hypothesis"

Bernard Julia and others have observed a striking parallel between the
functional equation and the Kramers-Wannier duality of statistical
mechanics. This was introduced by H. Kramers and G. Wannier in their
1941 paper "Statistics of the Two-Dimensional Ferromagnet" (Physical
Review 60, p.252).

In a recent lecture, Marek Wolf stated that the functional equation "is
analogous to the Kramers-Wannier duality for the partition function of the
two dimensional Ising model with parameter J expressed in units of kT
(i.e. equal to interaction constant divided by kT)

where N denotes the number of spins and  is related to J via

. This analogy is a starting point for a series of papers

where attempts to find the appropriate spin model possessing the
partition function  expressed by the  were undertaken..."

In his article "Statistical theory of numbers", Julia elaborates on the
functional equation:

"If one calls  the theta function of the one-dimensional lattice one has:

and one can show for Re(s) > 1 the remarkable formula:

The Poisson summation formula implies (partly) the modularity of the
theta function and leads to

The functional equation of Riemann's zeta function
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This translates through eq. (2) and the definition

into the functional equation (a physicist would say the "duality") of
Riemann:

Let us note however that the definition of  cancelled unnaturally and by
brute force the pole at s = 1, the multiplication of eq. (2) by s(s - 1)/2
however preserved the symmetry about the axis Re(s) = 1/2."

Later in the same article, Julia writes "It is tantalizing to try to identify the
functional equation of Riemann with a duality a la Kramers-Wannier. In
the example of the two dimensional (canonical) Ising model we have a
(grand-canonical) lattice gas model where the chemical potential is the
exterior magnetic field and the nearest neighbour coupling a short range
interaction, the spin is essentially the occupation number. In two
dimensions and at zero chemical potential the duality relates values of
zeta near s = infinity and near s = 0. The critical temperature is left
invariant by the duality!"

D. Klusch, "The sampling theorem, Dirichlet series and Hankel
transforms", Journal of Computational and Applied Mathematics 44
(1992) 261-273

[abstract:] "Some very surprising relations between fundamental
theorems and formulas of signal analysis, of analytic number theory and
of applied analysis are presented. It is shown that generalized forms of
the classical Whittaker-Kotelnikov-Shannon sampling theorem as well as
of the Brown-Butzer-SplettstöBer approximate sampling expansion for
non-band-limited signal functions can be deduced via the theory of
Dirichlet series with functional equations from a new summation formula
for Hankel transforms. This counterpart to Poisson's summation formula
is shown to be essentially 'equivalent' to the famous functional equation
of Riemann's zeta-function, to the 'modular relation' of the theta-function,

The functional equation of Riemann's zeta function
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to the Nielsen-Doetsch summation formula for Bessel functions and to
the partial fraction expansion of the periodic Hilbert kernel."

B.W. Ninham and B.D. Hughes, "Möbius, Mellin, and mathematical
physics", Physica A: Statistical and Theoretical Physics 186 (1992)
441-481

[abstract:] "We examine some results and techniques of analytic number
theory which have application, or potential application, in mathematical
physics. We consider inversion formulae for lattice sums, various
transformations of infinite series and products, functional equations and
scaling relations, with selected applications in electrostatics and statistical
mechanics. In the analysis, the Mellin transform and the Riemann zeta
function play a key role."

P.G. Rooney, "Another proof of the functional equation for the Riemann
zeta function", Journal of Mathematical Analysis and Applications 185
(1994) 223-228

[abstract:] "A new proof of the functional equation for the Riemann zeta
function is given, based on the theory of Mellin multiplier
transformations."

Here are some speculative writings from J.-F. Burnol on another possible
physical interpretation of the functional equation.

some related notes on Fourier analysis and the functional equation by
B.J. Green    [DVI]   [PostScript]   [PDF]

WWN notes on functional equations of L-functions and assorted zeta
functions (part of a work-in-progress)

Background on the Gamma function
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Introduction
``Le plus court chemin entre deux vérités dans le domaine réel passe par le domaine complexe.'' ``The shortest path

between two truths in the real domain passes through the complex domain.''

J. Hadamard.

The above quote captures the depth analysis can bring when one is confronted by number theoretic questions. The oldest and most
fundamental of such questions is the study of prime numbers. The first question to be answered is: Are there an infinite number of
primes? This can be answered by a number of simple proofs:

Euclid: Assume there are a finite number of primes , then  is not divisible by any of the pi's,

so any of its prime divisors yields a new prime number (Euclid only considered the case n=3).

�   

Pólya: The Fermat numbers Fn=22n+1 are pairwise relatively prime, so the set of their prime divisors must be infinite.�   

Erdos: Fix x and consider the primes .Since every integer is the product of a perfect square and a

squarefree number, one can write every integer  as ,where  and .

There 2n choices for the ei and  choices for Q, so it follows that 

�   

Euler: One has the formal identity  

 

 

(1)

which in fact holds for . As , the left hand side of (1) tends to  since the harmonic series diverges, so

there must be an infinite number of factors on the right.

This proof can be modified by noting that , where . If there were only a finite number of

primes, then (1) would imply that  is rational, proved false by Legendre in 1797, see also [6]. Several other proofs are
given in [7].

A stronger version of this is due to Mertens: The finite version of (1) gives

and taking logs will give  

 

 

(2)

and so there are an infinite number of primes.

�   

Which of these is the ``best'' proof? One argument would say that it is the one which allows the best generalisation. For example,

An Introduction to Analytic Number Theory

http://www.maths.ex.ac.uk/~mwatkins/zeta/vardi.html (1 de 7) [21/11/2003 18:54:33]



Euclid's proof easily shows that there are an infinite number of primes of the form 4k+3 (consider ), but seems to

fall flat when trying to prove that the same holds for primes of the form 4k+1 (one has to consider ). In

general, one wants to demonstrate Dirichlet's assertion (that he proved in 1837, in [3]) ``there are an infinite number of primes of
the form ak+b, where a and b are relatively prime.'' It turns out that the proof of this deep fact uses a generalisation of Euler's
method, i.e., equation (2):

Dirichlet's theorem
Let  be a multiplicative character modulo q, that it is to say a complex valued function  satisfying

 and  (this implies that if , then it is a root of unity and so has norm one). An

example is the Legendre (or Jacobi if q is not a prime) symbol

In fact, there are exactly  multiplicative characters modulo q, all given by  where  is a primitive root

and  is such that .The importance of characters is seen by the following orthogonality relation:  

 

 

(3)

which allows one to pick out an arithmetic progression. For his proof, Dirichlet introduced what are nowadays called Dirichlet
L-functions, defined by

Taking logarithm leads to , thus one has

and a simple application of relation (3) gives

Then, by splitting the sum in real and complex characters, one gets  
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(4)

 is called the principal character and equals 1 whenever  and 0 otherwise. The first sum (over ) is ,

as .This infinite term should imply that there are an infinite number of primes in the

arithmetic progression. The only problem is that one of the other terms could cancel this one by being zero at s = 1 (partial

summation shows that  is finite). One therefore has to show that .

This is definitely true for complex characters since otherwise,  would imply that  and since these

terms are different, this would imply that , which is false as taking logs gives

and so the value at s=1 must be positive, hence the last sum in relation (4) is bounded.

The real problem is then to bound the middle sum in relation (4), that is to say to show that . Dirichlet proved

this result by a very ingenious method: He evaluated this number in closed form! This is now known as Dirichlet's class number
formula:

where h is the class number of  and  its fundamental unit and w the number of roots of unity in this field

(see the canonical reference [2]). Since each of these quantities counts something, so they are positive, the result now follows:

Simpler proofs using only complex analysis are also possible. The idea is to use Landau's theorem that a Dirichlet series with

positive terms has a pole at its abscissa of convergence and apply it to  which has just been shown to have

positive coefficients.

The Prime Number Theorem
The distribution of primes is quite irregular, so it is easier to study their statistical behaviour. In this direction, let  be the

number of primes . Gauss conjectured that  This assertion simply says: ``the probability that n

is prime is about .'' This result was finally proved by Hadamard and de la Vallée Poussin in 1896. Both of them used

fundamental ideas of Riemann who was the first to introduce complex analysis in the study of the distribution of prime numbers.

Using Perron's formula, namely
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and using residues, Riemann essentially found what is perhaps the most important formula in analytic number theory (the von
Mangoldt explicit formula):  

 

 

(5)

where sum on the right is over the zeroes of the Riemann  function. These zeroes can be split up into two types: The first are the

trivial zeroes at , and the zeroes with  (the right hand side of (5) reflects this dichotomy). This

formula has many interesting properties and reflects the following principles of analytic number theory:

1.

Primes should always be counted with weight ;

2.

Primes and prime powers should be counted together;

3.

There are much less prime powers than primes;

4.

The zeroes of the  function are the ``fundamental frequencies'' of the primes, and in this sense are dual to the primes.

Following Chebyshev, one defines and ,where

 when n=pm, and zero otherwise. A fairly straightforward partial summation shows that the prime number

theorem is equivalent to  (note that trivially, ), and that more generally,

One can then see from the explicit formula (5) that the prime number theorem would follow if one can bound , since each

error term would then be of order < x. The prime number theorem would then be equivalent to showing that  for

. In fact, this is an equivalence (as was later shown by Wiener) and Hadamard and de la Vallée Poussin were able to prove

that  using some ingenious trigonometric identities. We will give a proof due to Mertens, in 1898. Set

, then  when  (we restrict to ). But, by the Euler

identity, one has  and so

Mertens' trick consists in noticing that , thus

, hence .

But, as , one has and  for a some constant A. So one should have

, this contradicts the fact that  is bounded. In conclusion, the  function has no zero with
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, the PNT is proved. An elementary (i.e. without complex analysis) proof of the PNT was subsequently found by Erdos

and Selberg in 1949 (see [4] and [9]).

Chebyshev's bias
All numerical evidence shows that  and it was long believed that this would be true for all x. Similarly,

Chebyshev noted that the number of primes of the form 4k+3 seemed to be more abundant than the primes of the form 4k+1, more

precisely, let  then .

In fact, Littlewood proved in 1914 that  changes sign infinitely often and the same is true for

. In 1957 Leech showed that is first true for x= 26861, and that the similar inequality

 is first true for x=608981813029 was shown by Bays and Hudson in 1978. No example of

is known. Skewes first gave an upper bound which was later reduced by Sherman-Lehman and then te Riele [10]

who gave an upper bound of 10370.

This behaviour can easily be explained using explicit formulas. In the case of , the point is the following: The explicit

formula (5) expresses  as a sum of powers . Assuming the Riemann Hypothesis, one can write this as

One can now see the reason for the bias: The function does not count primes but prime powers so what one really wants is

the behaviour of  which is given by

so that

The function

is a very slowly oscillating trigonometric series which should be zero on average, so the extra term biases  to be smaller than

x on average. A simple description is that  counts the number of prime powers , so the number of primes should be

slightly less since the number of prime squares is of the same order as the error term.

There is a similar explanation for the bias in arithmetic progressions. There is an explicit formula
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where the Generalised Riemann Hypothesis has been assumed (there is no x term since  is no longer a pole if ).

As before one has

but one really wants to look at

where cq, a is the number of solutions of . In particular, the same argument shows that there will always be

fewer primes in the progression qn + a when a is a residue than when a is a nonresidue. Simply put, the ``balanced'' count is the set

of prime powers  so there are fewer primes  when a is quadratic residue since the number of prime

squares congruent to a is of the same order as the error term in the analytic formulas.

In 1994, Rubinstein and Sarnak (see [8]) were able to make Chebyshev's bias precise. Assuming GRH (if this is false, then there is
no bias) and also the Grand Simplicity Hypothesis (GSH: All the ordinates of zeroes of L-function are linearly independent over

), then
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the distribution of primes, Riemann zeta function and Riemann hypothesis

a selection of quotations

When reading these, take note of the profusion of emotional/poetic/ecstatic and
religiously-oriented language which is used throughout. The words mystery, mysterious
and secrets appear numerous times, but also sense of wonder, strange, stunning,
astonishing, baffling, bafflement, surprise, endless surprises, exasperating, perplexing,
bedevilled, diabolical malice, teased, cruel and compelling, stultifying, fascinating,
(strange) fascination, yearning, obsession, mysterious attraction, breathtaking(ly),
beautiful, most beautiful, incredibly beautiful, immense beauty, beautiful harmonies,
elegant, elegance, gorgeous, glamorous, enthralled, incredible, exalted, majestic,
fantastic, miraculous, amazed, amazing, absolutely amazing, awed, impenetrable,
impenetrability, tantalized, tantalizing, tantalizingly, tantalizingly vulnerable, unveil,
blazed...fearlessly, wreath its conqueror with glory, awesome vista, most ancient, cryptic,
riddle, formidable enigmas, most enigmatic, strange conundrum, great white whale, quest,
vast toil, unthinkable complexity, utterly alien, secret source, profundity, profound mystery,
great mystery, magic, alchemist, elixir, aesthetic appeal, works of art, poetry, arcane
music, secret harmony, Nature's gift, inexplicable secrets of creation, gem, gemstone,
jewels, crown, heart, soul, cosmos, abyss(es), divine, Holy Grail, Lucifer, Devil and God.

William Blake or John Milton might feel at home with this. Mathematicians, however, are
not ordinarily inclined to use such language so freely. It is hard not to wonder what it is we
are ultimately dealing with here.
 

"...there is no apparent reason why one number is prime and another not. To the
contrary, upon looking at these numbers one has the feeling of being in the
presence of one of the inexplicable secrets of creation."

D. Zagier from "The first 50 million prime numbers", The Mathematical
Intelligencer 0 (1977) 7-19.

"I hope that...I have communicated a certain impression of the immense beauty of
the prime numbers and the endless surprises which they have in store for us."
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D. Zagier from "The first 50 million prime numbers", The Mathematical
Intelligencer 0 (1977) 7-19.

"As archetypes of our representation of the world, numbers form, in the strongest
sense, part of ourselves, to such an extent that it can legitimately be asked whether
the subject of study of arithmetic is not the human mind itself. From this a strange
fascination arises: how can it be that these numbers, which lie so deeply within
ourselves, also give rise to such formidable enigmas? Among all these mysteries,
that of the prime numbers is undoubtedly the most ancient and most resistant."

G. Tenenbaum and M. Mendès France, from The Prime Numbers and Their
Distribution (AMS, 2000) page 1

"The Mystery that clings to numbers, the magic of numbers, may spring from this
very fact, that the intellect, in the form of the number series, creates an infinite
manifold of well-distinguished individuals. Even we enlightened scientists can still
feel it, e.g. in the impenetrable law of the distribution of prime numbers."

H. Weyl from Philosophy of Mathematics and Natural Science

"The theory of Numbers has always been regarded as one of the most obviously
useless branches of Pure Mathematics. The accusation is one against which there
is no valid defence; and it is never more just than when directed against the parts of
the theory which are more particularly concerned with primes. A science is said to
be useful if its development tends to accentuate the existing inequalities in the
distribution of wealth, or more directly promotes the destruction of human life. The
theory of prime numbers satisfies no such criteria. Those who pursue it will, if they
are wise, make no attempt to justify their interest in a subject so trivial and so
remote, and will console themselves with the thought that the greatest
mathematicians of all ages have found it in it a mysterious attraction impossible to
resist."

G. H. Hardy from a 1915 lecture on prime numbers

"To some extent the beauty of number theory seems to be related to the
contradiction between the simplicity of the integers and the complicated structure
of the primes, their building blocks. This has always attracted people."

A. Knauf from "Number theory, dynamical systems and statistical mechanics"

"Prime numbers are the most basic objects in mathematics. They also are among
the most mysterious, for after centuries of study, the structure of the set of prime
numbers is still not well understood. Describing the distribution of primes is at the
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heart of much mathematics..."
A. Granville from AMS news release 5 December 1997

"Mathematicians have tried in vain to this day to discover some order in the
sequence of prime numbers, and we have reason to believe that it is a mystery into
which the mind will never penetrate."

Leonard Euler, in G. Simmons, Calculus Gems, McGraw-Hill, New York, 1992

"...the prolific and immensely influential master mathematician Leonhard Euler
(1707-1783) expressed in 1751 his bafflement about the impenetrability of the
primeland thicket:

. . .

Since primes are the basic building blocks of the number universe from which all
the other natural numbers are composed, each in its own unique combination, the
perceived lack of order among them looked like a perplexing discrepancy in the
otherwise so rigorously organized structure of the mathematical world.

. . .

How can so much of the formal and systematic edifice of mathematics, the science
of pattern and rule and order per se, rest on such a patternless, unruly, and
disorderly foundation? Or how can numbers regulate so many aspects of our
physical world and let us predict some of them when they themselves are so
unpredictable and appear to be governed by nothing but chance?"

H. Peter Aleff, from the 'e-book' Prime Passages to Paradise

"The seeming absence of any ascertained organizing principle in the distribution of
the succession of the primes had bedevilled mathematicians for centuries and
given Number Theory much of its fascination. Here was a great mystery indeed,
worthy of the most exalted intelligence: since the primes are the bulding blocks of
the integers and the integers the basis of our logical understanding of the cosmos,
how is it possible that their form is not determined by law? Why isn't 'divine
geometry' apparent in their case?"

A. Doxiadis, from the novel Uncle Petros and Goldbach's Conjecture, p. 84
(Faber 2000)

"The problem of distinguishing prime numbers from composite numbers and of
resolving the latter into their prime factors is known to be one of the most important
and useful in arithmetic. It has engaged the industry and wisdom of ancient and
modern geometers to such an extent that it would be superfluous to discuss the
problem at length...Further, the dignity of the science itself seems to require that
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every possible means be explored for the solution of a problem so elegant and so
celebrated."

C.F. Gauss, Disquisitiones Arithmeticae, article 329 (1801)

"Prime numbers have always fascinated mathematicians. They appear among the
integers seemingly at random, and yet not quite: There seems to be some order or
pattern, just a little below the surface, just a little out of reach."

Underwood Dudley, Elementary Number Theory (Freeman, 1978)

"The primes have tantalized mathematicians since the Greeks, because they appear
to be somewhat randomly distributed but not completely so."

T. Gowers, Mathematics: A Very Short Introduction (Oxford Univ. Press,
2002), p.118

"Who would have imagined that something as straightforward as the natural
numbers (1, 2, 3, 4,...) could give birth to anything so baffling as the prime numbers
(2, 3 ,5, 7, 11, ...)?"

Ian Stewart, "Jumping Champions", Scientific American, December 2000

"Prime numbers belong to an exclusive world of intellectual conceptions. We speak
of those marvellous notions that enjoy simple, elegant description, yet lead to
extreme - one might say unthinkable - complexity in the details. The basic notion of
primality can be accessible to a child, yet no human mind harbors anything like a
complete picture. In modern times, while theoreticians continue to grapple with the
profundity of the prime numbers, vast toil and resources have been directed toward
the computational aspect, the task of finding, characterizing, and applying the
primes in other domains."

R. Crandall and C. Pomerance, Prime Numbers: A Computational Perspective
(Springer-Verlag, 2001)

"[Primes] are full of surprises and very mysterious...They are like things you can
touch...In mathematics most things are abstract, but I have some feeling that I can
touch the primes, as if they are made of a really physical material. To me, the
integers as a whole are like physical particles."

quoted in K. Sabbagh's Dr. Riemann's Zeros (Atlantic, 2002), p.17

"I sometimes have the feeling that the number system is comparable with the
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universe that the astronomer is studying...The number system is something like a
cosmos."

M. Jutila, quoted in K. Sabbagh, "Beautiful Mathematics", Prospect, January
2002.

"The prime numbers are useful in analyzing problems concerning divisibility, and
also are interesting in themselves because of some of the special properties which
they possess as a class. These properties have fascinated mathematicians and
others since ancient times, and the richness and beauty of the results of research
in this field have been astonishing."

C.H. Denbow and V. Goedicke, Foundations of Mathematics (Harper, 1959)

"No branch of number theory is more saturated with mystery than the study of
prime numbers: those exasperating, unruly integers that refuse to be divided evenly
by any integers except themselves and 1. Some problems concerning primes are so
simple that a child can understand them and yet so deep and far from solved that
many mathematicians now suspect they have no solution. Perhaps they are
"undecideable". Perhaps number theory, like quantum mechanics, has its own
uncertainty principle that makes it necessary, in certain areas, to abandon
exactness for probabilistic formulations."

M. Gardner from "The remarkable lore of the prime numbers", Scientific
American, March 1964.

"317 is a prime, not because we think so, or because our minds are shaped in one
way rather than another, but because it is so, because mathematical reality is built
that way."

G.H. Hardy, A Mathematician's Apology, (Cambridge Univ. Press, 1941) p. 70.

"There are two facts about the distribution of prime numbers which I hope to
convince you so overwhelmingly that they will be permanently engraved in your
hearts.

The first is that despite their simple definition and role as the building blocks of the
natural numbers, the prime numbers... grow like weeds among the natural numbers,
seeming to obey no other law than that of chance, and nobody can predict where
the next one will sprout.

The second fact is even more astonishing, for it states just the opposite: that the
prime numbers exhibit stunning regularity, that there are laws governing their
behaviour, and that they obey these laws with almost military precision."

Don Zagier, Bonn University inaugural lecture

Prime quotes

http://www.maths.ex.ac.uk/~mwatkins/zeta/quotes.htm (5 de 21) [21/11/2003 18:54:40]

"To me, that the distribution of prime numbers can be so accurately represented in
a harmonic analysis is absolutely amazing and incredibly beautiful. It tells of an
arcane music and a secret harmony composed by the prime numbers."

E. Bombieri from "Prime Territory: Exploring the Infinite Landscape at the Base
of the Number System" (The Sciences, Sept/Oct 1992)

"Addition and multiplication equip the set of positive natural numbers {1,2,3,. . .}
with a double structure of Abelian semigroup. The first is associated with a total
order relation, and is generated by the single number 1. The second, reflecting the
partial order of divisibility has an infinite number of generators: the prime numbers.
Defined since antiquity, this key concept has yet to deliver up all its secrets - and
there are plenty of them."

G. Tenenbaum, Introduction to Analytic and Probabilistic Number Theory,
page 299

"Already in this picture we can see that, despite small oscillations, [the number of
primes] grows quite regularly

But when I extend the domain of x values from a hundred to fifty thousand, then
this regularity becomes breathtakingly clear, for the graph now looks like this
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For me, the smoothness with which this curve climbs is one of the most
astonishing facts in mathematics."

D. Zagier from "The first 50 million prime numbers", The Mathematical
Intelligencer 0 (1977) 7-19.

"Some order begins to emerge from this chaos when the primes are considered not
in their individuality but in the aggregate; one considers the social statistics of the
primes and not the eccentricities of the individuals."

P.J. Davis and R. Hersh, The Mathematical Experience, Chapter 5

"It [is] possible to predict with rather good accuracy the number of primes smaller
than N (especially when N is large); on the other hand, the distribution of primes in
short intervals shows a kind of built-in randomness. This combination of
'randomness' and 'predictability' yields at the same time an orderly arrangement
and an element of surprise in the distribution of primes. According to Schroeder
(1984), in his intriguing book Number Theory in Science and Communication, these
are basic ingredients of works of art. Many mathematicians will readily agree that
this topic has a great aesthetic appeal."

P. Ribenboim,The Book of Prime Number Records, 2nd ed. (Springer-Verlag,
1989), p.153
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"[Tschebycheff] was the only man ever able to cope with the refractory character
and erratic flow of prime numbers and to confine the stream of their progression
with algebraic limits, building up, if I may so say, banks on either side which that
stream, devious and irregular as are its windings, can never overflow."

J.J. Sylvester, quoted in E. Kramer, The Nature and Growth of Mathematics
(Princeton University Press, 1970)

"The zeta function is probably the most challenging and mysterious object of
modern mathematics, in spite of its utter simplicity. . . The main interest comes
from trying to improve the Prime Number Theorem, i.e. getting better estimates for
the distribution of the prime numbers. The secret to the success is assumed to lie
in proving a conjecture which Riemann stated in 1859 without much fanfare, and
whose proof has since then become the single most desirable achievement for a
mathematician."

M.C. Gutzwiller, Chaos in Classical and Quantum Mechanics, page 308

"Let us now pursue an apparently tangential path. We wish to consider one of the
most fascinating and glamorous functions of analysis, the Riemann zeta function..."

R. Bellman, A Brief Introduction of Theta Functions (Holt, 1961) p. 30

"We may - paraphrasing the famous sentence of George Orwell - say that "all
mathematics is beautiful, yet some is more beautiful than the other." But the most
beautiful in all mathematics is the zeta function. There is no doubt about it."

Polish cosmologist Krzysztof Maslanka

"It's remarkable how the Riemann zeta function seems to be trying intentionally to
deceive us!"

Warren D. Smith, "Cruel and unusual behavior of the Riemann zeta function"

"These ideas are then utilized to unveil a new image of the zeta-function... revealing
it as the main gem of a necklace composed of all automorphic L-functions."

From Cambridge University Press description of Y. Motohashi's Spectral
Theory of the Riemann-Zeta Function

"It's a whole beautiful subject and the Riemann zeta function is just the first one of
these, but it's just the tip of the iceberg. They are just the most amazing objects,
these L-functions - the fact that they exist, and have these incredible properties are

Prime quotes

http://www.maths.ex.ac.uk/~mwatkins/zeta/quotes.htm (8 de 21) [21/11/2003 18:54:40]



tied up with all these arithmetical things - and it's just a beautiful subject.
Discovering these things is like discovering a gemstone or something. You're
amazed that this thing exists, has these properties and can do this."

B. Conrey, Dr. Riemann's Zeros (Atlantic, 2002), p.166

"In 1859, a German mathematician called Bernhard Riemann, a 'timid diffident soul
with a horror of attracting attention to himself,' published a paper that drew more
attention to him than to almost any other mathematician in the 19th century,. In it he
made an important statement: the non-trivial zeros of the Riemann zeta function all
have real part equal to 1/2. That is the Riemann Hypothesis: 15 words encapsulating
a mystery at the heart of our number system."

K.Sabbagh, "Beautiful Mathematics" Prospect, January 2002.

"Riemann showed the importance of study of [the zeta] function for a range of
problems in number theory centering around the distribution of prime numbers,
and he further demonstrated that many of these problems could be settled if one
knew the location of the zeros of this function. In spite of continued assaults and
much progress since Riemann's initial investigations this tantalizing question
remains one of the major unsolved problems in mathematics."

D. Reed, Figures of Thought (Routledge, New York, 1995) p.123

"Hilbert included the problem of proving the Riemann hypothesis in his list of the
most important unsolved problems which confronted mathematics in 1900, and the
attempt to solve this problem has occupied the best efforts of many of the best
mathematicians of the twentieth century. It is now unquestionably the most
celebrated problem in mathematics and it continues to attract the attention of the
best mathematicians, not only because it has gone unsolved for so long but also
because it appears tantalizingly vulnerable and because its solution would probably
bring to light new techniques of far-reaching importance."

H.M. Edwards, Riemann's Zeta Function, page 6

"In [his 1859 paper], Riemann made an incidental remark - a guess, a hypothesis.
What he tossed out to the assembled mathematicians that day has proven to be
almost cruelly compelling to countless scholars in the ensuing years...

...it is that incidental remark - the Riemann Hypothesis - that is the truly astonishing
legacy of his 1859 paper. Because Riemann was able to see beyond the pattern of
the primes to discern traces of something mysterious and mathematically elegant
at work - subtle variations in the distribution of those prime numbers. Brilliant for
its clarity, astounding for its potential consequences, the Hypothesis took on
enormous importance in mathematics. Indeed, the successful solution to this
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puzzle would herald a revolution in prime number theory. Proving or disproving it
became the greatest challenge of the age...

It has become clear that the Riemann Hypothesis, whose resolution seems to hang
tantalizingly just beyond our grasp holds the key to a variety of scientific and
mathematical investigations. The making and breaking of modern codes, which
depend on the properties of the prime numbers, have roots in the Hypothesis. In a
series of extraordinary developments during the 1970s, it emerged that even the
physics of the atomic nucleus is connected in ways not yet fully understood to this
strange conundrum. ...Hunting down the solution to the Riemann Hypothesis has
become an obsession for many - the veritable 'great white whale' of mathematical
research. Yet despite determined efforts by generations of mathematicians, the
Riemann Hypothesis defies resolution.""

J. Derbyshire, from the dustjacket description of Prime Obsession (John Henry
Press, 2003)

"Whoever can prove either the truth or the falsehood of this conjecture [The
Riemann Hypothesis] will cover himself in glory."

C. de la Vallee Poussin, 1916

"The Riemann hypothesis...is still widely considered to be one of the greatest
unsolved problems in mathematics, sure to wreath its conqueror with glory."

B. Schechter, "143-year-old problem still has mathematicians guessing" (New
York Times, 2 July 2002).

"So if you could be the Devil and offer a mathematician to sell his soul for the proof
of one theorem - what theorem would most mathematicians ask for? I think it would
be the Riemann Hypothesis."

H. Montgomery, quoted in K. Sabbagh's Dr. Riemann's Zeros (Atlantic, 2002),
p.29

"...the Riemann hypothesis remains one of the outstanding challenges of
mathematics, a prize which has tantalized and eluded some of the most brilliant
mathematicians of this century...Hilbert is reputed to have said that the first
comment he would make after waking at the end of a thousand year sleep would be,
'Is the Riemann hypothesis established yet?'"

R. Bellman, A Brief Introduction of Theta Functions (Holt, 1961) p. 33-34

"The Riemann Hypothesis is a precise statement, and in one sense what it means is
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clear, but what it's connected with, what it implies, where it comes from, can be
very unobvious."

M. Huxley, quoted in K. Sabbagh's Dr. Riemann's Zeros (Atlantic, 2002), p.186

"The Riemann Hypothesis is the central problem and it implies many, many things.
One thing that makes it rather unusual in mathematics today is that there must be
over five hundred papers - somebody should go and count - which start "Assume
the Riemann Hypothesis", and the conclusion is fantastic. And those [conclusions]
would then become theorems...With this one solution you would have proven five
hundred theorems or more at once."

P. Sarnak, quoted in K. Sabbagh's Dr. Riemann's Zeros (Atlantic, 2002), p.188

"Sometimes I think that we essentially have a complete proof of the Riemann
Hypothesis except for a gap. The problem is, the gap occurs right at the beginning,
and so it's hard to fill that gap because you don't see what's on the other side of it."

H. Montgomery, quoted in K. Sabbagh's Dr. Riemann's Zeros (Atlantic, 2002),
p.227

"[The Riemann Hypothesis is] no longer just analytic number theorists involved, but
all mathematicians know about the problem, and many realize that they may have
useful insights to offer. As far as I can see, a solution is as likely to come from a
probabilist, geometer or mathematical physicist, as from a number theorist."

R. Heath-Brown, quoted in K. Sabbagh's Dr. Riemann's Zeros (Atlantic, 2002),
p.228

"...the Riemann Hypothesis will be settled without any fundamental changes in our
mathematical thoughts, namely, all tools are ready to attack it but just a penetrating
idea is missing."

Y. Motohashi, quoted in K. Sabbagh's Dr. Riemann's Zeros (Atlantic, 2002),
p.228

"Mother Nature has such beautiful harmonies, so you couldn't say that something
like [the Riemann Hypothesis] is false."

H. Iwaniec, quoted in K. Sabbagh's Dr. Riemann's Zeros (Atlantic, 2002),
p.288

"...I don't believe or disbelieve the Riemann Hypothesis. I have a certain amount of
data and a certain amount of facts. These facts tell me definitely that the thing has
not been settled. Until it's been settled it's a hypothesis, that's all. I would like the
Riemann Hypothesis to be true, like any decent mathematician, because it's a thing
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of beauty, a thing of elegance, a thing that would simplify many proofs and so forth,
but that's all."

A. Ivic, quoted in K. Sabbagh's Dr. Riemann's Zeros (Atlantic, 2002), p.228

"The consequences [of the Riemann Hypothesis] are fantastic: the distribution of
primes, these elementary objects of arithmetic. And to have tools to study the
distribution of these of objects."

H. Iwaniec, quoted in K. Sabbagh's Dr. Riemann's Zeros (Atlantic, 2002), p.30

"If [the Riemann Hypothesis is] not true, then the world is a very different place. The
whole structure of integers and prime numbers would be very different to what we
could imagine. In a way, it would be more interesting if it were false, but it would be
a disaster because we've built so much round assuming its truth."

P. Sarnak, quoted in K. Sabbagh's Dr. Riemann's Zeros (Atlantic, 2002), p.30

"In 1985 there was a flurry of publicity for an announced proof of the Riemann
Hypothesis...This announcement was premature and the zeta function retains its
secrets. Fame, fortune and many sleepless nights await whoever uncovers them."

I. Stewart, The Problems of Mathematics (1987) p.164

"Now, fifty years after the publication of Riemann's great paper "On the number of
prime numbers less than a given quantity", we have only just begun to understand
and absorb what Riemann's supremely creative imagination produced. Progress
along the path that Riemann blazed so fearlessly has been hesitant and slow; and
the justly famous hypothesis that lies at the kernel of that thesis has resisted all
efforts at proof."

E. Landau, 1909

"Ask any professional mathematician what the single most important open problem
in the entire field is and you are almost certain to receive the answer "the Riemann
Hypothesis"."

K. Devlin, from Mathematics: The New Golden Age (1999)

"It remains unresolved but, if true, the Riemann Hypothesis will go to the heart of
what makes so much of mathematics tick: the prime numbers. These indivisible
numbers are the atoms of arithmetic. Every number can be built by multiplying
prime numbers together. The primes have fascinated generations of
mathematicians and non-mathematicians alike, yet their properties remain deeply
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mysterious. Whoever proves or disproves the Riemann Hypothesis will discover the
key to many of their secrets and this is why it ranks above Fermat as the theorem
for whose proof mathematicians would trade their soul with Mephistopheles.

Although the Riemann Hypothesis has never quite caught on in the public
imagination as Mathematics' Holy Grail, prime numbers themselves do periodically
make headline news...But for mathematicians, such news is of only passing
interest...Rather mathematicians like to look for patterns, and the primes probably
offer the ultimate challenge. When you look at a list of them stretching off to
infinity, they look chaotic, like weeds growing through an expanse of grass
representing all numbers. For centuries mathematicians have striven to find rhyme
and reason amongst this jumble. Is there any music that we can hear in this random
noise? Is there a fast way to spot that a particular number is prime? Once you have
one prime, how much further must you count before you find the next one on the
list? These are the sort of questions that have tantalised generations."

M. du Sautoy, "The Music of the Primes", Science Spectra 11 (1998)

"For many mathematicians working on it, $1m is less important than the
satisfaction that would come from finding a proof. Throughout my researches
among the mathematicians' tribe (I have interviewed 30 in the past year), Riemann's
Hypotheis was often described to me in awed terms. Hugh Montgomery of the
University of Michigan said this was the proof for which a mathematician might sell
his soul. Henryk Iwaniec, a Polish-American mathematician, sounded as if he were
already discussing terms with Lucifer"

'I would trade everything I know in mathematics for the proof of the Riemann
Hypothesis. It's gorgeous stuff. I'm only worried that I'll be unable to understand it.
That would be the worst...'"

K. Sabbagh, "Beautiful Mathematics", Prospect, January 2002.

"The failure of the Riemann hypothesis would create havoc in the distribution of
prime numbers. This fact alone singles out the Riemann hypothesis as the main
open question of prime number theory."

E. Bombieri, from "Prime Territory: Exploring the Infinite Landscape at the
Base of the Number System" (The Sciences, Sept/Oct 1992)

". . .there have been very few attempts at proving the Riemann hypothesis, because,
simply, no one has ever had any really good idea for how to go about it."

Atle Selberg

"Despite the stunning advances linking Riemann's zeta function to 20th century
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physics, no one is predicting an imminent proof of the Riemann hypothesis.
Odlyzko's numerical experiments and evidence amassed by physicists have
convinced everyone that a spectral interpretation of the zeta zeros is the way to go,
but number theorists say they are at least one "big idea" away from even the
beginnings of a proof. Mathematicians aren't yet sure what to aim at, says
[Princeton University mathematician Peter] Sarnak"

Barry Cipra, "A Prime Case of Chaos"

"Indicative of the depth of mathematics lurking behind physicists' conjectures is
that fact that the properties that one would like to establish about the
renormalization theory of critical circle maps might turn out to be related to
number-theoretic abysses such as the Riemann conjecture..."

P. Cvitanovic, "Circle Maps: Irrationally Winding" from Number Theory and
Physics, eds. C. Itzykson, et. al. (Springer, 1992)

"If the Riemann Hypothesis is true. . .the function f(u) constructed from the primes
has discrete spectrum; that is, the support of its Fourier transform is discrete. If the
Riemann Hypothesis is false this is not the case. The frequencies tn are reminiscent
of the decomposition of a musical sound into its consituent harmonics. Therefore
there is a sense in which we can give a one-line non technical statement of the
Riemann hypothesis: "The primes have music in them".

M.V.Berry and J.P.Keating from "The Riemann Zeros and Eigenvalue
Asymptotics" (SIAM Review 41, no.2 (1999), page238.)

"Berry isn't speaking in metaphors. "I've tried to play this music by putting a few
thousand primes into my computer," he says "but it's just a horrible cacophony.
You'd actually need billions or trillions - someone with a more powerful machine
should do it.""

E. Klarreich from "Prime Time" (New Scientist, 11/11/00)

"[It has been] said that the zeros [of the Riemann zeta function] weren't real, nobody
measured them. They are as real as anything you will measure in a laboratory - this
has to be the way we look at the world."

P. Sarnak from 1999 MSRI lecture "Random matrix theory and zeroes of zeta
functions - a survey"

"I am firmly convinced that the most important unsolved problem in mathematics
today is the truth or falsity of a conjecture about the zeros of the zeta function,
which was first made by Riemann himself...Even a single exception to Riemann's
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conjecture would have enormously strange consequences for the distribution of
prime numbers...If the Riemann hypothesis turns out to be false, there will be huge
oscillations in the distribution of primes. In an orchestra, that would be like one
loud instrument that drowns out the others - an aesthetically distasteful situation."

E. Bombieri from "Prime Territory: Exploring the Infinite Landscape at the Base
of the Number System" (The Sciences, Sept/Oct 1992)

"Right now, when we tackle problems without knowing the truth of the Riemann
hypothesis, it's as if we have a screwdriver. But when we have it, it'll be more like a
bulldozer."

P. Sarnak, quoted in "Prime Time" by E. Klarreich (New Scientist, 11/11/00)

"I have a feeling that the [Riemann] hypothesis will be cracked in the next few
years. I see the strands coming together. Someone will soon get the million
dollars."

M. Berry, quoted in "Prime Time" by E. Klarreich (New Scientist, 11/11/00)

"Proving the Riemann hypothesis won't end the story. It will prompt a sequence of
even harder, more penetrating questions. Why do the primes achieve such a
delicate balance between randomness and order? And if their patterns do encode
the behaviour of quantum chaotic systems, what other jewels will we uncover when
we dig deeper?

Those who believe mathematics holds the key to the Universe might do well to
ponder a question that goes back to the ancients: What secrets are locked within
the primes?"

E. Klarreich, "Prime Time" (New Scientist, 11/11/00)

"One of the remarkable aspects of the distribution of prime numbers is their
tendency to exhibit global regularity and local irregularity. The prime numbers
behave like the 'ideal gases' which physicists are so fond of. Considered from an
external point of view, the distribution is - in broad terms - deterministic, but as
soon as we try to describe the situation at a given point, statistical fluctuations
occur as in a game of chance where it is known that on average the heads will
match the tail but where, at any one moment, the next throw cannot be predicted.
Prime numbers try to occupy all the room available (meaning that they behave as
randomly as possible), given that they need to be compatible with the drastic
constraint imposed on them, namely to generate the ultra-regular sequence of
integers.

This idea underpins the majority of conjectures concerning prime numbers:
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everything which is not trivially forbidden should actually happen..."
G. Tenenbaum and M. Mendès France, from The Prime Numbers and Their

Distribution (AMS, 2000) page 51

"It is often remarked that prime numbers finally found a legitimate practical
application in the domain of cryptography. The cryptographic relevance is not
disputed, but there are many other applications of the majestic primes...It seems
fair to regard the prime number concept as ubiquitous, since the primes appear in
so many disparate domains of thought."

R. Crandall and C. Pomerance, from Prime Numbers: A Computational
Perspective (Springer-Verlag, 2001)

"Euclid may have been the first to define primality in his Elements approximately
300 BC...He realized that the even perfect numbers are all closely related to the
primes of the form 2p-1 for some prime p (now called Mersennes). So the quest for
these jewels began near 300 BC."

C. Caldwell, from The Prime Pages

"I have sometimes thought that the profound mystery which envelops our
conceptions relative to prime numbers depends upon the limitations of our
faculties in regard to time, which like space may be in essence poly-dimensional
and that this and other such sort sort of truths would become self-evident to a
being whose mode of perception is according to superficially as opposed to our
own limitation to linearly extended time."

J.J. Sylvester, from "On certain inequalities relating to prime numbers", Nature
38 (1888) 259-262, and reproduced in Collected Mathematical Papers,

Volume 4, page 600 (Chelsea, New York, 1973)

"Although the prime numbers are rigidly determined, they somehow feel like
experimental data."

T. Gowers, Mathematics: A Very Short Introduction (Oxford Univ. Press,
2002), p.121

"It is evident that the primes are randomly distributed but, unfortunately, we don't
know what 'random' means.''

R. C. Vaughan (February 1990)
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"God may not play dice with the universe, but something strange is going on with
the prime numbers."

P. Erdös, referring to the famous quote of Einstein. From "Homage to an
Itinerant Master" by D. Mackenzie (Science 275:759, 1997)

"Given the millennia that people have contemplated prime numbers, our continuing
ignorance concerning the primes is stultifying."

R. Crandall and C. Pomerance, from Prime Numbers: A Computational
Perspective (Springer-Verlag, 2001)

Oxford University professor of mathematics Marcus du Sautoy's recent book The Music of
the Primes (Fourth Estate, 2003) contains a wealth of relevant quotes. He expressed an
interest in the quotes collected here when in the process of writing the book. His book has
been widely acclaimed, and his prose has been praised for its 'poetic' qualities. The
choice of language noticeably contrasts with the somewhat drier styles of K. Sabbagh and
J. Derbyshire, both of whom also had popular books on the Riemann Hypothesis
published in early 2003. Some of the words and phrases used in the quotes below are:

music (repeatedly), sense of wonder, timeless, Nature's gift, ultimate challenge, secret
source, inner harmony, elixir, metamorphosis, miraculous, stunning, yearning, enthralled,
frightened, fascinated and teased, embarrassment, anathema, misty waters, vast ocean,
vast expanse, awesome vista, looming out of the mist, utterly alien, unleash the full force,
radically new vistas, hidden harmonies, cacophony, poetry, alchemist, treasure, jewels,
crown, riddle, cryptic, most enigmatic, mystical ley line, masters of disguise, diabolical
malice
 

"The primes are jewels studded throughout the vast expanse of the infinite universe
of numbers that mathematicians have explored down the centuries. For
mathematicians they instil a sense of wonder: 2, 3, 5, 7, 11, 13, 17, 19, 23,... -
timeless numbers that exist in the same world independent of our physical reality.
They are Nature's gift to the mathematician." (p.5)
 

"Yet despite their apparent simplicity and fundamental character, prime numbers
remain the most mysterious objects studied by mathematicians. In a subject
dedicated to finding patterns and order, the primes offer the ultimate challenge."
(p.5)
 

"Prime numbers present mathematicians with one of the strangest tensions in their
subject. On the one hand a number is either prime or it isn't. No flip of a coin will
suddenly make a number divisible by some smaller number. Yet there is no denying
that the list of primes looks like a randomly chosen sequence of numbers.
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Physicists have grown used to the idea that a quantum die decides the fate of the
universe, randomly choosing at each throw where scientists will find matter. But it
is something of an embarrassment to have to admit that these fundamental
numbers on which mathematics is based appear to have been laid out by Nature
flipping a coin, deciding at each toss the fate of each number. Randomness and
chaos are anathema to the mathematician. Despite their randomness, prime
numbers - more than any other part of our mathematical heritage - have a timeless,
universal character. Prime numbers would be there regardless of whether we had
evolved sufficiently to recognise them." (p.6)
 

"Riemann's insight followed his discovery of a mathematical looking-glass through
which he could gaze at the primes. Alice's world was turned upside down when she
stepped through her looking-glass. In contrast, in the strange mathematical world
beyond Riemann's glass, the chaos of the primes seemed to be transformed into an
ordered pattern as strong as any mathematician could hope for. He conjectured that
this order would be maintained however far one stared into the never-ending world
beyond the glass. His prediction of an inner harmony on the far side of the mirror
would explain why outwardly the primes look so chaotic. The metamorphosis
provided by Riemann's mirror, where chaos turns to order, is one which most
mathematicians find almost miraculous. The challenge that Riemann left the
mathematical world was to prove that the order he thought he could discern was
really there." (p.9)
 

"As mathematicians navigate their way across the mathematical terrain, it as
though all paths will necessarily lead at some point to the same awesome vista of
the Riemann Hypothesis." (p.10)
 

"The search for the secret source that fed the primes had been going on for over
two millennia. The yearning for this elixir had made mathematicians all too
susceptible to Bombieri's [April Fools announcement of a "proof" of the Riemann
Hypothesis in 1997]. For years, many had simply been too frightened to go
anywhere near this notoriously difficult problem." (p.13)
 

"A solution to the Riemann Hypothesis offers the prospect of charting the misty
waters of the vast ocean of numbers. It represents just a beginning in our
understanding of Nature's numbers. If we can only find the secret of how to
navigate the primes, who knows what else lies out there, waiting for us to
discover?" (p.18)
 

"...Gauss liked to call [number theory] 'the Queen of Mathematics'. For Gauss, the
jewels in the crown were the primes, numbers which had fascinated and teased
generations of mathematicians." (p.22)
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"It seems paradoxical that the fundamental objects on which we build our
order-filled world of mathematics should behave so wildly and unpredictably."
(p.45)
 

"Armed with his prime number tables, Gauss began his quest. As he looked at the
proportion of numbers that were prime, he found that when he counted higher and
higher a pattern started to emerge. Despite the randomness of these numbers, a
stunning regularity seemed to be looming out of the mist." (p.47)
 

"The revelation that the graph appears to climb so smoothly, even though the
primes themselves are so unpredictable, is one of the most miraculous in
mathematics and represents one of the high points in the story of the primes. On
the back page of his book of logarithms, Gauss recorded the discovery of his
formula for the number of primes up to N in terms of the logarithm function. Yet
despite the importance of the discovery, Gauss told no one what he had found. The
most the world heard of his revelation were the cryptic words, 'You have no idea
how much poetry there is in a table of logarithms.'" (p.50)
 

"As we shall see, Riemann's Hypothesis can be interpreted as an example of a
general philosophy among mathematicians that, given a choice between an ugly
world and an aesthetic one, Nature always chooses the latter." (p.55)
 

"Gauss had heard the first big theme in the music of the primes, but it was one of
his students, Riemann, who would truly unleash the full force hidden of the hidden
harmonies that lay behind the cacophony of the primes." (p.58)
 

"Riemann had found a passageway from the familiar world of numbers into a
mathematics which would have seemed utterly alien to the Greeks who had studied
prime numbers two thousand years before. He had innocently mixed imaginary
numbers with his zeta function and discovered, like some mathematical alchemist,
the mathematical treasure emerging from this admixture of elements that
generations had been searching for. He had crammed his ideas into a ten-page
paper, but was fully aware that his ideas would open up radically new vistas on the
primes." (p.58)
 

"For centuries, mathematicians had been listening to the primes and hearing only
disorganised noise. These numbers were like random notes wildly dotted on a
mathematical stave with no discernible tune. Now Riemann had found new ears
with which to listen to these mysterious tones. The sine-like waves that Riemann
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had created from the zeros in his zeta landscape revealed some hidden harmonic
structure." (p.93)
 

"These zeros did not appear to be scattered at random. Riemann's calculations
indicated that they were lining up as if along some mystical ley line running through
the landscape." (p.99)
 

"In an interview, Hilbert explained that he believed the Riemann Hypothesis to be
the most important problem 'not only in mathematics but absolutely the most
important.'" (p.114)
 

"Littlewood's proof...revealed that prime numbers are masters of disguise. They
hide their true colours in the deep recesses of the universe of numbers, so deep
that witnessing their true nature may be beyond the computational power of
humankind. Their true behaviour can be seen only through the penetrating eyes of
abstract mathematical proof." (p.130)
 

"Littlewood wrote to Hardy about [Ramanujan]: 'it is not surprising that he would
have been [misled], unsuspicious as he presumably is of the diabolical malice
inherent in the primes'." (p.139)
 

"We have all this evidence that the Riemann zeros are vibrations, but we don't know
what's doing the vibrating." (p.280)
 

"Maybe we have become so hung up on looking at the primes from Gauss's and
Riemann's perspective that what we are missing is simply a different way to
understand these enigmatic numbers. Gauss gave an estimate for the number of
primes, Riemann predicted that the guess is at worst the square root of N off its
mark, Littlewood showed that you can't do better than this. Maybe there is an
alternative viewpoint that no one has found because we have become so culturally
attached to the house that Gauss built." (p.312)
 

"Until [the RH is proved], we shall listen enthralled by this unpredictable
mathematical music, unable to master its twists and turns. The primes have been a
constant companion in our exploration of the mathematical world yet they remain
the most enigmatic of all numbers. Despite the best efforts of the greatest
mathematical minds to explain the modulation and transformation of this mystical
music, the primes remain an unanswered riddle. We still await the person whose
name will live for ever as the mathematician who made the primes sing." (p.312)
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To conclude, a somewhat daunting quote about the prime numbers from someone who
was as familiar with them as anyone has ever been:

"It will be millions of years before we'll have any
understanding, and even then it won't be a
complete understanding, because we're up
against the infinite."

P. Erdös (interview with P. Hoffman, Atlantic Monthly, Nov. 1987, p. 74)

If you know of any other quotes which belong on this page, please get in touch.
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recently archived material

[Items are added to the top of this list as they are archived
elsewhere.]

K.A. Broughan and A.R. Barnett, "The holomorphic flow of the Riemann
zeta function" (preprint, 05/00)

[abstract:] "The flow of the Riemann zeta function is considered and
phase portraits presented. Attention is given to the characterization of the
flow lines in the neighborhood of the first 500 zeros on the critical line. All
of these zeros are foci. The majority are sources, but in a small
proportion of exceptional cases, the zero is a sink. To produce these
portraits, the zeta function was evaluated numerically to 12 decimal
places, in the region of interest using the Chebyshev method and using
Mathematica.

The phase diagrams suggest new analytic properties of zeta, a number of
which are proved and a number of which are given in the form of
conjectures."
[added 3 November 2003]

V.M. Popov, "On stability properties which are equivalent to Riemann
hypothesis", Libertas Math. 5 (1985) 55-61

[abstract:] "As shown recently by the author, the location of zeros of
Riemann's zeta function is related to the rate of growth of the solutions of
some dynamical systems with applications in control theory. In this paper
a new class of differential-delay systems is introduced whose stability is
equivalent to the Riemann hypothesis (RH). The systems considered
have a linear main part in which a zeta-like term and the
Euler-Mascheroni constant are involved. The above result is of
independent interest, being a new property which is equivalent to RH."
[added 3 November 2003]

A. Verjovsky, "Arithmetic, geometry and dynamics in the unit tangent
bundle of the modular orbifold", Dyamical Systems. Proceedings of the
3rd international school of dynamical systems, Santiago de Chile, 1990
(R. Bamon, et.al., eds.) Longman Scientific and Tehcnical Pitman Res.
Notes Math. Ser 285 (1993) 253-298
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[abstract:] "Let $M={\rm SL}_2( Z)\backslash {\rm SL}_2( R)$. A theorem
of Dani gives on this space, for each $y>0$, ergodic measures supported
on closed orbits of period $1/y$ of the horocyclic flow. Let $m(y)$ denote
the measures and $m$ Haar measure. For smooth functions $f$ on $M$
satisfying $\int_Mf\,dm=0$, Zagier has shown $\int_Mf\,dm_y=o(y^{1/2})$
as $y\to 0$ and that the Riemann hypothesis is equivalent to $(*)$
$\int_M f\,dm_y=o(y^{3/4-\epsilon})$ as $y\to 0$. The article shows that
$(*)$ does not hold for the characteristic function of certain "boxes" in
$M$. This of course does not disprove the Riemann hypothesis. The
proof is based on reducing the problem to a lattice point counting
problem. The impossibility of improving the error is related to an
analogous situation in the circle problem related to the slow decay of
Fourier transforms of characteristic functions."
[added 3 November 2003]

J. Tohá and M.A. Soto, "Biochemical identification of prime numbers",
Medical Hypotheses, 53 (4) (October 1999) 361-361

[Abstract:] "A biochemical technique is proposed whereby prime numbers
may be identified."
[added 21 October 2003]

M. Planat, "Invitation to the 'spooky' quantum phase-locking effect and its
link to 1/f fluctuations", submitted to Fluctuation and Noise Letters (10/03)

[abstract:] "An overview of the concept of phase locking at the nonlinear,
geometric and quantum level is attempted, in relation to finite resolution
measurements in a communication receiver and its 1/f noise. Sine
functions, automorphic functions and cyclotomic arithmetic are
respectively used as the relevant trigonometric tools. The common point
of the three topics is found to be the Mangoldt function of prime number
theory as the generator of low frequency noise in the coupling coefficient,
the scattering coefficient and its quantum critical statistical states.
Huyghens coupled pendulums, the Adler equation, the Arnold map,
continued fraction expansions, discrete Möbius transformations, Ford
circles, coherent and squeezed phase states, Ramanujan sums, the
Riemann zeta function and Bost and Connes' KMS states are but a few
concepts which are used synchronously in the paper."
[added 16 October 2003]

C. Furtlehner and S. Ouvry, "Integrals involving four Macdonald functions
and their relation to 7zeta(3)/2" (preprint 06/03)
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[abstract:] "A family of multiple integrals over four variables is rewritten in
terms of a family of simple integrals involving the product of four modified
Bessel (Macdonald functions). The latter are shown to be related to
7zeta(3)/2. A generalization to 2n integration variables is given which
yields only zeta at odd arguments."

The physics behind these results is concerned with disordered 2-d
singular magnetic fields (Aharonov-Bohm vortices). See reference [1] in
the paper.
[added 16 October 2003]

Conference: Arithmetic Quantum Chaos, 23-24 January 2004,
Département de Mathématiques, Université Montpellier, France

"Arithmetic Quantum Chaos" is a research area at the cross-roads of
differential geometry, ergodic theory, harmonic analysis, mathematical
physics, and number theory. This session of the MAT Seminar will focus
on important recent progress in this area and will consist of two series of
introductory lectures given by experts in the field, with the goal of
showing that quantum chaos hides a deep harmony at its core.

The first series of lectures will focus on several aspects of the spectrum
of Riemann surfaces - on the one hand, the existence and the reparition
of eigenvalues of the laplacian operator, and on the other hand, the
properties of its eigenfunctions (behavior with respect to a
quasiconformal deformation, properties of equirepartition when the
eigenvalue goes to infinity, ...). The main focus will be on the case of
surfaces of "arithmetic" type for which ergodic methods, as well as
methods coming from the theory of automorphic forms and analytic
number theory, have been able to make spectacular progress and to
prove (at least in the arithmetic case) several of the main conjectures
from quantum chaos theory.

The second series of lectures will be devoted to random matrices.
Introduced by E. P. Wigner as a way of modelling the resonances of an
heavy (atomic) nucleus, this theory has - thanks to the works of
Montgomery and more recently Katz/Sarnak - found applications in the
understanding of the zeros of L-functions.

The most important of these, of course, is the Riemann zeta function. But
the model becomes especially significant when we consider general
families of L-functions of automorphic forms. We then get a coherent
scaffold of conjectures on the structure of the zeros, as well as special
values, of L-functions. Many of these conjectures have been confirmed
by numerous experimental and theoretical results."
[added 11 October 2003]
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H. Furusho, "p-adic multiple zeta values I - p-adic multiple polylogarithms
and the p-adic KZ equation" (preprint 04/03)

[abstract:] "Our main aim in this paper is to give a foundation of the
theory of p-adic multiple zeta values. We introduce (one variable) p-adic
multiple polylogarithms by Coleman's p-adic iterated integration theory.
We define p-adic multiple zeta values to be special values of p-adic
multiple polylogarithms. We consider the p-adic KZ equation and
introduce the p-adic Drinfel'd associator by using certain two fundamental
solutions of the p-adic KZ equation. We show that our p-adic multiple
polylogarithms appear on coefficients of a certain fundamental solution of
the p-adic KZ equation and our p-adic multiple zeta values appear on
coefficients of the p-adic Drinfel'd associator. We show various properties
of p-adic multiple zeta values, which are sometimes analogous to the
complex case and are sometimes peculiar to the p-adic case, via the
p-adic KZ equation."
[added 11 October 2003]

D.J. Broadhurst, "Where do the tedious products of zetas come from?",
Nucl. Phys. Proc. Suppl. 116 (2003) 432-436

[abstract:] "Lamentably, the full analytical content of the
epsilon-expansion of the master two-loop two-point function, with
arbitrary self-energy insertions in 4-2epsilon dimensions, is still unknown.
Here we show that multiple zeta values (MZVs) of weights up to 12
suffice through O(epsilon^9). Products of primitive MZVs are generated
by a processes of "pseudo-exponentiation"" whose combinatorics
faithfully accord with expectations based on Kreimer's modified shuffle
product and on the Drinfeld-Deligne conjecture. The existence of such a
mechanism, relating thousands of complicated rational numbers, enables
us to identify precise and simple combinations of MZVs specific to
quantum field theories in even numbers of spacetime dimensions."

D.J. Broadhurst and D. Kreiemer, "Knots and numbers in $\phi^4$ theory
to 7 loops and beyond", Int. J. Mod. Phys. C6 (1995) 519-524

[abstract:] "We evaluate all the primitive divergences contributing to the
7-loop $\beta$-function of $\phi^4$ theory, i.e. all 59 diagrams that are
free of subdivergences and hence give scheme--independent
contributions. Guided by the association of diagrams with knots, we
obtain analytical results for 56 diagrams. The remaining three diagrams,
associated with the knots 10124, 10139, and 10152, are evaluated
numerically, to 10 sf. Only one satellite knot with 11 crossings is
encountered and the transcendental number associated with it is found.
Thus we achieve an analytical result for the 6-loop contributions, and a
numerical result at 7 loops that is accurate to one part in 1011. The series
of 'zig-zag' counterterms, $\{6\zeta_3,\,20\zeta_5,\,
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\frac{441}{8}\zeta_7,\,168\zeta_9,\,\ldots\}$, previously known for n =
3,4,5,6 loops, is evaluated to 10 loops, corresponding to 17 crossings,
revealing that the n-loop zig-zag term is $4C_{n-1}
\sum_{p>0}\frac{(-1)^{p n - n}}{p^{2n-3}}$, where $C_n=\frac{1}{n+1}{2n
\choose n}$ are the Catalan numbers, familiar in knot theory. The
investigations reported here entailed intensive use of REDUCE, to
generate O(104) lines of code for multiple precision FORTRAN
computations, enabled by Bailey's MPFUN routines, running for ${\rm
O}(10^3)$ CPUhours on DecAlpha machines."
[added 11 October 2003]

S. Ares and M. Castro, "Hidden structure in the randomness of the prime
number sequence" (preprint 10/03)

[abstract:] "We report a rigorous theory to show the origin of the
unexpected periodic behavior seen in the consecutive differences
between prime numbers. We also check numerically our findings to
ensure that they hold for finite sequences of primes, that would
eventually appear in applications. Finally, our theory allows us to link with
two different but important topics: the statistical mechanics of spin
systems, and the celebrated Sierpinski fractal."
[added 10 October 2003]

C. Bonanno and M.S. Mega, "Toward a dynamical model for prime
numbers" Chaos, Solitons and Fractals 20 (2004) 107-118

[abstract:] "We show one possible dynamical approach to the study of the
distribution of prime numbers. Our approach is based on two complexity
methods, the Computable Information Content and the Entropy
Information Gain, looking for analogies between the prime numbers and
intermittency."

The main idea here is that the Manneville map Tz exhibits a phase
transition at z = 2, at which point the mean Algorithmic Information
Content of the associated symbolic dynamics is n/log n. n is a kind of
iteration number. For this to work, the domain of Tz [0,1] must be
partitioned as [0,0.618...] U [0.618...,1] where 1.618... is the golden
mean.

The authors attempt to exploit the resemblance to the approximating
function in the Prime Number Theorem, and in some sense model the
distribution of primes in dynamical terms, i.e. relate the prime number
series (as a binary string) to the orbits of the Manneville map T2. Certain
refinements of this are then explored.
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"We remark that this approach to study prime numbers is similar to the
probabilistic approach introduced by Cramér...that is we assume that the
[binary] string [generated by the sequence of primes]...is one of a family
of strings on which there is a probability measure..."
[added 10 October 2003]

G. Corso, "Small world effect in natural numbers network" (preprint
09/03)

[abstract:] "We develop a network in which the natural numbers are the
vertices. We use the decomposition of natural numbers by prime
numbers to establish the connections. We perform data collapse and
show that the degree distribution of these networks scale linearly with the
number of vertices. We compare the average distance of the network and
the clustering coefficient with the distance and clustering coefficient of the
corresponding random graph. In case we set connections among vertices
each time the numbers share a common prime number the network is not
a small-world type. If the criterium for establishing links becomes more
selective, only prime numbers greater than pl are used to establish links,
the network shows small-world effect, it means, it has high clustering
coefficient and low distance."
[added 10 October 2003]

M.N. Tran, M.V.N. Murthy, R.K. Bhaduri, "On the quantum density of
states and partitioning an integer" (preprint 09/03)

[abstract:] "This paper exploits the connection between the quantum
many-particle density of states and the partitioning of an integer in
number theory. For N bosons in a one dimensional harmonic oscillator
potential, it is well known that the asymptotic (N -> infinity) density of
states is identical to the Hardy-Ramanujan formula for the partitions p(n),
of a number n into a sum of integers. We show that the same statistical
mechanics technique for the density of states of bosons in a power-law
spectrum yields the partitioning formula for ps(n), the latter being the
number of partitions of n into a sum of s-th powers of a set of integers. By
making an appropriate modification of the statistical technique, we are
also able to obtain ds(n) for distinct partitions. We find that the distinct
square partitions d2(n) show pronounced oscillations as a function of n
about the smooth curve derived by us. The origin of these oscillations
from the quantum point of view is discussed. After deriving the
Erdös-Lehner formula for restricted partitions for the s = 1 case by our
method, we generalize it to obtain a new formula for distinct restricted
partitions."
[added 10 October 2003]
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J. Arias-de-Reyna, "X-Ray of Riemann zeta-function" (preprint, revised
09/03)

[abstract:] "We present drawings on the complex plane of the lines
Im(zeta(s))=0 and Re(zeta(s))=0. This allow to illustrate many properties
of the zeta function of Riemann. This is an expository paper. It does not
pretend to prove any new result about the zeta function. But it gives a
new perspective to many known results. Also it may prove useful to show
to students of Complex Variables or Analytic Number Theory. (This was
my initial motivation to make the drawings)."
[added 10 October 2003]

F. Todor, "A probability interpretation for the Zeta function of Riemann
and some technical regularization for spectral representation" (paper
presented to the 11th Conference on Applied and Industrial Mathematics,
Romania, May 2003)
[added 4 October 2003]

new archive section - logic, languages, information and computability
theories
[added 4 October 2003]

A new way to visualise the Prime Number Theorem - approximate
logarithmic spirals generated from the distribution of primes
[added 25 September 2003]

B. Long, The structure of information (preprint 09/03)

[abstract:] "A formal model of the structure of information is presented in
five axioms which define identity, containment, and joins of infons. Joins
are shown to be commutative, associative, provide inverses of infons,
and, potentially, have many identity elements, two of which are
multiplicative and additive. Those two types of join are distributive. The
other identity elements are for operators on entwined states.
Multiplicative joins correspond to adding or removing new bits to a
system while additive joins correspond to a change of state. The order or
size of an infon is defined. This groundwork is intended to be used to
model continuous and discreet information structures through time,
especially in closed systems."

[personal communication regarding number theory content:] "The
connection to prime numbers is this: From five axioms that define infons
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in terms of the identity relation and a sort of containment I define a join
operator for joining two infons under containment and show that infon
joins are commutative, associative, etc. and that depending upon the
intersection between the joined infons, joins can be multiplicative,
additive, or in-between (for entwined states.) Multiplicative joins occur
whenever disjoint infons are joined. Because they are multiplicative,
repeated divisions into disjoint parts end at infons of prime size. This is
interesting because, due to the relation between states and bits, infons
are analogous to very small closed state systems."
[added 25 September 2003]

Conference: "Recent Perspectives in Random Matrix Theory and Number
Theory", Isaac Newton Institute of Mathematical Sciences, Cambridge,
UK, 29 March - 8 April 2004

"The connection between random matrix theory and the zeros of the
Riemann zeta function was first suggested by Montgomery and Dyson in
1973, and later used in the 1980's to elucidate periodic orbit calculations
in the field of quantum chaos. Just in the past few years it has also been
employed to suggest brand new ways for predicting the behaviour of the
Riemann zeta function and other L-functions. Notwithstanding these
successes there has always been the problem that very few researchers
are well-versed both in number theory and methods in mathematical
physics. The aim of this school is to provide a grounding in both the
relevant aspects of number theory, and the techniques of random matrix
theory, as well as to inform the students of what progress has been made
when these two apparently disparate subjects meet. "

This is linked with the Isaac Newton Institute programme:

"Random Matrix Approaches in Number Theory", 26 January - 16 July
2004

"For thirty years there have been conjectured connections, supported by
ever mounting evidence, between the zeros of the Riemann zeta function
and eigenvalues of random matrices. One of the most famous unsolved
problems in mathematics is the Riemann hypothesis, which states that all
the non-trivial zeros of the zeta function lie on a vertical line in the
complex plane, called the critical line. The connection with random matrix
theory is that it is believed that high up on this critical line the local
correlations of the zeros of the Riemann zeta function, as well as other
L-functions, are the same as those of the phases of the eigenvalues of
unitary matrices of large dimension taken at random from the CUE
ensemble of random matrix theory. More recently, however, it was
realized that random matrix theory not only describes with high accuracy
the distribution of the zeros of L-functions, but it is also extremely
successful in predicting the structure of various average values of
L-functions that previous number theoretic techniques had not been able
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to tackle.

The programme will mainly focus on how random matrix theory can
further contribute to unanswered questions in number theory and on how
to put the connection between random matrices and number theory on a
rigorous footing. However, both random matrix theory and number theory
individually play significant roles in theoretical physics and probability:
random matrix statistics appear in the spectra of quantum systems whose
classical limit is chaotic; the problem of quantum unique ergodicity has
connections with the theory of modular surfaces and algebraic number
theory; many of the main results on the statistics of ensembles of random
matrices have been the work of probabilists; the Riemann zeta function
even shows up in the theory Brownian motion - and this is just to name a
few. These themes will also be developed through focused workshops.

The main goal of this programme is to draw on the expertise of these
diverse groups to produce new ideas on how random matrix theory can
tackle important problems in number theory."
[added 5 September 2003]

K.K. Nambiar, "Electrical equivalent of Riemann Hypothesis"

[abstract:] "Riemann Hypothesis is viewed as a statement about the
power dissipated in an electrical network."

K.K. Nambiar, "Information-theoretic equivalent of Riemann Hypothesis"

[abstract:] "Riemann Hypothesis is viewed as a statement about the
capaicity of a communication channel as defined by Shannon."
[added 24 August 2003]

O. Sotolongo-Costa and J. San-Martin, "p-adic properties of time in the
Bernoulli map", Apeiron 10 No. 3 (2003)

[abstract:] "The Bernoulli Map is analyzed with an ultrametric approach,
showing the adequacy of the non-Archimedean metric to describe in a
simple and direct way the chaotic properties of this map. Lyapunov
exponent and Kolmogorov entropy appear to yield a better
understanding. In this way, a p-adic time emerges as a natural
consequence of the ultrametric properties of the map."

Y. Meurice, "Quantum mechanics with p-adic time", Preprint
CINVESTAV-FIS-12-89 (1989) 1-14

B. Dragovich presented a talk at the Russian Interdisciplinary
Temporology Seminar in the spring of 2000 entitled "Real, p-adic and
adelic time":
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"It is well known that result of any measurement, including measurement
of time, is represented by rational numbers. Starting from the set of
rational numbers one can obtain real and p-adic numbers, which can
unify with the help of adeles. Since 1987, many physical models have
been constructed, whose space and time can be described not only by
real numbers but also with p-adic numbers and adeles. One can expect
that p-adic and adelic time play the essential role at the Planck scale (t ~
10-44 sec), and also can play a significant role in description of variation
of some very complex natural systems. Study of p-adic and adelic time
gives possibility to get some knowledge not only on the new forms of time
realization, but also on better understanding of the concept of standard
(real) time itself. Nowadays, it seems that time, as well as space and
matter, are in fact adelic, but under some conditions may be described by
real or p-adic numbers only."
[added 12 August 2003]

D.J. Broadhurst anbd D. Kreimer, "Knots and numbers in $\phi^4$ theory
to 7 loops and beyond", Int. J. Mod. Phys. C6 (1995) 519-524

[abstract:] "We evaluate all the primitive divergences contributing to the
7-loop $\beta$\-function of $\phi^4$ theory, i.e.\ all 59 diagrams that are
free of subdivergences and hence give scheme-independent
contributions. Guided by the association of diagrams with knots, we
obtain analytical results for 56 diagrams. The remaining three diagrams,
associated with the knots 10124, 10139, and 10152, are evaluated
numerically, to 10 sf. Only one satellite knot with 11 crossings is
encountered and the transcendental number associated with it is found.
Thus we achieve an analytical result for the 6-loop contributions, and a
numerical result at 7 loops that is accurate to one part in 1011. The series
of 'zig-zag' counterterms, $\{6\zeta_3,\,20\zeta_5,\,
\frac{441}{8}\zeta_7,\,168\zeta_9,\,\ldots\}$, previously known for
$n=3,4,5,6$ loops, is evaluated to 10 loops, corresponding to 17
crossings, revealing that the n-loop zig-zag term is $4C_{n-1}
\sum_{p>0}\frac{(-1)^{p n - n}}{p^{2n-3}}$, where $C_n=\frac{1}{n+1}{2n
\choose n}$ are the Catalan numbers, familiar in knot theory. The
investigations reported here entailed intensive use of REDUCE, to
generate O(104) lines of code for multiple precision FORTRAN
computations, enabled by Bailey's MPFUN routines, running for O(103)
CPUhours on DecAlpha machines."

D. Kreimer, "Factorization in quantum field theory: an exercise in Hopf
algebras and local singularities", Report IHES/P/03/38, contributed to
"Frontiers in Number Theory, Physics and Geometry", Les Houches,
March 2003

[abstract:] "I discuss the role of Hochschild cohomology in Quantum Field
Theory with particular emphasis on Dyson-Schwinger equations."
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D.J. Broadhurst, "Where do the tedious products of zetas come from?",
Nucl. Phys. Proc. Suppl. 116 (2003) 432-436

[abstract:] "Lamentably, the full analytical content of the
epsilon-expansion of the master two-loop two-point function, with
arbitrary self-energy insertions in 4-2epsilon dimensions, is still unknown.
Here we show that multiple zeta values (MZVs) of weights up to 12
suffice through O(epsilon^9). Products of primitive MZVs are generated
by a processes of 'pseudo-exponentiation' whose combinatorics faithfully
accord with expectations based on Kreimer's modified shuffle product
and on the Drinfel'd-Deligne conjecture. The existence of such a
mechanism, relating thousands of complicated rational numbers, enables
us to identify precise and simple combinations of MZVs specific to
quantum field theories in even numbers of spacetime dimensions."
[added 12 August 2003]

B.D.B. Roth, "A general approach to quantum fields and strings on
adeles", Physics Letters B 213 No. 3 (1988) 263-268

[abstract:] "We develop a general framework for constructing quantum
theories on the space of adeles. We consider complementary
approaches utilizing both the functional integral and generalized Poincaré
(translation) invariant Hilbert space methods. As a starting point, we seek
to construct the most general quantum theory on the rational numbers.
Very general arguments land us in the adeles. Quantum amplitudes
generically will not factorize into separate p-adic sectors. The vacuum
amplitude, in particular, factorizes only in a linear regime. We conclude
with implications for the cosmological constant and adelic string sigma
models."
[added 10 August 2003]

B. Dragovich, "On p-adic and adelic generalization of quantum field
theory", Nuclear Physics B - Proceedings Supplements 102-103 (2001)
150-155

"A brief review of p-adic and adelic quantum mechanics is presented, and
a new approach to p-adic and adelic quantum field theory is proposed.
Path integral method turns out to be generic for quantum dynamics on
both archimedean and nonarchimedean spaces."
[added 10 August 2003]

E. Canessa, "Theory of analogous force on number sets" (preprint 07/03)
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[abstract:] "A general statistical thermodynamic theory that considers
given sequences of [natural numbers] to play the role of particles of
known type in an isolated elastic system is proposed. By also considering
some explicit discrete probability distributions px for natural numbers, we
claim that they lead to a better understanding of probabilistic laws
associated with number theory. Sequences of numbers are treated as the
size measure of finite sets. By considering px to describe complex
phenomena, the theory leads to derive a distinct analogous force fx on
number sets proportional to $(\frac{\partial p_{x}}{\partial x})_{T}$ at an
analogous system temperature T. In particular, this yields to an
understanding of the uneven distribution of integers of random sets in
terms of analogous scale invariance and a screened inverse square force
acting on the significant digits. The theory also allows to establish
recursion relations to predict sequences of Fibonacci numbers and to
give an answer to the interesting theoretical question of the appearance
of the Benford's law in Fibonacci numbers. A possible relevance to prime
numbers is also analyzed."
[added 7 August 2003]

I. Vardi, B. Vallée and P. Flajolet, "Continued fractions from Euclid to the
present day"

"...it is the goal of this paper to indicate how continued fractions are
relevant to

Number theory�   

Ancient Greek mathematics�   

Analysis of algorithms�   

Probability theory.�   

In the past decade, two fairly sophisticated techniques have been applied
to the analysis of the running time of the Euclidean algorithm. On the one
hand, the applciation of transfer operators by Brigitte Vallée, on the other,
the application of modular forms by Ilan Vardi.

Thus, as well as being a survey of the theory of continued fractions, this
paper is meant to serve as an introduction and description of these
methods and their application."

Section 11, "Physics", deals with the Kasner billiard, "a discrete
dynamical system that appears in models of the early universe". The
authors explain: "The first point of this note is to show that the dynamical
history of this map can be completely described by continued fraction
expansions."
 

P. Flajolet and I. Vardi, "Zeta function expansions of classical constants"
(preprint, 1996)
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[added 25 July 2003]

B. Basu-Mallick, T. Bhattacharyya and D. Sen, "Novel multi-band
quantum soliton states for a derivative nonlinear Schrödinger model"
(preprint 07/03)

[abstract:]"We show that localized N-body soliton states exist for a
quantum integrable derivative nonlinear Schrödinger model for several
non-overlapping ranges (called bands) of the coupling constant \eta. The
number of such distinct bands is given by Euler's \phi-function which
appears in the context of number theory. The ranges of \eta within each
band can also be determined completely using concepts from number
theory such as Farey sequences and continued fractions. We observe
that N-body soliton states appearing within each band can have both
positive and negative momentum. Moreover, for all bands lying in the
region \eta > 0, soliton states with positive momentum have positive
binding energy (called bound states), while the states with negative
momentum have negative binding energy (anti-bound states)."
[added 24 July 2003]

D.H. Lenz, "Substitution dynamical systems: characterization of linear
repetitivity and applications" (preprint 02/03)

"We consider dynamical systems arising from substitutions over a finite
alphabet. We prove that such a system is linearly repetitive if and only if it
is minimal. Based on this characterization we extend various results from
primitive substitutions to minimal substitutions. This includes applications
to random Schrödinger operators and to number theory."
[added 24 July 2003]

R. Jozsa, "Notes on Hallgren's efficient quantum algorithm for solving
Pell's equation" (preprint 02/03)

"Pell's equation is x2 - dy2 = 1 where d is a square-free integer and we
seek positive integer solutions x, y > 0. Let (x',y') be the smallest solution
(i.e. having smallest A = x' + y'd1/2)). Lagrange showed that every
solution can easily be constructed from A so given d it suffices to
compute A. It is known that A can be exponentially large in d so just to
write down A we need exponential time in the input size log d. Hence we
introduce the regulator R = ln A and ask for the value of R to n decimal
places. The best known classical algorithm has sub-exponential running
time O(exp(sqrt(log d)), poly(n)). Hallgren's quantum algorithm gives the
result in polynomial time O(poly(log d),poly(n)) with probability 1/poly(log
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A). The idea of the algorithm falls into two parts: using the formalism of
algebraic number theory we convert the problem of solving Pell's
equation into the problem of determining R as the period of a function on
the real numbers. Then we generalise the quantum Fourier transform
period finding algorithm to work in this situation of an irrational period on
the (not finitely generated) abelian group of real numbers.

These notes are intended to be accessible to a reader having no prior
acquaintance with algebraic number theory; we give a self contained
account of all the necessary concepts and we give elementary proofs of
all the results needed. Then we go on to describe Hallgren's
generalisation of the quantum period finding algorithm, which provides
the efficient computational solution of Pell's equation in the above sense."
[added 24 July 2003]

The First International Conference on p-adic Mathematical Physics,
Steklov Mathematical Institute, Moscow, Russia, October 1-5, 2003

p-Adic mathematical physics is a quickly developing area with numerous
applications in different fields ranging from quantum theory to disordered
and chaotic systems to molecular biology and to information science.

The aim of this conference is to present recent results in p-adic
mathematical physics, related fields, and applications, as well as to
discuss earlier results and possible future directions of investigation.

Contributions will be solicited in the research areas including:
p-adic quantum mechanics, string theory, and field theory�   

Planck scale physics, quantum cosmology�   

p-adic dynamical systems and stochastic processes�   

p-adic methods in spin glasses, disordered and chaotic systems,
mesoscopic systems and molecular dynamics, molecular biology,
information and computer science

�   

Non-archimedean and noncommutative geometry�   

p-adic mathematical physics and number theory, (Riemann)
zeta-functions, algebraic geometry, motives, representation theory,
spectral theory, functional analysis.

�   

Proceedings of the conference will be published in the special issue of
the Proceedings of the Steklov Mathematical Institute.

Organizing Committee: B.Dragovich (Yugoslavia), A.Khrennikov
(Sweden), A.N.Kochubei (Ukraine), S.V.Kozyrev (Secretary, Russia),
V.S.Vladimirov (Co-Chairman, Russia), I.V.Volovich (Co-Chairman,
Russia)

Titles and abstracts can be submitted to: Scientific Secretary Dr.
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S.V.Kozyrev: <kozyrev@mi.ras.ru>. Further information is available on
the website which is currently under construction:
http://www.mi.ras.ru/~volovich/
[added 23 July 2003]

P.W. Shor, "Polynomial-time algorithms for prime factorization and
discrete logarihtms on a quantum computer", SIAM J. Computing 26
(1997) 1484-1509.

P.W. Shor, "Quantum computing", Documenta Mathematica Extra
Volume ICM I (1998) 467-486

"...A quantum computer is a hypothetical machine based on quantum
mechanics. We explain quantum computing, and give an algorithm for
prime factorization on a quantum computer that runs aymptotically much
faster than the best known algorithm on a digital computer...

...In 1994, I showed that a quantum computer could factor large numbers
in time polynomial in the length of the numbers, a nearly exponential
speed-up over classical algorithms...the connection of quantum
mechanics with number theory was itself surprising..."
[added 23 July 2003]

expanded and re-organised section: p-adic and adelic physics
[added 17 July 2003]

M. Planat, "Class numbers in the imaginary quadratic field and the 1/f
noise of an electron gas" (preprint 07/03)

[abstract:] "Partition functions $Z(x)$ of statistical mechanics are
generally approximated by integrals. The approximation fails in small
cavities or at very low temperature, when the ratio $x$ between the
energy quantum and thermal energy is larger or equal to unity. In
addition, the exact calculation, which is based on number theoretical
concepts, shows excess low frequency noise in thermodynamical
quantities, that the continuous approximation fails to predict. It is first
shown that Riemann zeta function is essentially the Mellin transform of
the partition function $Z(x)$ of the non degenerate (one dimensional)
perfect gas. Inverting the transform leads to the conventional perfect gas
law. The degeneracy has two aspects. One is related to the wave nature
of particles: this is accounted for from quantum statistics, when the de
Broglie wavelength exceeds the mean distance between particles. We
emphasize here the second aspect which is related to the degeneracy of
energy levels. It is given by the number of solutions $r_3(p)$ of the three
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squares diophantine equation, a highly discontinuous arithmetical
function. In the conventional approach the density of states is
proportional to the square root of energy, that is $r_3(p)\simeq 2 \pi
p^{1/2}$. We found that the exact density of states relates to the class
number in the quadratic field $Q(\sqrt{-p})$. One finds $1/f$ noise around
the mean value."
[added 17 July 2003]

S. Perrine, "Recherches autour de la theorie de Markoff" (compact
version of a text published as La Theorie de Markoff et ses
Developements (Tessier & Ashpool, 2002))

[abstract:] "The text deals with generalizations of the Markoff equation in
number theory, arising from continued fractions. It gives the method for
the complete resolution of such new equations, and their interpretation in
algebra and algebraic geometry. This algebraic approach is completed
with an analytical development concerning fuchsian groups. The link with
the Teichmuller theory for punctured toruses is completely described,
giving their classification with a reduction theory. More general
considerations about Riemann surfaces, geodesics and their hamiltonian
study are quoted, together with applications in physics, 1/f noise and zeta
function. Ideas about important conjectures are presented. Reasons why
the Markoff theory appears in different geometrical contexts are given,
thanks to decomposition results in the group GL(2,Z)."

[personal note from author:] "My text deals in fact with trees which are
similar to the Farey tree. With my trees I build generalizations of the
Markoff equation (my generalizations) which are in fact trace formulas (I
explained how). These equations are known to have interpretations on
some bundles (that is to say sometimes particles...). With Michel [Planat],
we tried to understand the link that he discovered with his oscillators,
hence with 1/f noise, the idea being that it could be of arithmetical origin."
[added 17 July 2003]

M. Nevins and D. Rogers, "Quadratic maps as dynamical systems on the
p-adic numbers"

[abstract:] "We describe the trajectories of the successive iterates of the
square map and its perturbations on the field of p-adic numbers. We
show that the cycles of the square map on Qp arise from cycles of the
square map on Fp, and that all nonperiodic trajectories in the unit disk
densely define a compact open subset. We find that the perturbed maps
x |-> x2 + a, with a inside the unit circle, have similar dynamics to x |-> x2,
but that each fundamental cycle arising from Fp can further admit
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harmonic cycles, for different choices of p and a. In contrast, the cycles of
the maps x |-> x2 + a, with a on the boundary of the unit circle, are no
longer tied to those of the square map itself. In all cases we give a
refined algorithm for computing the finitely many periodic points of the
map."
[added 17 July 2003]

D. Chistyakov, "Fractal geometry for images Of continuous map Of p-adic
numbers and p-adic solenoids into Euclidean spaces"

[abstract:] "Explicit formulas are obtained for a family of continuous
mappings of p-adic numbers $\Qp$ and solenoids $\Tp$ into the complex
plane $\sC$ and the space \~$\Rs ^{3}$, respectively. Accordingly, this
family includes the mappings for which the Cantor set and the Sierpinski
triangle are images of the unit balls in $\Qn{2}$ and $\Qn{3}$. In each of
the families, the subset of the embeddings is found. For these
embeddings, the Hausdorff dimensions are calculated and it is shown
that the fractal measure on the image of $\Qp$ coincides with the Haar
measure on $\Qp$. It is proved that under certain conditions, the image
of the p-adic solenoid is an invariant set of fractional dimension for a
dynamic system. Computer drawings of some fractal images are
presented."

D. Chistyakov, "Fractal measures, p-adic numbers and continuous
transition between dimensions"

[abstract:] "Fractal measures of images of continuous maps from the set
of p-adic numbers Qp into complex plane C are analyzed. Examples of
'anomalous' fractals, i.e. the sets where the D-dimensional Hausdorff
measures (HM) are trivial, i.e. either zero, or sigma-infinite (D is the
Hausdorff dimension (HD) of this set) are presented. Using the
Caratheodory construction, the generalized scale-covariant HM (GHM)
being non-trivial on such fractals are constructed. In particular, we
present an example of 0-fractal, the continuum with HD=0 and nontrivial
GHM invariant w.r.t. the group of all diffeomorphisms C. For conformal
transformations of domains in Rn, the formula for the change of variables
for GHM is obtained. The family of continuous maps Qp in C continuously
dependent on "complex dimension" d in C is obtained. This family is such
that: 1) if d = 2(1), then the image of Qp is C (real axis in C.); 2) the fractal
measures coincide with the images of the Haar measure in Qp, and at d =
2(1) they also coincide with the flat (linear) Lebesgue measure; 3)
integrals of entire functions over the fractal measures of images for any
compact set in Qp are holomorphic in d, similarly to the dimensional
regularization method in QFT."
[added 17 July 2003]
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V. Anashin, "Uniformly distributed sequences of p-adic integers, II"

[abstract:] "The paper describes ergodic (with respect to the Haar
measure) functions in the class of all functions, which are defined on (and
take values in) the ring of p-adic integers, and which satisfy (at least,
locally) Lipschitz condition with coefficient 1. Equiprobable (in particular,
measure-preserving) functions of this class are described also. In some
cases (and especially for p = 2) the descriptions are given by explicit
formulae. Some of the results may be viewed as descriptions of ergodic
isometric dynamical systems on p-adic unit disk."
[added 17 July 2003]

I. Vardi, "Deterministic percolation", Communications in Mathematical
Physics 207 (1999) 43-66

[excerpt from introduction:] "...percolation theory has been of great
interest in physics, as it is one of the simplest models to exhibit phase
transitions. In this paper, I will examine how questions of percolation
theory can be posed in a deterministic setting. Thus deterministic
percolation is the study of unbounded walks on a single subset of a
graph, e.g., defined by number theoretic conditions. This might be of
interest in physics and probability theory as it studies percolation in a
deterministic setting and in number theory where it can be interpreted as
studying the disorder inherent in the natural numbers."

I. Vardi, "Prime percolation", Experimental Mathematics 7 (1998) 275-288

[abstract:] "This paper examines the question of whether there is an
unbounded walk of bounded step size along Gaussian primes.
Percolation theory predicts that for a low enough density of random
Gaussian integers no walk exists, which suggests that no such walk
exists along prime numbers, since they have arbitrarily small density over
large enough regions. In analogy with the Cramer conjecture, I construct
a random model of Gaussian primes and show that an unbounded walk
of step size $k\sqrt{\log|z|}$ at $z$ exists with probability 1 if $k \gt
\sqrt{2\pi\lambda_{c}}$ and does not exist with probability 1 if $k \lt
\sqrt{2\pi\lambda_{c}}$ where $\lambda_{c}$ ~ 0.35 is a constant in
continuum percolation, and so conjecture that the critical step size for
Gaussian primes is also $\sqrt{2\pi\lambda_{c}\log|z|}$.
[added 16 July 2003]

M. Krishna, "xi-zeta relation", Proceedings of the Indian Academy of
Sciences 109 (4) (1999) 379-383
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[abstract:] "In this note we prove a relation between the Riemann zeta
function and the xi function (Krein spectral shift) associated with the
Harmonic Oscillator in one dimension. This gives a new integral
representation of the zeta function and also a reformulation of the
Riemann hypothesis as a question in L1(R)."
[added 16 July 2003]

A set of Beurling generalised integers has the Delone property if the gaps
between succesive members are bounded above and below. This was
introduced by the Russian crystallographer and number theorist B.N.
Delone in 1937, motivated by the question of whether the crystal-like
nature of Z+ is relevant to the (presumed) truth of Riemann hypothesis,
according to the following:

B.N. Delone, N.P. Dolbilin, M.I. Shtogrin, R.V. Galiulin, "A local criterion
for regularity of a system of points", Sov. Math. Dok. 17 (1976) 319-322

This was brought to my attention by:

J. Lagarias, "Beurling generalized integers with the Delone property"
(preprint, 1998)
[added 16 July 2003]

A. Khrennikov, "Learning of p-adic neural networks" (preprint, 1999)

[abstract:] "A p-adic model which describes a large class of neural
networks is presented. In this model the staes of neurons are described
by digits in the canonical expansion of a p-adic number. Thus each p-adic
number represents a configuration of firing and non-firing neurons. We
present the algorithm of learning for p-adic neural networks based on the
minimization of the error-functional (here we use a random search
procedure in the space of p-adic weights). This algorithm (or its more
advanced versions) could be applied for image recognition."
[added 16 July 2003]

S. Mahajan, "Order of Magnitude Physics - A Textbook - With
applications to the retinal rod and to the density of prime numbers"

See Chapter 8 (pp.133-151), "Density of Primes", which involves a
detailed analysis of Hawkins' random sieve technique and other
probabilistic issues, plus some reference to statistical mechanics.

D. Hawkins, "The random sieve", Mathematics Maagazine 31 (1958) 1-3.

D. Hawkins, "Random sieves, II", Journal of Number Theory 6 (1974)
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192-200.

W. Neudecker and D. Williams, "The 'Riemann Hypothesis' for the
Hawkins random sieve" Compositio Mathematica 29 (1974) 197-200.
[added 16 July 2003]

P. Dittrich, W. Banzhaf, H. Rauhe and J. Ziegler, "Macroscopic and
microscopic computation in an artificial chemistry" (paper presented at
Second German Workshops on Artificial Life (GWAL'97) Dortmund 1997)

One of the examples included of microscopic chemical computation is a
"prime number generator":

"In this example we set up a reaction system which produces prime
numbers. In addition we will demonstrate that the population size is
critical for a successful compuation. When increasing the population size
a phase transition occurs with respect to the qualitative behaviour of the
system, i.e. to the production of prime numbers."
[added 16 July 2003]

an idea to be explored - speculative notes on possible phenomenon
relating number theory, fractal geometry, Notalle's scale invariance,
Renormalisation Group, etc.
[added 14 July 2003]

K. Shi, "A geometric proof of Riemann Hypothesis" (preprint 07/03)

[abstract:] "Beginning from the formal resolution of Riemann Zeta
function, by using the formula of inner product between two
infinite-dimensional vectors in the complex space, the author proved the
world's baffling problem - Riemann hypothesis raised by German
mathematician B. Riemann in 1859."
[added 11 July 2003]

Nan-xian Chen, "Modified Möbius inverse formula and its applications in
physics", Phys. Rev. Lett. 64, 1193-1195 (1990)

[abstract:]""A new theorem of inverse formula is introduced for a kind of
infinite series. Thus some new results for important inverse problems in
physics are presented in this paper. These are the inverse problems for
obtaining the phonon density of states, the inverse blackbody radiation
problem for remote sensing, and the solution for inverse Ewald
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summation. Of more importance, it shows the possibility of the application
of number theory to physical problems."

There appears to have been a second letter in the same volume on the
same topic (p. 3203), and further discussion from other authors:

A.J. Pindor, "Comment on 'Modified Möbius inverse formula and its
applications in physics'", Phys. Rev. Lett. 66 (1991) 957

Ninham, et. al. begin their their 1992 survey paper:

"This paper was stimulated by a brief note of Chen, which attracted some
interest. Chen showed how to effect the asymptotic solution of several
standard inverse problems in statistical physics by invoking the Mobius
inversion formula, an apparently obscure result of algebraic number
theory. The cornerstone of Chen's analysis is equivalent to the assertion
that, under modest hypotheses on the functions $\alpha$ and $\beta$, if

$\alpha(x) = \Sum_{n=1}^{\infty} \beta(nx)$ for all $x > 0$

then

$\beta(x) = \Sum_{n=1}^{\infty}\mu(n)\alpha(nx)$ for all $x > 0$

[where $\mu(n)$ is the Mobius function]

To number theorists this key result in Chen is utterly trivial and well
known, and Chen is utterly trivial and well known, and Chen subsequently
noted that the rather circuitous original derivation of equation 2 can be
replaced by appeal to [a theorem of Hardy and Wright], yet for physicists
not familiar with analysis buried in classics like Titchmarsh or Hardy and
Wright some new magical tools seem to have been invented. Indeed the
Editor of Nature suggested (volume 344 (1990) that by so calling in the
treasure-trove of the old world some new insights of classical analysis
might become accessible."
[added 11 July 2003]

R.A. Mollin, editor, Number Theory and Applications (Proceedings of the
NATO Advanced Study Institute, Banff Centre, Canada, April 27-May 5,
1988) (Kluwer, 1989)
[added 11 July 2003]

B.W. Ninham and S. Lidin, "Some remarks on quasi-crystal structure",
Acta Crystallographica A 48 (1992) 640-650

[from concluding remarks:] "Perhaps the most interesting feature is that
our Fourier-transform sum seems to have much in common with the
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distribution of the zeros of the Riemann zeta function...! That indicates
something of the depth of the problem. That the zeta function ought to
come into the scheme of things somehow is not surprising - the Poisson
and related summation formulae are special cases of the Jacobi theta
function. [Indeed the Bravais lattices can be enumerated systematically
through an integral over all possible products and sums of products of
any three of the four theta functions in different combinations that
automatically preserve translational and rotational symmetries.] The
theta-function transformations are themselves just another way of writing
the [functional equation of the zeta function]. Additionally, the properties
of the zeta function are automatically connected to the theory of prime
numbers. So one expects that the Rogers-Ramanujan relations must play
a central role in the scheme of things for quasi-crystals."

[abstract:] "The Fourier transform of skeleton delta function that
characterizes the most striking features of experimental quasi-crystal
diffraction patterns is evaluated. The result plays a role analogous to the
Poisson summation formula for periodic delta funcitons that underlie
classical crystallography. The real-space distribution can be interpreted in
terms of a backbone comprising a system of intersecting equiangular
spirals into which are inscribed (self-similar) gnomons of isosceles
triangles with length-to-base ratio the golden mean...In addition to the
vertices of these triangles, there is an infinite number of other points that
may tile space in two or three dimensions. Other mathematical formulae
of relevance are briefly discussed."
[added 9 July 2003]

B.P. van Zyl and D.A.W. Hutchinson, "Riemann zeros, prime numbers,
and fractal potentials", Phys. Rev. E 67 (2003)

[abstract:] "Using two distinct inversion techniques, the local
one-dimensional potentials for the Riemann zeros and prime number
sequence are reconstructed. We establish that both inversion techniques,
when applied to the same set of levels, lead to the same fractal potential.
This provides numerical evidence that the potential obtained by inversion
of a set of energy levels is unique in one dimension. We also investigate
the fractal properties of the reconstructed potentials and estimate the
fractal dimensions to be D = 1.5 for the Riemann zeros and D = 1.8 for
the prime numbers. This result is somewhat surprising since the
nearest-neighbor spacings of the Riemann zeros are known to be
chaotically distributed, whereas the primes obey almost Poissonlike
statistics. Our findings show that the fractal dimension is dependent on
both level statistics and spectral rigidity, \Delta3, of the energy levels."

J. Sakhr, R.K. Bhaduri and B.P. van Zyl, "Zeta function zeros, powers of
primes, and quantum chaos" Phys. Rev. E (in press)

Recently archived material

http://www.maths.ex.ac.uk/~mwatkins/zeta/newmaterial.htm (22 de 45) [21/11/2003 18:54:58]



[abstract:] "We present a numerical study of Riemann's formula for the
oscillating part of the density of the primes and their powers. The formula
is comprised of an infinite series of oscillatory terms, one for each zero of
the zeta function on the critical line and was derived by Riemann in his
paper on primes assuming the Riemann hypothesis. We show that high
resolution spectral lines can be generated by the truncated series at all
powers of primes and demonstrate explicitly that teh relative line
intensitites are correct. We then derive a Gaussian sum rule for
Riemann's formula. This is used to analyze the numerical convergence of
the truncated series The connections to quantum chaos and
semiclassical physics are discussed."
[added 9 July 2003]

W. da Cruz, "Fractal sets of dual topological quantum numbers" (preprint,
06/03)

[abstract:] "The universality classes of the quantum Hall transitions are
considered in terms of fractal sets of dual topological quantum numbers
filling factors, labelled by a fractal or Hausdorff dimension defined into the
interval 1 < h < 2 and associated with fractal curves. We show that our
approach to the fractional quantum Hall effect-FQHE is free of any
empirical formula and this characteristic appears as a crucial insight for
our understanding of the FQHE. According to our formulation, the FQHE
gets a fractal structure from the connection between the filling factors and
the Hausdoff dimension of the quantum paths of particles termed fractons
which obey a fractal distribution function associated with a fractal von
Neumann entropy. This way, the quantum Hall transitions satisfy some
properties related to the Farey sequences of rational numbers and so our
theoretical description of the FQHE establishes a connection between
physics, fractal geometry and number theory. The FQHE as a convenient
physical system for a possible prove of the Riemann hypothesis is
suggested."
[added 9 July 2003]

Rapidly following on from his article "Microscopic origin of collective
exponentially small resistance states" (currently in press) and some
promising experimental results, J.C. Phillips (Rutgers University) has
provided another preprint, soon to appear at arXiv.org:

"Fermat's last theorem, the Riemann hypothesis and synergistic glasses"
[in MS Word format]

Also of some use here are the following introductory notes: "A poor man's
guide to molecular and electronic glasses"
[added 4 July 2003]
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V. Di Clemente, S. F. King and D.A.J. Rayner, "Supersymmetry and
electroweak breaking with large and small extra dimensions", Nucl. Phys.
B 617 (2001) 71-100

[abstract:] "We consider the problem of supersymmetry and electroweak
breaking in a 5d theory compactified on an $S^{1}/Z_{2}$ orbifold, where
the extra dimension may be large or small. We consider the case of a
supersymmetry breaking 4d brane located at one of the orbifold fixed
points with the Standard Model gauge sector, third family and Higgs fields
in the 5d bulk, and the first two families on a parallel 4d matter brane
located at the other fixed point. We compute the Kaluza-Klein mass
spectrum in this theory using a matrix technique which allows us to
interpolate between large and small extra dimensions. We also consider
the problem of electroweak symmetry breaking in this theory and localize
the Yukawa couplings on the 4d matter brane spatially separated from
the brane where supersymmetry is broken. We calculate the 1-loop
effective potential using a zeta-function regularization technique, and find
that the dominant top and stop contributions are separately finite. Using
this result we find consistent electroweak symmetry breaking for a
compactification scale {$ 1/R \approx 830$ GeV} and a lightest Higgs
boson mass $m_{h} \approx 170$ GeV."
[added 4 July 2003]

C. Castro and J. Mahecha, "A fractal SUSY-QM model and the Riemann
hypothesis" (preprint 06/03)

[abstract:] "The Riemann hypothesis (RH) states that the nontrivial zeros
of the Riemann zeta-function are of the form $s = 1/2 + i\lambda_n$.
Hilbert-Polya argued that if a Hermitian operator exists whose
eigenvalues are the imaginary parts of the zeta zeros, $\lambda_n$, then
the RH is true. In this paper a fractal supersymmetric quantum
mechanical (SUSY-QM) model is proposed to prove the RH. It is based
on a quantum inverse scattering method related to a fractal potential
given by a Weierstrass function (continuous but nowhere differentiable)
that is present in the fractal analog of the CBC (Comtet, Bandrauk,
Campbell) formula in SUSY QM. It requires using suitable fractal
derivatives and integrals of irrational order whose parameter $\beta$ is
one-half the fractal dimension of the Weierstrass function. An ordinary
SUSY-QM oscillator is constructed whose eigenvalues are of the form
$\lambda_n = n\pi$, and which coincide with the imaginary parts of the
zeros of the funciton sin(iz). This sine function obeys a trivial analog of
the RH. A review of our earlier proof of the RH based on a SUSY QM
model whose potential is related ot the Gauss-Jacobi theta series is also
included. The spectrum is given by s(1 - s) which is real in the critical line
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(location of the nontrivial zeros) and in the real axis (location of the trivial
zeros)."
[added 3 July 2003]

M. Pigli, "Adelic integrable systems" (preprint 07/95)

[abstract:] "Incorporating the zonal spherical function (zsf) problems on
real and p-adic hyperbolic planes into a Zakharov-Shabat integrable
system setting, we find a wide class of integrable evolutions which
respect the number-theoretic properties of the zsf problem. This means
that at all times these real and p-adic systems can be unified into an
adelic system with an S-matrix which involves (Dirichlet, Langlands,
Shimura...) L-functions."

[introduction:] "Scattering theory on real [1] and p-adic [2] symmetric
spaces can be unified in an adelic context. This had the virtue of
producing S-matrices involving the Riemann zeta function and of
throwing new light on earlier work [4] concerning scattering on the
noncompact finite-area fundamental domain of SL(2,Z) on the Real
hyperbolic plane $H_{\infty}$.

The real hyperbolic plane is a smooth manifold and as such quantum
mechanics on $H_{\infty}$ involves a second order Schrödinger
differential equation. By contrast the p-adic hyperbolic planes Hp are
discrete spaces (trees), and the corresponding Schrödinger equations
are second order difference equations. The Jost functions, and therefore
the S-matrices from all these local problems combine in adelic products,
which then involve the Riemann zeta function [2].

At a given time consider all these ("S-wave") scattering problems and
then let all of them undergo an integrable time evolution. In general such
an evolution need not respect the number-theoretic endowment of the
initial problem. In other words, even though at the initial time the real and
p-adic scattering problems assembled into an interesting adelic scattering
problem, at later times this need no longer be so. We want to explore
here the conditions under which the integrable evolution respects
adelizability and to see what kind of scattering problems can be obtained
this way at later times. Specifically, we will incorporate the initial
scattering problem into a Zakharov-Shabat (ZS) system and follow its
integrable evolution. For the p-adic problems, time has to be discrete and
for adelic purposes time then has to be discrete in the real problem as
well. We will see that along with the Riemann zeta function involved in
the adelic problem at the initial time, various (Dirichlet, Langlands,
Shimura,...) L-functions [5] appear at later times."

[1] M.A. Olshanetsky and A.M. Perelomov, Phys. Rep. 94 (1984) 313;
R.F. Wehrhahn, Rev. Math. Phys. 6 (1994) 1339
[2] P.G.O. Freund, Phys. Lett. B 257 (1991) 119; L. Brekke and P.G.O.
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Freund, Phys. Rep. 233 (1993) 1
[3] L.O. Chekhov, J. Math. Phys. 36 (1995) 414
[4] L.D. Faddeev and B.S. Pavlov, Sem. LOMI 27 (1972) 161; P.D. Lax
and R.S. Phillips, Scattering Theory for Automorphic Functions (Princeton
Univ. Press, 1976)
[5] S. Gelbart and F. Shahidi, Analytic Properties of Automorphic
L-Functions (Academic, 1988)
[added 3 July 2003]

S. Grynberg and M. Piacquadio, "Self-similarity of Farey staircases"
(preprint 06/03)

[abstract:] "We study Cantor Staircases in physics that have the
Farey-Brocot arrangement for the Q/P rational heights of stability
intervals I(Q/P), and such that the length of I(Q/P) is a convex function of
1/P. Circle map staircases and the magnetization function fall in this
category. We show that the fractal sets $\Omega$ underlying these
staircases are connected with key sets in Number Theory via their
$(\alpha, f(\alpha))$ multifractal decomposition spectra. It follows that
such sets $\Omega$ are self similar when the usual (Euclidean) measure
is replaced by the hyperbolic measure induced by the Farey-Brocot
partition."

This article involves the Ising model and concludes:

"In order to study Cantor staircases in physics - forced pendulums,
magnetization, etc - showing the Farey-Brocot arrangement for intervals
I(Q/P), a natural connection with Number Theory, precisely due to the
ubiquitous presence of the Farey-Brocot partition. But when closely
examining the behaviour of These staircases, we were forced to
considerably refine the $J_{\beta}$ nested classes into the $G_{\beta}$
disjoint ones.

We are saying that problems in empirical Physics produced a
refinement of key tools in Number theory

The properties of these $G_{\beta} allowed us to extract theoretical and
practical information about the multifractal spectrum of such cantordusts
$\Omega$ underlying Cantor staircases in physics, and about the nature
of the self-similarity of said staircases."

MathWorld notes on the Devil's Staircase

physics preprints involving the Devil's staircase
[added 3 July 2003]

New archive sections:
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quantum mechanics - general (as opposed to the familiar quantum chaos
material)

dynamical systems and number theory

number theory and entropy

specific values of the Riemann zeta function
 
[added 30 June 2003]

The "related curiosities" page has been reorganised and expanded, with
considerable amount of new material added to the biology and
psychology sections.
[added 30 June 2003]

P.G. Rooney, "Another proof of the functional equation for the Riemann
zeta function", Journal of Mathematical Analysis and Applications 185
(1994) 223-228

[abstract:] "A new proof of the functional equation for the Riemann zeta
function is given, based on the theory of Mellin multiplier
transformations."
[added 30 June 2003]

D. Klusch, "The sampling theorem, Dirichlet series and Hankel
transforms", Journal of Computational and Applied Mathematics 44
(1992) 261-273

[abstract:] "Some very surprising relations between fundamental
theorems and formulas of signal analysis, of analytic number theory and
of applied analysis are presented. It is shown that generalized forms of
the classical Whittaker-Kotelnikov-Shannon sampling theorem as well as
of the Brown-Butzer-SplettstöBer approximate sampling expansion for
non-band-limited signal functions can be deduced via the theory of
Dirichlet series with functional equations from a new summation formula
for Hankel transforms. This counterpart to Poisson's summation formula
is shown to be essentially 'equivalent' to the famous functional equation
of Riemann's zeta-function, to the 'modular relation' of the theta-function,
to the Nielsen-Doetsch summation formula for Bessel functions and to
the partial fraction expansion of the periodic Hilbert kernel."
[added 30 June 2003]
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B.W. Ninham, B.D. Hughes, N.E. Frankel and M.L. Glasser, "Möbius,
Mellin, and mathematical physics", Physica A: Statistical and Theoretical
Physics 186 (1992) 441-481

[abstract:] "We examine some results and techniques of analytic number
theory which have application, or potential application, in mathematical
physics. We consider inversion formulae for lattice sums, various
transformations of infinite series and products, functional equations and
scaling relations, with selected applications in electrostatics and statistical
mechanics. In the analysis, the Mellin transform and the Riemann zeta
function play a key role."
[added 30 June 2003]

Y. Wei, G. Yan and Q. Z. Yao, "Dirichlet inversion and lattice inversion
problem", Computers and Mathematics with Applications, 41 (2001)
641-645

[abstract:] "Another application of Dirichlet multiplication is considered in
this note. We show that Dirichlet inversion in number theory plays an
important role in lattice inversion problem. With the help of this concept,
lattice inversion problem becomes straightforward."
[added 30 June 2003]

S. Yonezawa, "A deterministic phase shifter for holographic memory
devices", Optics Communications 19 (1976) 370-373

[abstract:] "A family of deterministic phase shifters for the holographic
memory is presented. It is designed by applying the gaussian sum, which
is known in the field of algebraic number theory. The phase shifter, which
has a few phase quantized levels, was made in the form of an optical
device and experiments have been performed. It satisfactorily disperses
the signal light on the hologram plane."
[added 30 June 2003]

P.H. Frampton and Y. Okada, "p-Adic string N-point function", Phys. Rev.
Lett. B 60 (1988) 484-486
[added 30 June 2003]

R.L. Monaco and W.A. Rodrigues, Jr., "New integral representation of the
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solutions of the Schrödinger equation with arbitrary potentials", Physics
Letters A 179 (1993) 235-238

[abstract:] "We present a new method for solving the Schrödinger
equation with arbitrary potentials. The solution is given in terms of a
Fourier-like integral representation which involves a universal function. .
.for the Schrödinger equation. The integral representation follows from
number theory together with some results from the partition theory of
operational calculus. The new method can be used to solve any linear
differential equation and also can be extended to solve linear partial
differential equations."
[added 30 June 2003]

J.A.C. Gallas, "On the origin of periodicity in dynamical systems", Physica
A: Statistical Mechanics and its Applications 283 (2000) 17-23

[abstract:] "We prove a theorem establishing a direct link between
macroscopically observed periodic motions and certain subsets of
intrinsically discrete orbits which are selected naturally by the dynamics
from the skeleton of unstable periodic orbits (UPOs) underlying classical
and quantum dynamics. As a simple illustration, an infinite set of UPOs of
the quadratic (logistic) map is used to build ab initio the familiar
trigonometric and hyperbolic functions and to show that they are just the
first members of an infinite hierarchy of functions supported by the UPOs.
Although all microscopic periodicities of the skeleton involve integer
(discrete) periods only, the macroscopic functions resulting from them
have real (non-discrete) periods proportional to very complicate
non-integer numbers, e.g. $2\pi$ and $2\pi i$, where i =(-1)1/2."
[added 30 June 2003]

Chung-Ming Ko, "Distribution of the units digit of primes", Chaos, Solitons
and Fractals 13 (2002) 1295-1302

[abstract:] "A sequence is formed by the units digit of consecutive prime
numbers. The sequence is not random. To visualize the non-randomness
of the sequence, we utilize a method put forward by Hao et. al. [Chaos,
Solitons and Fractals 11 (2000) 825]. A fractal-like structure is observed."
[added 30 June 2003]

W.J. Caspers, M. Kuma, B. Lulek and T. Lulek, "Magnons in the
Heisenberg model with a dynamical scaling symmetry", Physica A:
Statistical and Theoretical Physics 252 477-487
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[abstract:] "A special Heisenberg model is considered for which the
exchange integral takes on the same value J not only for geometrically
equivalent neighbours, but also for such j-neighbours which constitute an
orbit of a 'hidden' symmetry group of scaling transformations. The
dispersion law for magnons for this model constitutes a reproduction of
some rules of arithmetic number theory. The extra symmetry is illustrated
by a chain of 12 spins, which may be shown to be equivalent to a toroidal
4×3-periodic crystal."
[added 30 June 2003]

S.W. Golomb, "Probability, information theory, and prime number theory",
Discrete Mathematics 106-107 (1992) 219-229

[abstract:] "For any probability distribution D = {\alpha(n)} on Z+, we
define. . . the probability in D that a 'random' integer is a multiple of m;
and . . . the probability in D that a 'random' integer is relatively prime to k.
We specialize this general situation to three important families of
distributions . . . Several basic results and concepts from analytic prime
number theory are revisited from the perspective of these families of
probability distributions, and the Shannon entropy for each of these
families is determined."
[added 30 June 2003]

K. Roland, "Two- and three-loop amplitudes in covariant loop calculus",
Nuclear Physics B 313 (1989) 432-446

[abstract:] "We study two- and three-loop vacuum amplitudes for the
closed bosonic string. We compare two sets of expressions for the
corresponding density on moduli space. One is based on the covariant
reggeon loop calculus (where modular invariance is not manifest). The
other is based on analytic geometry. We want to prove identity between
the two sets of expressions. Quite apart from demonstrating modular
invariance of the reggeon results, this would in itself be a remarkable
mathematical feature. Identity is established to 'high' order in some
moduli and exactly in others. The expansions reveal an essentially
number-theoretic structure. Agreement is found only by exploiting the
connection between the four Jacobi theta-functions and number theory."
 

J. L. Petersen, K. O. Roland and J. R. Sidenius, "Modular invariance and
covariant loop calculus", Physics Letters B 205 (1988) 262-266

[abstract:] "The covariant loop calculus provides an efficient technique for
computing explicit expressions for the density on moduli space
corresponding to arbitrary (bosonic string) loop diagrams. Since modular
invariance is not manifest, however, we carry out a detailed comparison
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with known explicit two- and three-loop results derived using analytic
geometry (one loop is known to be okay). We establish identity to 'high'
order in some moduli and exactly in others. Agreement is found as a
result of various non-trivial cancellations, in part related to number theory.
We feel our results provide very strong support for the correctness of the
covariant loop calculus approach."
[added 30 June 2003]

J. H. Hannay and M. V. Berry, "Quantization of linear maps on a
torus-fresnel diffraction by a periodic grating", Physica D: Nonlinear
Phenomena 1 (1980) 267-290

"Quantization on a phase space q, p in the form of a torus (or periodized
plane) with dimensions q, p requires the Planck's constant take one of
the values h = qp/N, where N is an integer. Corresponding to a linear
classical map T of points q, p is a unitary operator U mapping quantum
states that are periodic in q and p; the construction of U involves
techniques from number theory. U has eigenvalues exp(i). The
'eigenangles' must be multiples of 2/n (N), where n (N) is the lowest
common multiple of the lengths of the classical 'cycles' mapped under T
by those rational points in q, p which are multiples of q/N and p/N (i.e. n
(N) is the 'period of T mod N'), at least for odd N. If T is hyperbolic, n is a
very erratic function of N, and the classical limit N is very different from
the 'Bohr-Sommerfeld' behaviour for parabolic maps. The degeneracy
structure of the eigenangle spectrum is related to the distribution of cycle
lengths. Computation of the quantal Wigner function shows that
eigenstates of U do not correspond to individual cycles."
[added 30 June 2003]

A. Costé, "Un système dynamique lié à la suite des nombres premiers",
Comptes Rendus de l'Académie des Sciences (Series I) 333 (2001)
663-668

[abstract (translation):] "We study the dynamical system defined by the
map $\Phi: ]0,1] \rightarrow ]0,1]$, where $\Phi(x)= px - 1$ on ]1/p,1/q] if
q and p are consecutive prime numbers. We relate the existence of an
absolutely continuous invariant measure to ergodicity of a Markov chain
P on the union of orbits stemming from numbers 1/p (p prime). We prove
that ergodicity of P implies ergodicity of $\Phi$ . We establish a link
between transfer probabilities of order n and some sets of sequences of
the symbolic dynamic. This leads to a way of computing these
coefficients using Monte Carlo method. We propose an algorithm which
leads to a density indicating a good experimental fit with a typical orbit."
[added 30 June 2003]
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P. Enflo, A. Granville, J. Shallit and S. Yu, "On sparse languages $L$
such that $LL = \Sigma$", Discrete Applied Mathematics 52 (1994)
275-285

[abstract:] "A language $L \in \Sigma^{*}$ is said to be sparse if $L$
contains a vanishingly small fraction of all possible strings of length $n$
in $\Sigma^{*}$. C. Ponder asked if there exists a sparse language $L$
such that $LL = \Sigma^{*}$. We answer this question in the affirmative.
Several different constructions are provided, using ideas from probability
theory, fractal geometry, and analytic number theory. We obtain
languages that are optimally sparse, up to a constant factor. Finally, we
consider the generalization $L^{j} = \Sigma^{*}."
[added 30 June 2003]

I. Antoniou and Z. Suchanecki, "Quantum systems with fractal spectra",
Chaos, Solitons and Fractals 14, (2002) 799-807

[abstract:] "We study Hamiltonians with singular spectra of Cantor type
with a constant ratio of dissection and show strict connections between
the decay properties of the states in the singular subspace and the
algebraic number theory. More specifically, we study the decay properties
of free n-particle systems and the computability of decaying and
non-decaying states in the singular continuous subspace."
[added 30 June 2003]

A. Napoli and A. Messina, "An application of the arithmetic Euler function
to the construction of nonclassical states of a quantum harmonic
oscillator", Reports on Mathematical Physics 48 (2001) 159-166

[abstract:] "All quantum superpositions of two equal intensity coherent
states exhibiting infinitely many zeros in their Fock distributions are
explicitly constructed and studied. Our approach is based on results from
number theory and, in particular, on the properties of arithmetic Euler
function. The nonclassical nature of these states is briefly pointed out.
Some interesting properties are brought to light."
[added 30 June 2003]

D. Kouzoudis, "Heisenberg s = ring consisting of a prime number of
atoms", Journal of Magnetism and Magnetic Materials 173 (1997)
259-265

[abstract:] "In this work it will be shown that the dimensionality of the
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eigenvalue problem of a Heisenberg s = ring with a prime number N of
atoms can be reduced by a factor of N. This makes small systems such
as N = 5 and 7 particularly easy to solve analytically for the case of
nearest-neighbor interactions, without the use of Bethe's ansatz, as well
as for the general case of couplings beyond nearest neighbors. Exact
expressions are given for both the magnon dispersion relations and the
eigenvectors."
[added 30 June 2003]

H.N.V. Temperley, "Further results on self-avoiding walks", Physica A:
Statistical and Theoretical Physics 206 (1994) 350-358

[abstract:] "A Gaussian model of self-avoiding walks is studied. Not only
is any cluster integral exactly evaluable, but whole sub-series can be
evaluated exactly in terms of associated Riemann zeta functions. The
results are compared with information recently obtained on self-avoiding
walks on the plane square and simple cubic lattices and, as expected,
are very similar. Use is made of the author's recent result that the
reciprocal of the walks generating function is the generating function for
irreducible cluster-sums. This is split into sub-series all of which have the
same radius of convergence, and the significance of this is discussed."
[added 30 June 2003]

L.R. Surguladze and M.A. Samuel, "On the renormalization group
ambiguity of perturbative QCD for R(s) in e+e- annihilation and $R_{\tau}$
in $\tau$-decay", Physics Letters B 309 (1993) 157-162

[abstract:] "The $O(\alpha_{s}^{3})$ perturbative QCD result for R(S) in
e+e- annihilation is given with explicit dependence on the scale
parameter. We apply the three known approaches for resolving the
scheme-scale ambiguity and we fix the scale for which all of the criteria
tested are satisfied. We find the four-loop R(s) within the new scheme
with flavor independent perturbative coefficients. . .

We find a remarkable cancellation of the Riemann zeta-functions at the
3-loop level. The theoretical uncertainty of the QCD effect in R(s) is
estimated at 4%. The results of the analysis of $R_{\tau}$ in
$\tau$-decay are presented."
[added 30 June 2003]

Y. Wei, "Dirichlet multiplication and easily-generated function analysis",
Computers and Mathematics with Applications 39 (2000) 173-199
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[abstract:] "Following sine-cosine functions, sawtooth wave, square wave,
triangular wave, and trapezoidal wave become new easily-generated
periodic functions. Can a signal be considered to be a superposition of
easily-generated functions with different frequencies? In order to answer
this question, we generalize Fourier analysis to easily-generated function
analysis including easily-generated function series, easily-generated
function transformation, and discrete transformation for easily-generated
functions. The results in this paper make it possible to represent a signal
by use of easily-generated functions. A lot of techniques based on
sine-cosine functions can be translated into techniques based on
easily-generated functions. Because Dirichlet multiplication in number
theory plays a basic role in easily-generated function analysis, we briefly
introduce this concept and present a related formula. The main contents
of this paper include dirichlet multiplication and a related formula,
relations between basic waveforms in electronics, easily-generated
function series, easily-generated function transformation, discrete
transformation for easily-generated functions, and techniques of
easily-generated function analysis."
[added 30 June 2003]

A. Khrennikov and M. Nilsson, "On the number of cycles of p-adic
dynamical systems", Journal of Number Theory 90 (2001) 255-264

[abstract:] "We found the asymptotics, p, for the number of cycles for
iteration of monomial functions in the fields of p-adic numbers. This
asymptotics is closely connected with classical results on the distribution
of prime numbers."
[added 30 June 2003]

M.C. Gutzwiller, "Stochastic behavior in quantum scattering", Physica D:
Nonlinear Phenomena 7 (1983) 341-355

[abstract:] "A 2-dimensional smooth orientable, but not compact space of
constant negative curvature with the topology of a torus is investigated. It
contains an open end, i.e. an exceptional point at infinite distance,
through which a particle or a wave can enter or leave, as in the
exponential horn of certain antennas or loud-speakers. In the Poincaré
model of hyperbolic geometry, the solutions of Schrödinger's equation for
the reflection of a particle which enters through the horn are easily
constructed. The scattering phase shift as a function of the momentum is
essentially given by the phase angle of Riemann's zeta function on the
imaginary axis, at a distance of from the famous critical line. This phase
shift shows all the features of chaos, namely the ability to mimick any
given smooth function, and great difficulty in its effective numerical
computation. A plot shows the close connection with the zeros of

Recently archived material

http://www.maths.ex.ac.uk/~mwatkins/zeta/newmaterial.htm (34 de 45) [21/11/2003 18:54:59]



Riemann's zeta function for low values of the momentum (quantum
regime) which gets lost only at exceedingly large momenta (classical
regime?) Some generalizations of this approach to chaos are
mentioned."
[added 30 June 2003]

A. Khrennikov, "Limit behaviour of sums of independent random variables
with respect to the uniform p-adic distribution", Statistics and Probability
Letters 51 (2001) 269-276

[abstract:] "We investigate (as usual) limit behaviour of sums
$S_{n}(\omega)$ of independent equally distributed random variables.
However, limits of probabilities are studied with respect to a p-adic metric
(where p is a prime number). We found that (despite of rather unusual
features of a p-adic metric) limits of classical probabilities exist in a field
of p-adic numbers. These probabilities are rational numbers (which can
be calculated by using simple combinatorial considerations). Limit
theorems are related to divisibility of sums $S_{n}(\omega) by p. In fact,
limits depend on choices of subsequences ${S_{n_k}(\omega)}. We
obtain two limit theorems which describe all possible limit behaviours. All
considerations are based on one special p-adic probability distribution,
namely the uniform distribution."
[added 30 June 2003]

R. Marrett, "Aggregate properties of fracture populations", Journal of
Structural Geology 18 (1996) 169-178

[abstract:] "Empirical studies indicate that the individual attributes of both
faults and extension fractures follow power-law scaling. Aggregate
properties of fracture populations are important in a variety of problems
and can be specified in terms of the scaling parameters of individual
fracture attributes. Development of an expression for an aggregate
property requires consideration of a number of independent factors,
including the topologic dimension of the aggregate property, the topologic
dimension of sampling and the possibility of scaling changes for fractures
that span some mechanically significant layer. The Riemann zeta
function provides an alternative to integration for the analytical and
numerical solution of aggregate problems."

[personal communication from author, 11/07/03:] "See section on
"Evaluation," pages 173-174, for the part that might be most germane to
your interests. My usage of the Riemann zeta function is shallow, really
only to deal with an infinite power series. In geology this traditionally has
been done (poorly) using integration, which I show to systematically
underestimate the aggregate effects of individual features that follow a
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power law distibution of sizes. I have not seen this aspect of my paper
used in later publications (geologists are notoriously weak in numerical
and analytical skills). Likewise, I have not seen the Riemann zeta function
used in other geological contexts; I stumbled on it in my physics and
math books while searching for a better approach to summation of infinite
power series."
[added 30 June 2003]

J.C. Phillips, "Microscopic origin of collective exponentially small
resistance states" (preprint, 03/03)

[abstract:] "The formation of "zero" (exponentially small) resistance states
(ESRS) in high mobility two-dimensional electron systems (2DES) in a
static magnetic field B and subjected to strong microwave (MW) radiation
has attracted great theoretical interest. These states appear to be
associated with a new kind of energy gap $\Delta$. Here I show that the
energy gap $\Delta$ is explained by a microscopic quantum model that
involves the Prime Number Theorem, hitherto reserved for only
mathematical contexts. The model also contains the zeroes of the zeta
function, and explains the physical origin of the Riemann hypothesis."
[added 26 June 2003]

A. Khrennikov, Non-Archimedean Analysis: Quantum Paradoxes,
Dynamical Systems and Biological Models (Kluwer, 1997)
[added 26 June 2003]

V.S. Vladimirov and Ya.I. Volovich, "On the nonlinear dynamical equation
in the p-adic string theory" (preprint 06/03)

[abstract:]"In this work nonlinear pseudo-differential equations with the
infinite number of derivatives are studied. These equations form a new
class of equations which initially appeared in p-adic string theory. These
equations are of much interest in mathematical physics and its
applications in particular in string theory and cosmology. In the present
work a systematical mathematical investigation of the properties of these
equations is performed. The main theorem of uniqueness in some
algebra of tempered distributions is proved. Boundary problems for
bounded solutions are studied, the existence of a space-homogenous
solution for odd p is proved. For even p it is proved that there is no
continuous solutions and it is pointed to the possibility of existence of
discontinuous solutions. Multidimensional equation is also considered
and its soliton and q-brane solutions are discussed."
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I.Ya. Aref'eva, M.G. Ivanov and I.V. Volovich, "Non-extremal intersecting
p-branes in various dimensions", Phys. Lett. B 406 (1997) 44-48

[abstract:] "Non-extremal intersecting p-brane solutions of gravity coupled
with several antisymmetric fields and dilatons in various space-time
dimensions are constructed. The construction uses the same algebraic
method of finding solutions as in the extremal case and a modified
"no-force" conditions. We justify the "deformation" prescription. It is
shown that the non-extremal intersecting p-brane solutions satisfy
harmonic superposition rule and the intersections of non-extremal
p-branes are specified by the same characteristic equations for the
incidence matrices as for the extremal p-branes. We show that S-duality
holds for non-extremal p-brane solutions. Generalized T-duality takes
place under additional restrictions to the parameters of the theory which
are the same as in the extremal case."

I.Ya.Arefeva, K.S.Viswanathan, A.I.Volovich and I.V.Volovich,
"Composite p-branes in various dimensions", Nucl. Phys. Proc. Suppl.
56B (1997) 52-60

[abstract:] "We review an algebraic method of finding the composite
p-brane solutions for a generic Lagrangian, in arbitrary spacetime
dimension, describing an interaction of a graviton, a dilaton and one or
two antisymmetric tensors. We set the Fock-De Donder harmonic gauge
for the metric and the "no-force" condition for the matter fields. Then
equations for the antisymmetric field are reduced to the Laplace equation
and the equation of motion for the dilaton and the Einstein equations for
the metric are reduced to an algebraic equation. Solutions composed of n
constituent p-branes with n independent harmonic functions are given.
The form of the solutions demonstrates the harmonic functions
superposition rule in diverse dimensions. Relations with known solutions
in D = 10 and D = 11 dimensions are discussed."

I.Ya. Aref'eva, K.S. Viswanathan and I.V. Volovich, "p-Brane solutions in
diverse dimensions", Phys.Rev. D55 (1997) 4748-4755

[abstract:] "A generic Lagrangian, in arbitrary spacetime dimension,
describing the interaction of a graviton, a dilaton and two antisymmetric
tensors is considered. An isotropic p-brane solution consisting of three
blocks and depending on four parameters in the Lagrangian and two
arbitrary harmonic functions is obtained. For specific values of
parameters in the Lagrangian the solution may be identified with
previously known superstring solutions."

I.Aref'eva and A. Volovich, "Composite p-branes in diverse dimensions",
Class. Quant. Grav. 14 (1997) 2991-3000

[abstract:] "We use a simple algebraic method to find a special class of
composite p-brane solutions of higher dimensional gravity coupled with
matter. These solutions are composed of n constituent p-branes
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corresponding n independent harmonic functions. A simple algebraic
criteria of existence of such solutions is presented. Relations with D = 11,
10 known solutions are discussed."

A. Volovich, "Three-block p-branes in various dimensions", Nucl. Phys.
B492 (1997) 235-248

[abstract:] "It is shown that a Lagrangian, describing the interaction of the
gravitation field with the dilaton and the antisymmetric tensor in arbitrary
dimension spacetime, admits an isotropic p-brane solution consisting of
three blocks. Relations with known p-brane solutions are discussed. In
particular, in ten-dimensional spacetime the three-block p-brane solution
is reduced to the known solution, which recently has been used in the
D-brane derivation of the black hole entropy."
[added 13 June 2003]

D.B. Grunberg, "Integrality of open instanton numbers" (preprint 05/03)

[abstract:] "We prove the integrality of the open instanton numbers in two
examples of counting holomorphic disks on local Calabi-Yau threefolds:
the resolved conifold and the degenerate P x P. Given the B-model
superpotential, we extract by hand all Gromow-Witten invariants in the
expansion of the A-model superpotential. The proof of their integrality
relies on enticing congruences of binomial coefficients modulo powers of
a prime. We also derive an expression for the factorial (pk-1)! modulo
powers of the prime p. We generalise two theorems of elementary
number theory, by Wolstenholme and by Wilson."
[added 6 June 2003]

A.S. Karpenko, Lukasiewicz's Logic and Prime Numbers, Logical Studies
9 (2002)

[abstract:] "For the first time in the world literature this monograph shows
a direct relation between logic and prime numbers. Although
many-valued Lukasiewicz's logics are the result of refutation of Aristotle's
fatalistic argument their functional properties have a theoretically-numeric
nature. Consideration of this fact allowed to give the definition of prime
number in logical terms. So real possibility to clarify a structure of prime
numbers appeared. Consequently, prime numbers can be presented in
the form of rooted trees. A combination of different logical definitions of
prime number leads to the construction of algorithm for creation of
classes of prime numbers. Computer programs for the algorithm as well
as for the trees are elaborated in this monograph. Also different tableaux
of numbers are published for the first time."

A.S. Karpenko, "Characterization of prime numbers by Lukasiewicz's
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many-valued logics", Bulletin of the Section of Logic 13/2 (1984)

A.S. Karpenko, "Sheffer's stroke for prime numbers", Bulletin of the
Section of Logic 23/3 (1994)

A.S. Karpenko, "Characterization of prime numbers in Lukasiewicz's
logical matrix", Studia Logica 48 no.4 (1989) 465-478
[added 4 June 2003]

J. Hilger, D. Mayer and H. Movasati, "Transfer operators for
$\Gamma_0(n)$ and the Hecke operators for the period functions of
$PSL(2,Z)$" (preprint, 03/03)

[abstract:] "In this article we report on a surprising relation between the
transfer operators for the congruence subgroups $\Gamma_{0}(n)$ and
the Hecke operators on the space of period functions for the modular
group $\PSL(2,Z)$. For this we study special eigenfunctions of the
transfer operators with eigenvalues +1, which are also solutions of the
Lewis equations for the groups $\Gamma_{0}(n)$ and which are
determined by eigenfunctions of the transfer operator for the modular
group $\PSL(2,Z)$. In the language of the Atkin-Lehner theory of old and
new forms one should hence call them old eigenfunctions or old solutions
of Lewis equation. It turns out that the sum of the components of these
old solutions for the group $\Gamma_{0}(n)$ determine for any n a
solution of the Lewis equation for the modular group and hence also an
eigenfunction of the transfer operator for this group."
[added 29 May 2003]

P. Kleban, "Crossing probabilities in critical 2-D percolation and modular
forms", Physica A 281 (2000) 242-251

[abstract:] "Crossing probabilities for critical 2-D percolation on large but
finite lattices have been derived via boundary conformal field theory.
These predictions agree very well with numerical results. However, their
derivation is heuristic and there is evidence of additional symmetries in
the problem. This contribution gives a preliminary examination some
unusual modular behavior of these quantities. In particular, the
derivatives of the "horizontal" and "horizontal-vertical" crossing
probabilities transform as a vector modular form, one component of which
is an ordinary modular form and the other the product of a modular form
with the integral of a modular form. We include consideration of the
interplay between conformal and modular invariance that arises."
[added 29 May 2003]
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P. Kleban and D. Zagier, "Crossing probabilities and modular forms"
(preprint 09/02)

[abstract:] "We examine crossing probabilities and free energies for
conformally invariant critical 2-D systems in rectangular geometries,
derived via conformal field theory and Stochastic Löwner Evolution
methods. These quantities are shown to exhibit interesting modular
behavior, although the physical meaning of modular transformations in
this context is not clear. We show that in many cases these functions are
completely characterized by very simple transformation properties. In
particular, Cardy's function for the percolation crossing probability
(including the conformal dimension 1/3), follows from a simple modular
argument. A new type of "higher-order modular form" arises and its
properties are discussed briefly."
[added 29 May 2003]

D. Mayer, "On a zeta function related to the continued fraction
transformation", Bull. Soc. Math. France 104 (1976) 195-203.
[added 29 May 2003]

Following Karl Sabbagh's recent book on the Riemann hypothesis, two
more popular accounts have appeared in book form:

J. Derbyshire, Prime Obsession: Bernhard Riemann and the Greatest
Unsolved Problem in Mathematics, (JHP, 2003)

Marcus du Sautoy, The Music of the Primes: Searching to Solve the
Greatest Mystery in Mathematics (HaperCollins, 2003)

Here is K. Leutwyler's comparitive review of all three books from
Scientific American.

Here is another, by D. Lim, from The Village Voice.
[added 21 May 2003]

Set theorist and mathematical philosopher Gregory Chaitin, inspired by
the recent appearance of three popular books on the Riemann
hypothesis, discusses the possibility that it might in some sense be
appropriate to consider it as an axiom.

"The traditional view held by most mathematicians is that... the RH
cannot be taken as [an] axiom, and cannot require new axioms, we
simply must work much harder to prove them. According to the
received view, we're not clever enough, we haven't come up with the right

Recently archived material

http://www.maths.ex.ac.uk/~mwatkins/zeta/newmaterial.htm (40 de 45) [21/11/2003 18:55:00]



approach yet. This is very much the current concensus. However this
majority view completely ignores the incompleteness phenomenon
discovered by Gödel, by Turing, and extended by my own work on
information-theoretic incompleteness. What if there is no proof?"

Chaitin goes on to recommend the following:

G. Polya, "Heuristic reasoning in the theory of numbers", American
Mathematical Monthly 66 (1957) 375-384
 
[added 21 May 2003]

The Farey sequences and Farey Tree page has been considerably
expanded. Here are a few new items:

Keith Taylor's Farey Tree applet

The Phyllotaxis project's notes on the Farey Tree and the Golden Mean

The Farey Room (L. Vepstas's Farey map graphics)

B. Devaney, "The Mandelbrot Set and the Farey Tree", Amer. Math.
Monthly 106 (1999) 289-302

J. Fiala, P. Kleban, A. Ozluk, "The Phase Transition in Statistical Models
Defined on Farey Fractions" (accepted for publication, J. Stat. Physics)

[abstract:] "We consider several statistical models defined on the Farey
fractions. Two of these models may be regarded as "spin chains", with
long-range interactions, while another arises in the study of multifractals
associated with chaotic maps exhibiting intermittency. We prove that
these models all have the same free energy. Their thermodynamic
behavior is determined by the spectrum of the transfer operator
(Ruelle-Perron-Frobenius operator), which is defined using the maps
(presentation functions) generating the Farey "tree". The spectrum of this
operator was completely determined by Prellberg. It follows that these
models have a second-order phase transition with a specific heat
divergence of the form [t (ln t)^2]^(-1). The spin chain models are also
rigorously known to have a discontinuity in the magnetization at the
phase transition."
[added 16 May 2003]

S.R. Dahmen, S.D. Prado and T. Stuermer-Daitx, "Similarity in the
Statistics of Prime Numbers", Physica A 296 (2001) 523-528

[abstract:] "We present numerical evidence for regularities in the
distribution of gaps between primes when these are divided into
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congruence families (in Dirichlet's classification). The histograms for the
distribution of gaps of families are scale invariant."
[added 14 May 2003]

C.R. de Oliveira and G.Q. Pellegrino, "(De)Localization in the prime
Schrödinger operator", J. Phys. A 34(16), L239-L243 (2001)

[abstract:] "It is reported a combined numerical approach to study the
localization properties of the one-dimensional tight-binding model with
potential modulated along the prime numbers. A
localization-delocalization transition was found as function of the potential
intensity; it is also argued that there are delocalized states for any value
of the potential intensity."
[added 14 May 2003]

K. Chadan and M. Musette, "On an interesting singular potential", C.R.
Acad. Sci. Paris 316 II, 1 (1993)

[commentary by H. Rosu:] "Chadan and Musette proposed [a] rather
complicated singular potential in a closed interval [0,R] and Dirichlet
boundary condition at both ends. They gave arguments that the spectrum
in the coupling constant g = 1/4 + t2/4 (t is the imaginary part on the
critical line), which is real and discrete, with gn > 1/4 coincides
approximately with the nontrivial Riemann zeros when R =exp(-4*pi/3).

We note that this is a so-called Sturmian quantum problem, i.e., a
quantization problem in the coupling constant of the potential. A very
detailed analysis of this singular hamiltonian and a generalization thereof
from the point of view of inverse scattering and s-wave Jost functions has
been performed in the important work of Khuri."
[added 14 May 2003]

H.C. Rosu, "Quantum Hamiltonians and prime numbers", Modern
Physics Letters A 18 (2003)

[abstract:] "A short review of Schrödinger hamiltonians for which the
spectral problem has been related in the literature to the distribution of
the prime numbers is presented here. We notice a possible connection
between prime numbers and centrifugal inversions in black holes
and suggest that this remarkable link could be directly studied
within trapped Bose-Einstein condensates. In addition, when referring
to the factorizing operators of Pitkanen and Castro and collaborators, we
perform a mathematical extension allowing a more standard
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supersymmetric approach."

This very welcome, thorough review article discusses and compares the
various inter-related work of Bhaduri-Khare-Law, Berry-Keating, Aneva,
Castro, et.al., Pitkanen, Khuri, Joffily, Wu-Sprung, Okubo, Mussardo,
Boos-Korepin, Crehan and others.
[added 13 May 2003]

M. Planat, H.C. Rosu, "Cyclotomy and Ramanujan sums in quantum
phase locking"

[abstract:] "Phase locking governs the phase noise in classical clocks
through effects described in precise mathematical terms. We seek here a
quantum counterpart of these effects by working in a finite Hilbert space.
We use a coprimality condition to define phase-locked quantum states
and the corresponding Pegg-Barnett type phase operator. Cyclotomic
symmetries in matrix elements are revealed and related to Ramanujan
sums in the theory of prime numbers. The phase-number commutator
vanishes as in the classical case, but a new type of quantum phase noise
emerges in expectation values of phase and phase variance. The
employed mathematical procedures also emphasize the isomorphism
between algebraic number theory and the theory of quantum
entanglement."
[added 13 May 2003]

P. Kumar, P.C. Ivanov, H.E. Stanley, "Information entropy and
correlations in prime numbers"

[abstract:] "The difference between two consecutive prime numbers is
called the distance between the primes. We study the statistical
properties of the distances and their increments (the difference between
two consecutive distances) for a sequence comprising the first 5 x 107

prime numbers. We find that the histogram of the increments follows an
exponential distribution with superposed periodic behavior of period
three, similar to previously-reported period six oscillations for the
distances."
[added 13 May 2003]

M.J. Shai Haran, The Mysteries of the Real Prime (OUP, 2001).

[from preface:] "The continuum of real numbers R is the completion of the
rational numbers Q. As such, it is one of many completions; for each
prime number p, we have the p-adic completion Qp, the p-adic numbers.
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The real numbers were discovered long before the discovery of the
p-adic numbers. Ever since, the tendency has been ot try and carry
theories that were initially developed over the reals to the p-adic setting.
Yet the p-adic numbers are simpler than the reals...and in many respects
are more natural - they are the majority of the completions of Q. In this
work, we reverse the direction and develop a 'p-adic attitude' towards the
reals.

...
Physicists describing the real world using real numbers have found the
Heisenberg relations and quantum mechanics to be the basic
phenomena of the microscopic world. Yet these phenomena are
mathematical ones, not physical ones, and have to do with the very
nature of the real numbers. The situation resembles a painter depicting a
landscape, who discovers instead the nature of his paints and brushes.
Quantum mechanics and the uncertainty principle are valid over the
p-adic numbers as well. Moreover, when one consdiers the global theory
of the Heisenberg group, one sees that it is equivalent to the theory of
elliptic curves and theta functions. This in turn, gives rise to the 'q-world'
(of basic hypergeometric functions, quantum groups, and q-commutative
algebra) which can be used to interpolate between the p-adic world...and
the real world...This gives an excellent source of insight into the
analogies between the p-adic numbers and the reals."
[added 9 May 2003]

new tutorial section: p-adic numbers and adeles
[added 8 May 2003]

P. Leboeuf, A. G. Monastra and O. Bohigas, "The Riemannium", Regular
and Chaotic Dynamics 6 (2001) 205-210.

[abstract:] "The properties of a fictitious, fermionic, many-body system
based on the complex zeros of the Riemann zeta function are studied.
The imaginary part of the zeros are interpreted as mean-field
single-particle energies, and one fills them up to a Fermi energy EF. The
distribution of the total energy is shown to be non-Gaussian, asymmetric,
and independent of EF in the limit EF -> infinity. The moments of the limit
distribution are computed analytically. The autocorrelation function, the
finite energy corrections, and a comparison with random matrix theory
are also discussed."
[added 5 May 2003]

new archive section: number theory and time
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[added 5 May 2003]

archive        tutorial        mystery        search        home        contact
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