
Chapter 1: Mathematical Preliminaries

1.A  Introduction

To develop an intuitive understanding of abstract concepts it is often useful to
have the same idea expressed from different viewpoints.  Fourier analysis may
be viewed from two distinctly different vantage points, one geometrical and the
other analytical.  Geometry has an immediate appeal to visual science students,
perhaps for the same reasons that it appealed to the ancient Greek geometers.
The graphical nature of lines, shapes, and curves makes geometry the most
visual branch of mathematics, as well as the most tangible.  On the other hand,
geometrical intuition quickly leads to a condition which one student colorfully
described as "mental constipation".  For example, the idea of plotting a point
given it's Cartesian (x,y) coordinates is simple enough to grasp, and can be
generalized without too much protest to 3-dimensional space, but many students
have great difficulty transcending the limits of the physical world in order to
imagine plotting a point in 4-, 5-, or N-dimensional space.  A similar difficulty
must have been present in the minds of the ancient Greeks when contemplating
the "method of exhaustion" solution to the area of a circle.  The idea was to
inscribe a regular polygon inside the circle and let the number of sides grow from
3 (a triangle) to 4 (a square) and so on without limit as suggested in the figure
below.

 

N=3 N=4 N=6

Fig. 1.0   Method of Exhaustion

These ancients understood how to figure the area of the polygon, but they
were never convinced that the area of the polygon would ever exactly match that
of the circle, regardless of how large N grew.  This conceptual hurdle was so high
that it stood as a barrier for 2,000 years before it was cleared by the great minds
of the 17th century who invented the concept of limits which is fundamental to
the Calculus (Boyer, 1949).  My teaching experience suggests there are still a
great many ancient Greeks in our midst, and they usually show their colors first
in Fourier analysis when attempting to make the transition from discretely
sampled functions to continuous functions.

When geometrical intuition fails, analytical reasoning may come to the rescue.
If the location of a point in 3-dimensional space is just a list of three numbers
(x,y,z), then to locate a point in 4-dimensional space we only need to extend the
list (w,x,y,z) by starting a bit earlier in the alphabet!  Similarly, we may get
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around some conceptual difficulties by replacing geometrical objects and
manipulations with analytical equations and computations.  For these reasons,
the early chapters of these coursenotes will carry a dual presentation of ideas,
one geometrical and the other analytical.  It is hoped that the redundancy of this
approach will help the student achieve a depth of understanding beyond that
obtained by either method alone.

The modern student may pose the question,  "Why should I spend my time
learning to do Fourier analysis when I can buy a program for my personal
computer that will do it for me at the press of a key?"  Indeed, this seems to be
the prevailing attitude, for the instruction manual of one popular analysis
program remarks that "Fourier analysis is one of those things that everybody
does, but nobody understands."  Such an attitude may be tolerated in some
fields, but not in science.  It is a cardinal rule that the experimentalist must
understand the principles of operation of any tool used to collect, process, and
analyze data.  Accordingly, the main goal of this course is to provide students
with an understanding of Fourier analysis - what it is, what it does, and why it is
useful.  As with any tool, one gains an understanding most readily by practicing
its use and for this reason homework problems form an integral part of the
course.  On the other hand, this is not a course in computer programming and
therefore we will not consider in any detail the elegant fast Fourier transform
(FFT) algorithms which make modern computer programs so efficient.

There is another, more general reason for studying Fourier analysis.  Richard
Hamming (1983) reminds us that "The purpose of computing is insight, not
numbers!".  When insight is obscured by a direct assault upon a problem, often a
change in viewpoint will yield success.  Fourier analysis is one example of a
general strategy for changing viewpoints based on the idea of transformation.  The
idea is to recast the problem in a different domain, in a new context, so that fresh
insight might be gained.  The Fourier transform converts the problem from the
time or spatial domain to the frequency domain.  This turns out to have great
practical benefit since many physical problems are easier to understand, and
results are easier to compute, in the frequency domain.  This is a major attraction
of Fourier analysis for engineering:  problems are converted to the frequency
domain, computations performed, and the answers are transformed back into the
original domain of space or time for interpretation in the context of the original
problem.  Another example, familiar to the previous generation of students, was
the taking logarithms to make multiplication or division easier. Thus, by
studying Fourier analysis the student is introduced to a very general strategy
used in many branches of science for gaining insight through transformational
computation.

Lastly, we study Fourier analysis because it is the natural tool for describing
physical phenomena which are periodic in nature.  Examples include the annual
cycle of the solar seasons, the monthly cycle of lunar events, daily cycles of
circadean rhythms, and other periodic events on time scales of hours, minutes, or
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seconds such as the swinging pendulum, vibrating strings, or electrical
oscillators.  The surprising fact is that a tool for describing periodic events can
also be used to describe non-periodic events.  This notion was a source of great
debate in Fourier's time, but today is accepted as the main reason for the
ubiquitous applicability of Fourier's analysis in modern science.

1.B  Review of some useful concepts of geometry and algebra.

Scalar arithmetic.

One of the earliest mathematical ideas invented by man is the notion of
magnitude.  Determining magnitude by counting is evidently a very old concept
as it is evident in records from ancient Babylon and Egypt.  The idea of whole
numbers, or integers, is inherent in counting and the ratio of integers was also
used to represent simple fractions such as 1/2, 3/4, etc.  Greek mathematicians
associated magnitude with the lengths of lines or the area of surfaces and so
developed methods of computation which went a step beyond mere counting.
For example, addition or subtraction of magnitudes could be achieved by the use
of a compass and straightedge as shown in Fig. 1.1.

Fig. 1.1   Addition of Scalar Magnitudes

+ =
A B A+B

Geometric Algebraic

A = 3 units in length
B = 2 units in length
A+B = 5 units in length

If the length of line segment A represents one quantity to be added, and the
length of line segment B represents the second quantity, then the sum A+B is
determined mechanically by abutting the two line segments end-to-end.  The
algebraic equivalent would be to define the length of some suitable line segment
as a "unit length".  Then, with the aid of a compass, one counts the integer
number of these unit lengths needed to mark off the entire length of segments A
and B.  The total count is thus the length of the combined segment A+B.  This
method for addition of scalar magnitudes is our first example of equivalent
geometric and algebraic methods of solution to a problem.

Consider now the related problem of determining the ratio of two
magnitudes.  The obvious method would seem to be to use the "unit length"
measuring stick to find the lengths of the two magnitudes and quote the ratio of
these integer values as the answer to the problem.  This presupposes, however,
that a suitable unit of measure can always be found.  One imagines that it must
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have been a crushing blow to the Greek mathematicians when they discovered
that this requirement can not always be met. One glaring example emerges when
attempting to determine the ratio of lengths for
the edge (A) and diagonal (B)  of a square as
shown in Fig. 1.2.  Line B is longer than A, but
shorter than 2A. The Greeks dealt with this
awkward situation by describing the lengths A
and B as "incommensurate".  They might just as
well have used the words "irrational",
"illogical", "false", or "fictitious".

Fig. 1.2  Ratio of Lengths

A

B

Nowadays we are comfortable with the notion of "irrational" numbers as
legitimate quantities which cannot be expressed as the ratio of two integers.
Prominent examples are √2, π, and e.  Nevertheless, there lurks in the pages
ahead similar conceptual stumbling blocks, such as "negative frequency" and
"imaginary numbers", which, although seemingly illogical and irrational at first,
will hopefully become a trusted part of the student's toolbox through familiarity
of use.

Vector arithmetic.

Some physical quantities have two or more attributes which need to be
quantified.  Common examples are velocity, which is speed in a particular
direction, and force, which has both magnitude and direction.  Such quantities
are easily visualized geometrically (Fig. 1.3) as directed line segments called
vectors.   To create an algebraic representation of vector quantities, we can simply
list the two scalar magnitude which comprise the vector, i.e. (speed, direction).
This is the polar form of vector notation.  An alternative representation is
suggested by our physical experience that if one travels at the rate of 3m/s in a
northerly direction and at the same time 4m/s in an easterly direction, then the
net result is a velocity of 5m/s in a northeasterly direction.  Thus, the vector
magnitude may be specified by a list of the scalar magnitudes in two orthogonal
directions.  This Cartesian form is named after the great French mathematician
René Descartes and is often described as a decomposition of the original vector
into two mutually orthogonal components.

Fig. 1.3   Description of Vector  Quantities

X

Y

Geometric Algebraic

Polar Form: (R,   )
   R = magnitude
       = direction
Cartesian Form: (X,Y)
   X =  component #1
   Y =  component #2Dimension #1 
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Consider now the problem of defining what is meant by the addition or
subtraction of two vector quantities.  Our physical and geometrical intuition
suggests that the notion of addition is inherent in the Cartesian method of
representing vectors.  That is, it makes sense to think of the northeasterly velocity
vector V as the sum of the easterly velocity vector X and the northerly velocity
vector Y.  How would this notion of summation work in the case of two arbitrary
velocity vectors W and V which are not necessarily orthogonal?  A simple
method emerges if we first decompose each of these vectors into their orthogonal
components, as shown in Fig. 1.4.  Since an easterly velocity has zero component
in the northerly direction, we may find the combined velocity in the easterly
direction simply by adding together the X-components of the two vectors.
Similarly, the two Y-components may be added together to determine the total
velocity in the northerly direction.  Thus we can build upon our intuitive notion
of adding scalar magnitudes illustrated in Fig. 1.1 to make an intuitively
satisfying definition of vector addition which is useful for summing such
physical quantities as velocity, force, and, as we shall see shortly, sinusoidal
waveforms.

Fig. 1.4   A Definition of Vector  Summation, C=A+B
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The way to generalize the above ideas to represent 3-dimensional quantities
should be clear enough.  Although drawing 3- and 4-dimensional vectors on
paper is a challenge, drawing higher dimensional vectors is impossible.  On the
other hand, extending the algebraic method to include a 3rd, 4th, or Nth

dimension is as easy as adding another equation to the list and defining some
new variables.  Thus, although the geometrical method is more intuitive, for
computational purposes the algebraic method quickly becomes the method of
choice for solving problems.

In summary, we have found that by decomposing vector quantities into
orthogonal components then simple rules emerge for combining vectors linearly
(i.e. addition or subtraction) which produce answers which make sense when
applied to physical problems.  In Fourier analysis we follow precisely the same
strategy to show how arbitrary curves may be decomposed into a sum of
orthogonal functions, the sines and cosines.  By representing curves in this way,
simple rules will emerge for combining curves in different ways and for
calculating the outcome of physical events.
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Multiplication.

In elementary school we learn that multiplication may be conceived as
repeated addition.  However, the multiplication of vectors has a variety of
interpretations.  The most useful definition for Fourier analysis reflects the
degree to which two vectors point in the same direction.  In particular, we seek a
definition for which the product is zero when two vectors are orthogonal.  (It
might have been thought that the zero product condition would be reserved for
vectors pointing in opposite directions, but this is not an interesting case because
opposite vectors are collinear and so reduce to scalar quantities.  In scalar
multiplication the only way to achieve a zero product is if one of the quantities
being multiplied is zero.)  This suggests we try the rule:

A•B = (length of A) x (length of B's projection onto A) [1.1]

Notice that because this rule calls for the product of two scalar quantities derived
from the original vectors, the result will be a scalar quantity.

To see how this rule works, consider the simple case when the vector A points
in the same direction as the X-axis and  is the angle between the two vectors as
illustrated in Fig. 1.5.  Next, decompose the vector B into it's two orthogonal
components (BX, BY) in the X- and Y-directions.  Since the X-component of B is
also in the direction of vector A, the length of this X-component is what is meant
by the phrase "the length of B's projection onto A".  We can then derive an
analytical formula for computing this length by recalling from trigonometry that
BX = |B|cos(θ), where the notation |B| stands for the length of vector B.  Notice

that the inner product is zero when θ=90°, as required.

Fig. 1.5   Definition of  Inner Product of Vectors, A•B

Geometric Algebraic

xB |A|

|B|

X

Y

A • B = AX ⋅ BX

= A ⋅ B ⋅cos( )

BX = B ⋅cos( )

Although it was convenient to assume that vector A points in the X-direction,
the geometry of Fig. 1.5 would still apply even in the general situation shown in
Fig. 1.6.  It would be useful, however, to be able to calculate the inner product of
two vectors without having to first compute the lengths of the vectors and the
cosine of the angle between them.  This may be achieved by making use of the
trigonometric identity proved in homework problem set #1:

cos( ) = cos( − ) = cos( )cos( ) + sin( )sin( ) [1.2]
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Fig. 1.6   Definition of  Inner Product of Vectors, A•B

Geometric Algebraic

A

B

X

Y

A • B = A ⋅ B ⋅cos( )

|B|cos(  ) = projection  of B on Aθ

Inner (dot) Product

If we substitute the following relations into eqn. [1.2]

AX = A cos( )

AY = A sin( )

BX = B cos( )

BY = B sin( )

[1.3]

then the result is

cos( ) =
AX BX + AYBY

A ⋅ B
[1.4]

which implies that

A ⋅ B cos( ) = AX BX + AYBY [1.5]

but the left side of this equation is just our definition of the inner product of
vectors A and B (see Fig. 1.5).  Consequently, we arrive at the final formula

A • B = AXBX + AY BY [1.6]

In words, to calculate the inner product of two vectors, one simply multiplies the
lengths of the orthogonal components separately for each dimension of the
vectors and add the results.  The formula is easily extended to accommodate N-
dimensional vectors and can be written very compactly by using the summation
symbol Σ and by using numerical subscripts instead of letters for the various
orthogonal components:

  

A • B = A1B1 + A2B2 + A3B3 +L+AN BN

A • B = A
k
B

k
k =1

N

∑ [1.7]
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Vector length.

To illustrate the usefulness of the inner product, consider the problem of
determining the length of a vector.  Because the component vectors are
orthogonal, the Pythagorean theorem and the geometry of right triangles applies
(Fig. 1.7).  To develop a corresponding analytical solution, try forming the inner
product of the vector with itself.  Applying equation [1.6] yields the same answer
provided by the Pythagorean theorem.  That is, the inner product of a vector
with itself equals the square of the vector's length.  Furthermore, this method of
calculating vector length is easily generalized to N-dimensional vectors by
employing equation [1.7].

Fig. 1.7   Use of  Inner Product to Calculate Vector Length

Geometric Algebraic

xA

|A|

X

Y

A • A = AX ⋅ AX + AY ⋅ AY

= AX
2 + AY

2

= A 2 = length2

AyA

Summary.

We have found simple algebraic formulas for both the addition and
multiplication of vectors which are consistent with our geometrical intuition.
This was possible because we chose to represent vectors by their orthogonal
components and then did our algebra on these simpler quantities.  This is the
same strategy we will use in Fourier analysis.

1.C  Review of phasors and complex numbers.

Having seen some of the benefits of expressing geometrical relations
algebraically, we might go a step further and attempt to transfer the geometrical
notions of orthogonality into the algebraic formulations.  The key idea to be
retained is that orthogonal vectors are separate and independent of each other,
which is why orthogonal components may be added or multiplied separately.
To capture this idea we might try assigning different units to magnitudes in the
different dimensions.  For instance, distances along the X-axis might be in units
of "apples" and distances along the Y-axis could be called "oranges".  Since one
cannot expect to add apples and oranges, this scheme would force the same sort
of independence and separateness on the algebra as occurs naturally in the
geometry of orthogonal vectors.  For example, let the X- and Y-components of
vector P have lengths Papple and Poranges, respectively,  and let the X- and Y-
components of vector Q have lengths Qapple and Qoranges, respectively.  Then the
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sum S=P+Q would be unambiguously interpreted to mean that the X- and Y-
components of vector S have lengths Papple + Qapple and Poranges, + Qoranges,
respectively.

Another way to preserve algebraic independence of vector components
without having to write two similar equations every time is simply to multiply
all the Y-axis values by some (unspecified for now) quantity called "i".  Now we
can write P = PX + i.PY without fear of misinterpretation since the ordinary rules
of algebra prevent the summing of the two dissimilar terms on the right side of
the equation.  Similarly, if Q = QX + i.QY then we can use ordinary algebra to
determine the sum S=P+Q = PX + QX + i.PY + i.QY = (PX + QX ) + i.(PY + QY)
without fear of adding apples to oranges.  In the engineering discipline, 2-
dimensional vectors written this way are often called "phasors".

Fig. 1.8   Fanciful Phasor  Summation,  S = P+Q

P

iP

Geometric Algebraic
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Apples

Oranges

P = PX + iPY

Q = QX + iQY

S = P + Q = PX + QX + i(PY + QY )

Our success gained by the trick of tacking an "i" on to all of the values along
the Y-axis might make us bold enough to attempt a definition for multiplication
of phasors.  A revolutionary result will emerge if we pursue the algebraic
approach as indicated in Fig. 1.9.  First we note from the geometry of phasor P
that

P = PX + iPY

= P cos( ) + i P sin( )

= P cos( ) + isin( )( )
= P e i

[1.8]

The last step in the sequence is based on a famous equation by Euler

e i = cos( ) + isin( ) [1.9]

which we will consider in more detail shortly.  In the meantime, we will make
use of the result of equation [1.8] to conclude that the straight-forward algebraic
product of two phasors yields a new phasor which corresponds geometrically to
forming the product of the two magnitudes and summing the two angles.
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Fig. 1.9   Definition of  Phasor Product, P•Q

Geometric Algebraic

P
Q

Apples

Oranges
S P = P cos( ) + isin( )( )

P = P e i

Q = Q cos( ) + i sin( )( )
Q = Q e i

S = P ⋅Q = P ⋅ Q e i( + )

Given Euler's equation [1.9] we may now reveal the true identity of the
quantity i.  Regardless of the value of i or of e, it is true that

e i ⋅e i (− ) = e0 = 1 [1.10]

so if we combine [1.9] and [1.10] the result is

cos( ) + i sin( )( )⋅ cos(− ) + isin(− )( ) = 1

cos2 ( ) − i2sin2 ( ) = 1
[1.11]

Now we can at once identify the value of i2 and preserve the Pythagorean
relationship that cos2(x) + sin2(x)=1 if we define i2=-1.  That is, we require that
this newly invented quantity i=√-1.  At this point we are in much the same
position the Greeks were in when they invented "irrational" numbers to deal
with the incommensurability problem, and that the Arabs were in when they
invented negative numbers, which they called "fictitious" and "false".  Since the
square root of negative numbers are evidently impossible, the quantity i must
surely be "imaginary"!  With this deft stroke, an entirely new kind of quantity is
invented and with it the notion of complex numbers, which is the name given to
the algebraic correlate to our geometric phasors.  Complex numbers are thus the
sum of ordinary "real" quantities and these new "imaginary" quantities created
by multiplying real numbers by the quantity i.  We may now drop our little
charade and admit that apples are real, but oranges are imaginary!

Phasor length and the magnitude of complex numbers.

Application of Pythagoras' theorem to the geometry of the unit phasor
illustrated in Fig. 1.10 proves the well know trigonometric identity
cos2( ) + sin2( ) = 1.  How might we develop an algebraic correlate to this
relationship?  Given our success earlier in determining the length of a vector by
finding the inner product of the vector with itself, we might try multiplying a
complex number by itself and see what happens.  For the unit phasor the result is

cos( ) + i sin( )( )2 = cos2 ( ) + 2i cos( )sin( ) + i2 sin2 ( ) [1.12]

Evidently this is not the way to proceed since the answer is supposed to be 1.
Notice, however, that we would get the right answer (which is to say, an answer
which is consistent with the geometrical approach) if we multipy the complex



Chapter 1: Mathematical Preliminaries                                                                    Page 11

number not by itself, but by its complex conjugate, where the conjugate is formed
by changing the sign of the imaginary portion of the complex number.  In other
words, if Q is a complex number equal to X+iY, then the conjugate Q* of Q is
equal to X-iY.  Then the product QQ* is found to be unity, as required

cos( ) + i sin( )( )⋅ cos( ) − i sin( )( ) = cos2( ) − i2 sin2( ) =1 . [1.13]

Accordingly, we will define the magnitude of Q to be Q = QQ*  which is
interpreted geometrically as the length of the phasor Q.

Fig. 1.10   The Unit  Phasor 

Geometric Algebraic
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Imaginary
axis

cos(   )

sin(   )

θ
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e i = cos( ) + isin( )

Euler's Relation

Statistics of complex numbers.

The rule for adding complex numbers developed above allows us to define
the mean of N complex numbers as the sum divided by N.  The real part of the
result is the mean of the real parts of the numbers, and the imaginary part of the
result is the mean of the imaginary parts of the numbers.  The first step
incomputing variance is to subtract the mean from each number, which is
accomplished by subtracting the real part of the mean from the real part of each
number, and the imaginary part of the mean from the imaginary part of each
number.  The second step is to sum the squared magnitudes of the numbers and
divide the result by N.  (Statisticians distinguish between the variance of the
population and the variance of a sample drawn from the population.  The former
uses N in the denominator, whereas the latter uses N-1).  Standard deviation is
just the square-root of variance.

Fig. 1.11   Statistics of complex numbers
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