
Chapter 8:  Statistical Description of Fourier Coefficients

8.A  Introduction.

The previous chapter brought together the Fourier analysis of discrete and
continuous functions by supposing that a discrete function was obtained by
sampling the continuous function at regular intervals.  Implicit in that exercise
was the notion that the data vector v could be represented by a sequence of
samples of the function f(x) as

  

v = v1, v2 ,v3 ,L,vN( )
= f (x1), f (x2), f (x3 ),L, f (xN )( )

[8.1]

However, in real-world applications of Fourier analysis, it is unlikely that the
samples will match the continuous function exactly.  In this case it is common to
refer to the function being sampled as a signal and the contaminating influence is
called noise.  An example is shown in Fig. 8.1 in which the function defined in
homework exercise 7.2 is contaminated with random noise uniformly distributed
between the limits (-0.5, +0.5).
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Fig. 8.1  Sampled data = signal + noise
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Many factors may act to introduce errors in the sample values.  For instance,
if the function to be sampled passes through an amplifier, or filter, or a
transmission cable, it is inevitable that some degree of contamination will result.
Even the act of sampling to a finite level of accuracy (e.g. with a 12-bit analog-to-
digital converter) introduces errors that may be treated as noise.  When noise is
taken into consideration, then a more realistic model of the data vector v is

  v = f (x1) + n1, f (x2) + n2 , f (x3) + n3 ,L f(xN ) + nN( ) [8.2]
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where each of the nj represents a different sample of noise.  The central question
of this chapter is: What happens to the Fourier coefficients when the signal is
contaminated with noise?

8.B  Statistical Assumptions.

In order to examine the effect of noise on Fourier coefficients, we must know
something about the statistical nature of the noise process.  Of all the different
types of noise that occur in nature, the simplest and most tractable from a
mathematical point of view has the following two properties:

1.  The noise is additive.  In other words, as indicated in eqn. [8.2], the sample
value is equal to the linear sum of the signal being sampled and the noise.

2.  Each sample of noise nj is drawn independently from a noise process (or
population) of mean zero and variance σ2.

For the purposes of this introductory course, we will assume that these two
conditions are met.

One of the implications of these two assumptions is that the noise is
independent of the signal.   In other words, the noise does not get larger or
smaller just because the signal gets larger or smaller.  Another implication is that
each sample of noise is statistically independent of all of the other noise values
and yet is drawn from a population which has the same statistical properties as
all of the other samples.  That is, in the jargon of statisticians, the noise value nj is
called a random variable and the collection of these random variables is said to be
independent and identically distributed.  This is in contrast to a case where, say, the
noise is larger at the end of an experiment than it was at the beginning which
would violate the assumption of identically distributed noise.  An example of
non-independence would be if the value of noise at time t2 depends on the noise
at some previous time t1.

Since each sample point vj in the data vector is assumed to be the sum of the
signal f(xj) and a sample nj of noise, this means that vj must also be treated as a
random variable.  Furthermore, since the noise has zero mean and the noise is
additive, that implies that the mean of vj is equal to f(xj).  On the other hand,
since the signal is assumed to be noise-free, the variance of vj is equal to the
variance 2 of the noise.  We write these conclusions mathematically as

v j = f (xj ) + nj (sample =signal +  noise)

v j = f (xj ) (sample mean =  signal)

Var(v j) = 2 (sample variance = noise variance)

[8.3]

8.C  Mean and Variance of Fourier Coefficients for Noisy Signals.

Recall from eqns. [3.30] and [3.31] that the Fourier coefficients obtained for a
data vector v are given for trigonometrical basis functions by
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ak =

2

D
⋅ v j cos k j

j = 0

D −1

∑ K j = 2 x j / L [3.30]

  
bk =

2

D
⋅ v j sink j

j = 0

D −1

∑ K j = 2 x j / L [3.31]

and for complex exponential basis functions by

  
ck =

1

D
⋅ v j exp(ik j )

j =0

D−1

∑ K j = 2 x j / L [4.23]

Now according to eqn. [8.3] each data vector is the sum of signal vector plus a
noise vector.  This means that the coefficients evaluated by eqns. [3.30, 3.31] may
be considered as estimates of the true Fourier coefficients of the signal alone.  To
see this, we substitute the first equation in  [8.3] into [3.30] to get

ˆ a k =
2

D
⋅ f (x j ) + n j( )cosk j

j = 0

D −1

∑

=
2

D
⋅ f (x j )cosk j

j = 0

D −1

∑ +
2

D
⋅ n j cosk j

j = 0

D −1

∑
= ak + k

[8.4]

where the variable â (pronounced a-hat) is the calculated Fourier coefficient.  This
result reveals that âk is an estimate of the true coefficient ak and is in error by the
amount k.  A similar result applies to the sine coefficients. The corresponding
result for the complex coefficients is

ˆ c k =
1

D
⋅ f (x j ) + n j( )exp(ik j )

j =0

D−1

∑

=
1

D
⋅ f (x j )exp(ik j)

j =0

D−1

∑ +
1

D
⋅ n j exp(ik j )

j =0

D −1

∑
= ck + k

[8.5]

The next step is to investigate the statistical properties of the estimated
Fourier coefficients.  Since this estimate is seen to be the sum of the deterministic
quantity ak and the random variable k, we need to concentrate our investigation
on the random error term. From the theory of probability we know that if Y is a
random variable of mean  and variance 2, and if s is some scalar constant, then

the new random variable Z=sY has mean s  and variance s2 2.  This implies that

the general term (2/ D)(cosk j)n j  in eqn. [8.4] is a random variable with mean 0

and variance (2/ D)2(cos k j)
2 2 .  Another result from probability theory is that if
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Y and Z are independent, identically distributed random variables of means 

and variances 2, 2 respectively, then the new random variable W=Y+Z has

mean     and variance 2 + 2 .   In short, the means add and the variances add.

Applying this result to the second summation in eqn. [8.4] we see that k is the
sum of D random variables, each of which has mean 0 and variance
(4 2 / D2 )cos 2 k j .  Consequently, the variance of k is given by

Var( k) = (2 / D)2(cos k j)
2 2

j = 0

D −1

∑ =
4 2

D2 cos2 k j
j =0

D−1

∑

=
4 2

D2 ⋅
D

2
=

2 2

D
for k ≠ 0

=
4 2

D2 ⋅ D =
4 2

D
for k = 0

[8.6]

The simplification of eqn. [8.6] is based on the fact that the squared length of the
sampled cosine function is equal to D/2, except when k=0, in which case it equals
D (see exercise 3.3).  The emergence of k=0 as a special case is rather awkward
mathematically.  It could be avoided by rescaling the a0 coefficient by √2 for the
purpose of computing variance as was done in connection with Parseval's
theorem (see eqn. [7.6]).

For the complex Fourier coefficients, the general term (1/ D)exp(ik j )n j  is a

random variable with mean 0 and variance (1/ D)exp(ik j )( )2 2 .  The sum of D

such random variables, gives the following formula for noise variance

Var( k) =
2

D2 exp(ik j )( )2

j =0

D−1

∑

=
2

D2 ⋅ D =
2

D

[8.6a]

One advantage of the complex Fourier coefficients is that the contant term is not
a special case.

Given these results, we can now provide values for the first two statitstical
moments of the estimated Fourier coefficients.  From eqn. [8.4] we know that
the random variable âk is the sum of the deterministic coefficient ak and the
random variable k.with zero mean and variance given by eqn. [8.6].
Consequently,
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Mean( ˆ a k ) = ak

Var( ˆ a k ) =
2 2

D
for k ≠ 0

=
4 2

D
for k = 0

[8.7]

and similar equations hold for estimates of the sine coefficients.  The
corresponding equation for complex Fourier coefficients is

Mean( ˆ c k) = ck

Var( ˆ c k) =
2

D

[8.7a]

Notice that since the variance of a0 is 4 2/D then the variance of a0 /2 , which is to

say the variance of the mean, equals 2/D and so the standard deviation of the

mean is / D.  (This result is more obvious for c0.) This is a familiar result from
elementary statistics.  In statistics the standard deviation of the mean of D data
values is usually called the standard error of the mean and is equal to / D, where 
is the standard deviation of the population from which the data are drawn.

In summary, under the assumption of additive, independent noise, the
variances of all the trigonometric Fourier coefficient estimates (except a0 ) are
equal to the noise variance times 2/D.  The variances of all the complex Fourier
coefficient estimates  are equal to the noise variance times 1/D.  This implies that
the way to reduce the variance of the estimate is to increase D, the number of
sample points.  A figure of merit called the signal-to-noise ratio (SNR) is often used
to quantify the reliability of a signal.  The SNR of a particular Fourier coefficient
could be taken as the ratio of the mean (for example, ak) to the standard
deviation σ√2/√D.  By this definition, the SNR of an estimated Fourier coefficient

increases as D and decreases in proportion to , the amount of noise.

8.D  Probability Distribution of Fourier Coefficients for Noisy Signals.

The mean and variance are useful summary statistics of a random variable,
but a more complete characterization is in terms of a propability distribution.
Given a deterministic signal, the probability distribution of the Fourier
coefficients calculated for D samples of a noisy waveform depend upon the
probability distribution of the added noise.  As is typically the case in the
elementary analysis of noisy signals, we will assume from now on that the noise
has the Gaussian (or normal) probability density, N(µ,σ2), of mean µ and variance

σ2.  Under this assumption, the probability P that the noise signal at any instant
lies somewhere in the range (a,b) is given by the area under the Gaussian
probability density function between these limits
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P =
1

2
e−( x− )2 /2 2

a

b

∫ dx [8.8]

Several justifications for the Gaussian assumption may be offered.  First,
many physical noise sources are well modeled by this particular probability
function.  This is not surprising because the central limit theorem of probability
theory states that the sum of a large number of independent variables tends to
Gaussian regardless of the probability distributions of the individual variables.
Another reason is that this assumption makes the current problem tractable.
One result of probability theory is that the Gaussian distribution is closed under
addition, which means that the weighted sum of any number of Gaussian
random variables remains Gaussian.  Since the error variable k is the weighted
sum of noise variables, if the noise is Gaussian then so are the estimates of the
Fourier coefficients.  In short, Gaussian noise produces Gaussian Fourier coefficients.

The Gaussian distribution has only two parameters, the mean and variance,
which are known from the more general results of section 8.C above.  Thus, we
can summarize the preceeding results by stating that the estimates of the Fourier
coefficients are distributed as normal (i.e. Gaussian) random variables with the
following means and variances (read "~N" as "has a Normal distribution")

ˆ a k ~ N(ak,2
2 / D)

ˆ b k ~ N(bk,2
2 / D)

ˆ c k ~ N(ck , 2 / D)

[8.9]

Another random variable of interest is the power in the k-th harmonic.  It was
shown in eqn. [7.6] that signal power is one-half the square of the (polar)
amplitude.  Therefore, the estimated signal power pk in the k-th harmonic is

pk = ˆ m k
2 /2 = ( ˆ a k

2 + ˆ b k
2)/ 2 [8.10]

From probability theory we know that if X is a standardized Gaussian random
variable with zero mean and unit variance, i.e. if X~N(0,1), then the variable
Z=X2 is distributed as a chi-squared variable with 1 degree of freedom.  That is,
Z ~ 1

2 .  This result is useful in the present context if we standardize our estimates
of the Fourier coefficients in eqn. [8.9] by subtracting off the mean and dividing
by the standard deviation.  This means that the squared, standardized Fourier
coefficients are distributed as χ2

ˆ a k − ak

2 2 / D

 

 
 

 

 
 

2

~ 1
2 [8.11]

and a similar statement holds for the bk coefficients.  Now, from probability
theory we also know that if random variables X and Y are both distributed as
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chi-squared with 1 degree of freedom, then the variable Z=X+Y is distributed as
chi-squared with 2 degrees of freedom.  This implies that

( ˆ a k − ak)
2 + ( ˆ b k − bk )2

2 2 / D
~ 2

2 [8.12]

The utility of this last result is that it gives us a way to test for the presence of
signals at particular harmonic frequencies.  In this case, a null-hypothesis that
might be advanced is that the Fourier coefficients of the k-th harmonic are zero.
Under this hypothesis, eqn. [8.12] simplifies to

ˆ a k
2 + ˆ b k

2

2 2 / D
~ 2

2 [8.13]

Combining this result with the definition of the signal power in eqn. [8.10] we
see that

pk
2 / D

=
Power in k th harmonic

Average noise power
~ 2

2 [8.14]

To interpret this last result, note that the denominator of the left side of eqn.
[8.14] is the total power of the noise source divided by the number of Fourier
coefficients determined.  This interpretation comes from our understanding of
Parseval's theorem given in eqn. [3.45] and the fact that σ2 is the expected value
of the sample variance s2 obtained for any particular data vector comprised of D
points sampled from the noise source.  Thus, according to this interpretation, the
denominator of[8.14] is the expected amount of noise power per coefficient,
which is to say, the average power in the noise power spectrum.  The ratio at the
left is therefore the measured amount of power in the k-th harmonic, normalized
by the average noise power.  If we call this unitless quantity the relative power
of the k-th harmonic, then eqn. [8.14] means that relative power in the kth harmonic
is distributed as 2 under the null hypothesis that there is zero signal power at the k-th
harmonic.

In the next chapter we will make use of the result in eqn. [8.14] to construct a
statistical test of the null hypothesis.  In the meantime, it is worth recalling that
the mean of a 2 variable is equal to the number of degrees of freedom of the
variable, and the variance is equal to twice the mean.  Since signal power pk is a
scaled 2 variable under the null hypothesis, we know immediately that

Mean
pk
2 / D

 
 
  

 
 = 2, ⇒ Mean( pk ) = 2 2 / D

Var
pk
2 / D

 
 
 

 
 
 = 4, ⇒ Var( pk) = 4( 2 / D)2

[8.15]
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Notice that the standard deviation of pk , which is the square-root of the variance,
is equal to the mean, which implies SNR=1 in this case.  Usually such a low SNR is
unacceptable, which calls for methods to improve the SNR described below.

8.E  Distribution of Fourier Coefficients for Random Signals.

Sometimes the source of the signal under investigation has no deterministic
component at all, but is simply a random process.  One example is the electro-
encephalogram, the tiny voltage recorded by an electrode placed on the skull.
Another example is the normal fluctuation of the pupil diameter, or "hippus" as it
is sometimes called, under constant viewing conditions.  Such signals are called
stochastic because they don't easily fit into the model of eqn. [8.2] as the sum of a
deterministic component plus a random noise component, unless we simply
drop the signal term altogether.

Fourier analysis of stochastic, or random, signals is usually done in polar
form because the random nature of the signal diminishes the importance of
phase, leaving just the magnitude portion of the spectrum of interest.
Furthermore, instead of plotting mk, the magnitude of the Fourier coefficients, it
is more common to plot pk = mk

2 /2 , which is the power of the harmonic
component.  Accordingly, a graph of the power of each Fourier component as a
function of frequency is called a power spectrum.   The power spectrum of a
random process which satisfies the assumption that each sample is independent
of, and has the identical distribution as, every other sample will have a flat power
spectrum.  This is because, as shown in eqn. [8.14] for the case of zero signal, the
power at each harmonic is the same.  A noise source which has a flat power
spectrum is called "white" noise, by analogy with the visible spectrum of light.  A
corollary to this result is that if the noise source is filtered in a way which
produces a non-flat spectrum, that is to say, a "colored" spectrum, then noise
samples will no longer be independent and identically distributed.  In effect, the
filtering introduces correlation between the samples so that they are no longer
statistically independent.

At the end of section 8.D the observation was made that, in the absence of a
deterministic signal, the standard deviation of pk is equal to the mean, which
implies SNR=1.  The meaning of "signal" in this context is the estimated value of
pk , the power of the k-th harmonic component of the random signal.  Typically
such a low value of SNR is unacceptable and so means for improving the
reliability are sought.  One method is to repeat the process of sampling the
waveform and computing the power spectrum.  If M spectra are added together,
the power at each harmonic will be the sum of M random variables, each of
which is distributed as χ2 with 2 degrees of freedom.  Thus, the total power will

be distributed as χ2 with 2M degrees of freedom, for which the mean is 2M and
the standard deviation is 2 M.  The average power is the total power divided by
M.

p k ~
1

M 2
2

N
∑ ~

1

M 2M
2 [8.16]
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for which the mean, variance and SNR are

mean p k( ) =
1

M
⋅ 2M = 2

variance p k( ) =
1

M
 
 

 
 

2

⋅ 4M =
4

M

SNR =
mean

var iance
=

2

2 / M
= M

[8.16]

We conclude, therefore, that the reliability of an estimated power spectrum
created by averaging M individual spectra increases in proportion to √M.

An equivalent technique is to average M sample vectors and then compute
the power spectrum of the mean data vector.  Since each component of the data
vector increases in reliability in proportion to √M (because the standard error of
the mean is inversely proportional to √M), so does the computed power
spectrum.

8.F  Signal Averaging.

A common method for studying system behavior is to force the system with
a periodic stimulus and then measure the response.  Any real system will
invariably have a noisy response which makes each period of the response, or
epoch, slightly different from every other epoch.  Conceptually, there are two
ways to Fourier analyze such response waveforms.  The first is to treat n epochs
as one continuous response over an interval of length nL.  The other way is to
analyze each epoch separately.  If the response waveform is sampled D times in
each epoch, then both methods will produce nD Fourier coefficients.  The
difference is that in the first method the coefficients correspond to nD/2 different
harmonics whereas in the second method they correspond to n repetitions of the
same D/2 harmonics.  In many circumstances, most of the harmonics included in
the first method are of no interest.  Therefore, the second method provides an
opportunity to estimate the statistical reliability of the coefficients measured.
This is done in a straightforward manner called spectral averaging.  Given n
measures of coefficient ak, the mean of ak and the variance of ak can be calculated
independently of all of the other coefficients.  It should be noted that the mean of
ak determined by spectral averaging will exactly equal the value of the coefficient
for the corresponding frequency in the first method.  This is because the value of
the coefficient is found by forming the inner product of the sample values with
the sampled sinusoid of interest.  The inner product sums across sample points
so it doesn't matter if the sums are done all at once (method 1) or on an epoch-
by-epoch basis (method 2).  Exercise 9.1 is a practical example which verifies this
point.

Although it is easy to calculate the mean and variance of Fourier coefficients
by the spectral averaging method, specifying the probability distributions of the
Fourier coefficients is more awkward.  Equation [8.10] says that the standardized
coefficient is distributed as χ2 with 1 degree of freedom.  This implies that the
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non-standardized distribution is a scaled, non-central χ2 distribution.  Now the
sum of n such random variables is not as easy to deal with.  There is some
comfort in the central limit theorem of probability theory which states that,
regardless of the distribution of ak, the distribution of the mean of ak will be
approximately Gaussian if n is large.

Another common way of analyzing multiple epochs is to average the data
across epochs to produce a mean waveform which is then subjected to Fourier
analysis.  This method is called signal averaging.  Exercise 9.1 demonstrates that
the Fourier coefficients obtained this way are identical to the mean coefficients
obtained by spectral averaging.  This result is a consequence of Fourier analysis
being a linear operation.  It does not matter whether one averages the data first
followed spectral analysis, or the other way around, spectral analysis followed
by averaging.


