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Abstract

The development of unstructured grid-based, finite-element methods for the simulation of
fluid flows is reviewed. The review concentrates on solution techniques for the compressible
Euler and Navier–Stokes equations, employing methods which are based upon a Galerkin
discretization in space together with an appropriate finite-difference representation in time.
It is assumed that unstructured assemblies of triangles are used to achieve the spatial
discretization in two dimensions, with unstructured assemblies of tetrahedra employed
in the three-dimensional case. Adaptive grid procedures are discussed and methods for
accelerating the iterative solution convergence are considered. The areas of incompressible
flow modelling and optimization are also included.

0034-4885/98/060569+70$59.50c© 1998 IOP Publishing Ltd 569



570 K Morgan and J Peraire

Contents

Page
1. Introduction 571
2. Conservation equations in one space dimension 572

2.1. Variational formulation 573
2.2. Galerkin approximation 573
2.3. Stabilization 575
2.4. Discretization in time 578
2.5. Treatment of discontinuities 580
2.6. Extension to equation systems 585

3. Domain discretization for multi-dimensional problems 589
3.1. Unstructured grids 590
3.2. Unstructured grid generation 590

4. The multi-dimensional Euler equations 591
4.1. Edge-based method with explicitly added diffusion 593
4.2. Element-based Taylor–Galerkin method 596
4.3. Edge-based LED methods 598

5. The Navier–Stokes equations 600
5.1. Edge-based implementation 602
5.2. Element-based implementation 602
5.3. Turbulent flows 603

6. Adaptivity 603
6.1. Error estimation 603
6.2. Grid adaptation 605

7. Unsteady flows 606
7.1. Variational formulation 606
7.2. Approximate variational formulation 606
7.3. Grid modification in the presence of moving boundaries 608

8. Improving computational performance 609
8.1. Domain decomposition 610
8.2. Parallelization 611
8.3. Multigrid methods 612
8.4. Implicit time stepping methods 614

9. Incompressible flows 621
9.1. The artificial compressibility approach 622
9.2. Projection methods 623

10. Optimization 626
11. Conclusions 631

Acknowledgments 631
References 632



Unstructured grid finite-element methods for fluid mechanics 571

1. Introduction

Over the past 30 years, there has been intense research activity in the area of computational
fluid dynamics. A large proportion of this activity has been driven by the aerospace industry,
with its requirements for highly accurate solutions at minimum computational cost. Initially,
it was potential flow problems which formed the main topic of interest but, as solution
techniques have matured and computational resources have improved, attention has now
moved to problems governed by the compressible Euler and Navier–Stokes equations.

The numerical methods which have been employed for flow simulation have, in practice,
generally been based upon finite-difference or finite-volume techniques [1]. The finite-
element method is an alternative numerical procedure, which was originally introduced by
engineers in the 1950s for the solution of problems in structural mechanics. However,
it soon became apparent that the approach formed the basis of a general technique for
the numerical solution of partial differential equations [2–4] and it has since been widely
applied in many branches of computational mechanics. The finite-element method is a
relative newcomer to the area of computational fluid dynamics and, indeed, by the early
1980s, its penetration was fairly small [5]. Methods based upon the finite-element approach
are generally attractive because they lead to general purpose computer codes. In addition,
the finite-element method is based on a solid theoretical foundation which has resulted
in rigorously formulated procedures for elliptic and parabolic problems [6], while much
is now also understood about the application to hyperbolic equations [7]. However, it is
not these features which have been largely responsible for the recent interest shown in the
finite-element method but the fact that it is based upon an integral formulation and, hence,
is readily implemented on arbitrary discretizations.

The significance of this property becomes apparent when industrial applications are
considered, where the computational simulations frequently involve domains which are of
complex geometrical shape. For such domains, the grid generation process is difficult and
can prove to be time-consuming, so that Cartesian-based methods have recently attracted
considerable attention [8, 9]. By relaxing the requirement for the use of a totally structured
grid, methods have been developed which attempt to overcome this difficulty, while still
retaining a great deal of the grid structure necessary for many solution algorithms. Typical
examples would be the use of an unstructured assembly of structured grids, as in the
multiblock method [10], or the use of overlapped structured grids, as in the chimera [11] or
the feature adapted mesh embedding [12] approaches. Another alternative is to allow the
grid to be totally unstructured. This is attractive as fully automatic unstructured tetrahedral
grid generators have now been developed and these can rapidly and efficiently discretize
domains of arbitrary geometrical shape [13, 14]. These unstructured grid generators can be
directly coupled to CAD systems [15] and incorporated within graphical user interfaces [16].
This approach is attractive to industry as it appears to offer the possibility of significantly
reducing the number of man hours spent on the task of grid generation. A further alternative
is to attempt to solve the complex geometry issue by the generation of hybrid grids, in which
the domain of interest is discretized by using an assembly of both structured and unstructured
grid regions [17]. The objective is to attempt to gain the best features of both the structured
and the unstructured grid methods, but it is not yet clear that this can be generally achieved.

With this background, this review will concentrate upon the development of finite-
element methods for the solution of the compressible Euler and Navier–Stokes equations
on unstructured grids. The classical formulation of the problem will be replaced by an
equivalent integral variational formulation, in which the solution is sought in a prescribed,
infinite-dimensional, space of trial functions. To produce a procedure which is tractable
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on a computer, an approximate variational formulation has to be developed where the
solution is approximated in a finite-dimensional subspace of the trial function space. The
functions in this subspace are chosen to be polynomials, which are automatically defined
in a piecewise fashion over the cells in the computational grid. In this way, the finite-
element approach provides a systematic procedure for assembling, and solving, the discrete
equations [18–21]. Although higher-order polynomials offer many potential advantages for
future developments in the area of computational fluid dynamics, it is only the use of simple
elements, employing a piecewise linear approximation, which is considered here. The initial
discussion is directed towards the solution of convection problems in one space dimension
and the procedures which are introduced are then employed as the basis for solution methods
in higher dimensions. For both steady and unsteady problems, the use of explicit time
stepping provides a convenient implementation strategy. However, explicit methods require
the use of small time steps, which can result in excessively long computation times and in
convergence difficulties. To illustrate how these drawbacks may be overcome, techniques
such as multigrid and implicit time stepping are also included. The unstructured grid
approach provides a natural environment for the incorporation of an adaptive grid strategy,
designed to improve the quality of a computed solution in an optimum manner, and a brief
review is made of the current status of adaptive grid methods. In conclusion, consideration
is given to the development of algorithms designed for the modelling of incompressible flow
and an illustration is included of recent progress in the field of formal shape optimization
methods.

In concluding this introduction, the reader should note that intuition is frequently of very
little help when assessing the quality of the results produced during the numerical modelling
of complex engineering flows. For this reason, there has been an attempt in recent years to
provide a solid mathematical framework for the area of computational fluid dynamics. In
this review, we make a compromise and introduce certain mathematical formalisms, while
trying to retain some physical insight.

2. Conservation equations in one space dimension

A study of the scalar conservation equation, in the absence of diffusion, can be adopted as
the starting point for the development of solution algorithms for general problems in fluid
mechanics. This equation is frequently employed as a model for many physical processes
in science and engineering, including the convection of a substance in a fluid, the flow
of traffic along a road and the distribution of density in the flow of a gas [22, 23]. In this
section, things are simplified further in that consideration is restricted to examples involving
only one spatial dimension,x1. The problem requires the determination of the distribution
of a conserved quantityU(x1, t) at all points in a finite spatial domain�, for all values of
the timet > 0. This distribution is assumed to be known at the initial time,t = 0, for all
values ofx1 in �. If U(x1, t) is transported, without diffusion, with a fluxF 1 = F 1(U),
this leads to the following classical formulation of the problem: findU(x1, t) such that

∂U

∂t
+ ∂F

1

∂x1
= 0 x1 ∈ �; t > 0 (1)

subject to the initial condition

U(x1, 0) = U0(x1) x1 ∈ � (2)

and to appropriate conditions on the boundary0 of �. HereU0 is a prescribed function. For
this one-dimensional hyperbolic problem,0 will consist of just two points, sayx1 = 0 and
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x1 = `, and characteristic theory [24] gives information on the type of boundary conditions
which are appropriate to ensure that the problem is correctly defined.

2.1. Variational formulation

Finite-element methods of solution are based upon approximations to a variational
formulation of this problem [7]. A variational formulation requires the introduction of
a space of trial functions,T , and a space of weighting functions,W. For present purposes,
it is sufficient to define these spaces as containing all suitably smooth functions and to be
such that

T = {U(x1, t)|U(x1, 0) = U0(x1) for x1 ∈ �} (3)

W = {W(x1)}. (4)

A variational formulation of the problem is then: findU(x1, t) in T , satisfying the problem
boundary conditions, such that∫

�

W

(
∂U

∂t
+ ∂F

1

∂x1

)
dx1 = 0 (5)

for all W(x1) in W and for all t > 0. The equivalence of this formulation and the classical
formulation follows from the fundamental lemma of the variational calculus [25].

It is well known that the linear scalar conservation equation will propagate any
discontinuities, which may be present in the initial solution or in the boundary condition,
through the solution domain, without change of form. In addition, the nonlinear
scalar conservation equation can, under certain circumstances, produce discontinuous
solutions, even though both the initial conditions and the boundary conditions are smooth.
Discontinuous solutions do not satisfy the conservation law of equation (1), or the variational
statement of equation (5), in the classical sense, as they are not differentiable. Methods for
dealing with discontinuous solutions will be considered further in section 2.5.

2.2. Galerkin approximation

To produce an approximate solution to the variational problem, a grid of finite elements
is constructed on the domain�. It will be assumed that the discretization employsp
nodes, which need not be numbered sequentially and are such that nodeJ is located at
x1 = x1J . Elements, joining neighbouring nodes, are also numbered and the standard
linear finite-element shape function associated with nodeJ is denoted byNJ (x1) [26].
Finite-dimensional subspacesT (p) andW (p) of the trial and weighting function spaces,
respectively, are defined by

T (p) =
{
U(p)(x1, t)|U(p)(x1, t) =

p∑
J=1

UJ (t)NJ (x1);UJ (0) = U0(x1J )

}
(6)

W (p) =
{
W(x1)|W(x1) =

p∑
J=1

aJNJ (x1)

}
. (7)

HereUJ (t) is the value ofU(p) at nodeJ anda1, a2, . . . , ap are constants. The question of
boundary condition imposition should also be addressed at this point but, to avoid notational
complexity, the manner of implementation is not considered further here or in the remainder
of this review. The Galerkin approximate solution follows by using the variational statement
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of equation (5) in the form: findU(p) in T (p), satisfying the problem boundary conditions,
such that ∫

�

W
∂U(p)

∂t
dx1 = −

∫
�

W
∂F 1

∂x1
dx1 (8)

for everyW in W (p) and for all t > 0. HereF 1 is now to be interpreted asF 1(U(p)).
Since the functionsN1, N2, . . . , Np form a basis forW (p), it is clear that the Galerkin
approximationU(p) is, alternatively, defined by the requirement that∫

�

NI
∂U(p)

∂t
dx1 = −

∫
�

NI
∂F 1

∂x1
dx1 (9)

for I = 1, 2, . . . , p and for all t > 0. The form assumed forU(p) in equation (6) can now
be inserted into the left-hand side of this equation and the result written as

p∑
J=1

(∫
�

NINJ dx1

)
dUJ
dt
= −

∫
�

NI
∂F 1

∂x1
dx1. (10)

Both integrals are evaluated using the standard finite-element approach of summing the
contributions from the individual elements [26]. On the left-hand side, the resulting element
integrals are evaluated exactly. The integral on the right-hand side has to be evaluated
approximately. Here numerical quadrature may be used or, alternatively, the assumption
thatF 1(U(p)) also varies linearly over each element may be adopted. In the latter case, the
result at a typical interior nodeI is that

p∑
J=1

MIJ

dUJ
dt
= −

∑
E∈I

∑
J∈E

[ ∫
�E

NI
dNJ
dx1

dx1

]
F 1
J . (11)

The first summation on the right-hand side extends over the two elementsE in the grid
which contain nodeI and the second summation extends over both nodesJ of elementE. A
suitable data structure for use with this equation is then the prescription of the nodes which
belong to each element,E. In equation (11),�E is that portion of� which is represented by
elementE, MIJ denotes the entry in rowI and columnJ of the non-diagonal finite-element
consistent mass matrix,M, while

F 1
J = F 1(U(p))

∣∣
J
= F 1(UJ ). (12)

It should be noted that the numerical scheme represented by equation (11) is conservative,
in the sense that summing all such equations shows that the change in the total amount of
U(p) which is present in� is due solely to inflow and outflow at the boundaries.

Alternatively, integration by parts can be employed in the right-hand side of equation (9),
and in this case the Galerkin equation corresponding to a typical interior nodeI , becomes∫

�

NI
∂U(p)

∂t
dx1 =

∫
�

dNI
dx1

F 1 dx1. (13)

When the form assumed forU(p) in equation (6) is now inserted into this equation, the
result is that

p∑
J=1

(∫
�

NINJ dx1

)
dUJ
dt
=
∫
�

dNI
dx1

F 1 dx1. (14)
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Again the left-hand side integral is evaluated exactly, while an approximate evaluation is
made of the right-hand side integral. For example, with the integrand on each element
approximated by a trapezoidal rule, the result is that

p∑
J=1

MIJ

dUJ
dt
=

2∑
e=1

F 1
IIe

(15)

where

F 1
IIe
= C1

IIe
(F 1

I + F 1
Ie
). (16)

In forming equation (15), it has been assumed that nodeI in the grid is connected to the two
nodesI1 andI2 and the summation on the right-hand side extends over the two elementse

in the grid which contain nodeI . The coefficientC1
IIe

denotes the weight which must be
applied to the sum of the nodal fluxes on elemente to obtain the contribution made by this
element to nodeI . With this notation,C1

IeI
will denote the weight which must be applied

to the same quantity to obtain the contribution made by the flux and the elemente to the
nodeIe. If hIIe denotes the length of elemente, the values of these weight coefficients are
computed as

C1
IIe
= hIIe

2

dNI
dx1

∣∣∣∣
e

C1
IeI
= hIIe

2

dNIe
dx1

∣∣∣∣
e

(17)

and it is readily verified that

2∑
e=1

C1
IIe
= 0. (18)

SinceNI + NIe = 1 on elemente, it follows, from equation (17), that the numerical
procedure in this form is conservative, in the sense that the total contribution made by any
element is zero.

It should be noted that, at a typical interior nodeI , the formulations of equation (11)
and equation (15) lead, in this case, to exactly the same equations. A study of these
equations shows that the application of the Galerkin method results in a central difference
type approximation to the first-order spatial derivative.

In the variational formulation which has been followed here, the time and the space
dimensions have been accorded a different treatment. The result is a semi-discrete
formulation in which only the space dimension has been discretized by the finite-element
method, with the time dimension remaining undiscretized. This review will concentrate on
methods which are based upon following this approach. It should be noted, however, that
alternative finite-element-based solution strategies are also possible. For example, practical
solution algorithms for fluid mechanics have been developed based upon either partial or
complete least-squares [27–32], or characteristic formulations [33, 34]. Some methods also
employ discontinuous Galerkin formulations [35–37].

2.3. Stabilization

It is well known that the use of the Galerkin method employed here for the discretization
of the spatial derivative leads to a so-called non-coercive approximation which allows for
the appearance of spurious modes in the solution [38, 39]. This is illustrated by considering
the application of the procedure to the equation of pure convection, whereF 1 = A1U and
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A1 is a constant. Now, using equation (15), the equation corresponding to a typical interior
nodeI of the grid takes the form

p∑
J=1

MIJ

dUJ
dt
= A1

2∑
e=1

C1
IIe
(UI + UIe). (19)

It is apparent that this equation is unaltered if a mode, with alternate values of+a and
−a at successive nodes, is added to the solution. The implication of this observation is
that the numerical scheme needs to be spatially stabilized, to ensure the elimination of such
modes, before it can be used for practical computations. In practice, general stabilization is
accomplished by adding some form of diffusion to the basic procedure [40].

2.3.1. Explicit addition of diffusion. Diffusion may be added to the numerical procedure
to provide stability while, at the same time ensuring that the accuracy of the original
approximation is maintained. In the finite-difference approach, this is readily accomplished
for the general form of equation (1) by applying the spatial discretization directly to the
modified equation

∂U

∂t
+ ∂F
∂x1
= 0 (20)

whereF is a numerical flux function, which satisfies a consistency requirement of the form
F → F 1 as the grid sizeh→ 0. In the present context, an appropriate choice for such a
numerical flux function is

F = F 1+ ε∗4h3|A1|∂
3U

∂x3
1

(21)

whereε∗4 is a positive dimensionless user-specified diffusion coefficient [41] and

A1 = dF 1

dU
. (22)

At a typical interior nodeI of a grid, on which the nodes are consecutively numbered
and equally spaced by an amounth, application of a centred finite-difference method to the
modified equation produces the semi-discrete form

h
dUI
dt
= −1

2
(F 1

I+1− F 1
I−1)− ε∗4[|A1|I+1/2(UI+2− 3UI+1+ 3UI − UI−1)

−|A1|I−1/2(UI+1− 3UI + 3UI−1− UI−2)]. (23)

This form maintains the accuracy of the original central difference approximation and
achieves the necessary stabilization.

It is apparent that the Galerkin method, on a grid of linear finite elements, cannot be
used directly to discretize a third- or a fourth-order derivative. This means that it will not be
possible to extend this finite-difference approach into the finite-element framework by just
using the numerical flux functionF from equation (21) to replace the actual flux function
F 1 in the Galerkin variational statement of equation (9) or equation (13). A slightly more
complicated method is required to achieve the same effect. The actual flux functionF 1

IIe
in

equation (15) is replaced by a numerical flux function, defined according to

FIIe = C1
IIe
(F 1

I + F 1
Ie
)+ ε4|λIIe |dIIe (24)

where

dIIe = UIe − UI −
(
h
∂U

∂σ

)
IIe

λIIe = C1
IIe
A1
IIe
. (25)
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In this expression,σ denotes a local element coordinate, withσ taking the value zero at
node I and the valuehIIe , the element length, at nodeIe. Nodal values of the solution
gradient are obtained from a Galerkin procedure as

p∑
J=1

MIJ

∂U

∂x1

∣∣∣∣
J

= −
2∑
e=1

C1
IIe
(UI + UIe). (26)

For computational convenience, this equation set is frequently solved approximately by
replacing the consistent mass matrix on the left-hand side by a lumped diagonal matrix,
with diagonal entries

MI =
∫
�

NI dx1 (27)

and, in this case, the nodal gradients are directly established as

MI

∂U

∂x1

∣∣∣∣
I

= −
2∑
e=1

C1
IIe
(UI + UIe). (28)

With the nodal gradients determined, the gradient atIIe is evaluated as the mean of the
gradients at the nodesI andIe.

The modified semi-discrete finite-element equation is expressed as
p∑
J=1

MIJ

dUJ
dt
=

2∑
e=1

FIIe (29)

and spatial stabilization is again achieved. It is observed that the right-hand side of this
equation is exactly equivalent, for a grid of elements of equal lengthh, to the right-hand
side of equation (23), ifε∗4 = ε4/8. It should be noted that the construction of the numerical
flux of equations (24) and (25) is such that it results in the addition of zero diffusion, even
on a non-uniform grid, ifU(p) varies linearly withx1. This feature ensures that the accuracy
of the original approximation on a uniform grid is maintained when it is implemented on a
non-uniform grid [42, 43].

2.3.2. Residual methods.An alternative method of achieving stabilization involves the
direct addition of appropriate terms to the approximate variational statement. To illustrate
how this may be accomplished, the requirement of equation (9) is replaced by∫

�

NI
∂U(p)

∂t
dx1 = −

∫
�

NI
∂F 1

∂x1
dx1−

∫
�

P(NI )τR(U(p)) d� (30)

for I = 1, 2, . . . , p and for all t > 0. HereP represents a differential operator,R is the
residual of the differential equation andτ is a positive element intrinsic time scale, which
for elementE is chosen to be of orderhE/|A1|, wherehE is the element length.

With the definitions

R(U(p)) = ∂U(p)

∂t
+ ∂F

1

∂x1
P(NI ) = A1(U(p))

dNI
dx1

(31)

the resulting approximation procedure is equivalent to a method of streamline upwind
Petrov–Galerkin (SUPG) type [44]. Alternative algorithms may be produced by different
choices of the operatorsP andR [45]. The approximationU(p) is now required to satisfy
the statement∫

�

(
NI + τ dNI

dx1
A1

)
∂U(p)

∂t
dx1 = −

∫
�

(
NI + τ dNI

dx1
A1

)
∂F 1

∂x1
dx1 (32)
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for I = 1, 2, . . . , p and for all t > 0. Inserting the assumed form forU(p), and evaluating
the resulting integrals by summing individual element contributions, this equation can be
written as∑
E∈I

∑
J∈E

[ ∫
�E

(
NI + τ dNI

dx1
A1

)
NJ dx1

]
dUJ
dt

= −
∑
E∈I

∑
J∈E

[ ∫
�E

(
NI + τ dNI

dx1
A1

)
dNJ
dx1

dx1

]
F 1
J . (33)

It is readily demonstrated that this modification to the Galerkin statement results in a
stabilized numerical procedure. It should also be noted that, as the additional term in
equation (30) vanishes whenU(p) is equal to the exact solutionU , the consistency of the
solution is not compromised in this modified formulation.

2.4. Discretization in time

The stabilized semi-discrete nodal equations which have been produced following the spatial
discretization will be of the form of equation (29) or equation (33). A typical stabilized
equation, corresponding to an interior nodeI , is therefore expressed as

p∑
J=1

MIJ

dUJ
dt
= fI (34)

whereMIJ andfI denote entries in the left-hand side matrix and right-hand side vector,
respectively, corresponding to the form of the approximation which has been adopted.
Equation (34) may be integrated immediately via standard explicit or implicit finite-
difference time stepping procedures.

2.4.1. Methods of explicit type.The solution may be advanced, over a time interval1t

from time t = tn to time t = tn+1, by ak-stage scheme [40] of the form∑p

J=1MIJ (U
{1}
J − Un

J ) = α11tf
n
I

...∑p

J=1MIJ (U
{}
J − Un

J ) = α1tf {−1}
I

...∑p

J=1MIJ (U
{k}
J − Un

J ) = 1tf {k−1}
I .

(35)

In these equations, the superscriptn denotes an evaluation at timet = tn, the superscript
{} denotes the solution obtained following stage of the scheme andUn+1

I = U {k}I . The
values given to the constantsα1, α2, . . . , αk−1 determine the characteristics of the scheme.
The one-stage form of this procedure is

p∑
J=1

MIJ (U
n+1
J − Un

J ) = 1tf nI (36)

which is just the forward Euler method. These are not fully explicit schemes, as the left-
hand side matrices are not diagonal. Truly explicit schemes are produced by lumping the
matrixM and this process does not change the steady-state solution of the equation set.
Following the application of lumping, the one-stage scheme of equation (36), for example,
becomes

MI (U
n+1
I − Un

I ) = 1tf nI (37)
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where

MI =
p∑
J=1

MIJ . (38)

It should be observed that the term involvingτ in the left-hand side of equation (33) is
skew-symmetric and, consequently, it disappears when lumping is invoked.

The Lax–Wendroff method [46] is a successful stabilized explicit finite-difference
method for the solution of the scalar convection equation. The method is second order
accurate in both space and time. In the present context, if all the elements in the grid are
assumed to be of equal length, the Lax–Wendroff method follows from equation (33) by
lumping the left-hand side matrix, replacing the time derivative by an explicit forward Euler
finite-difference approximation and defining the parameterτ according to

τ = 1t

2
. (39)

If the left-hand side matrix is not lumped, but the term involvingτ on the left-hand side
is neglected, the result is the simplest member of the Taylor–Galerkin family of methods,
developed originally by Dońea [47] using a different derivation. At a typical interior node
I , this Taylor–Galerkin scheme is expressed as

p∑
J=1

MIJ (U
n+1
J − Un

J ) = f nI (40)

where

fI = −1t
∑
E∈I

∑
J∈E

[ ∫
�E

(
NI + 1t

2

dNI
dx1

A1

)
dNJ
dx1

dx1

]
F 1
J . (41)

These time stepping procedures will be conditionally stable. The size of the time step
which must be employed to maintain stability can be investigated by applying the algorithms
to the equation of pure convection. For the multistage procedure of equation (35), the
allowable time step size will depend upon the number of stagesk and the values adopted for
the constantsα1, α2, . . . , αk−1 [48, 49]. For the Taylor–Galerkin method of equations (40)
and (41), the stability criterion takes the form

1t 6 min
E

[
hE√
3|A1|

]
(42)

while the stability range is extended, according to the criterion

1t 6 min
E

[
hE

|A1|
]

(43)

when the Lax–Wendroff method is employed.
In computational fluid dynamics, steady-state solutions are frequently obtained by

explicit time marching of the unsteady governing equation. In this case, the rate of
convergence to the steady solution may be increased by using the stability criterion at each
node separately, and then advancing each node at its own local time step. For example,
with the Taylor–Galerkin method, the right-hand side of equation (41) will be modified in
this case to give

fI = −1tI
∑
E∈I

∑
J∈E

[ ∫
�E

(
NI + 1tE

2

dNI
dx1

A1

)
dNJ
dx1

dx1

]
F 1
J (44)
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where, for the lumped mass form,

1tE = hE

A1
(45)

denotes a local time step for elementE and

1tI = min
E∈I

(1tE) (46)

is a local time step for nodeI , which is computed as the minimum of the surrounding
element time steps.

2.4.2. Implicit schemes.Backward difference formulae are employed to generate truly
implicit schemes which can be used to advance the solution of equation (34). If steady-
state solutions are of interest, the first-order formula

p∑
J=1

MIJ (U
n+1
J − Un

J ) = 1tf n+1
I (47)

may be used, while the second-order formula
p∑
J=1

MIJ (3U
n+1
J − 4Un

J + Un−1
J ) = 21tf n+1

I (48)

is preferable if time accuracy is important. Both these formulae lead to discretizations which
are unconditionally stable for the linear problem.

2.5. Treatment of discontinuities

To allow for the presence of discontinuities, the concept of a solution has to be extended to
include the so-called weak solutions. For an infinite spatial domain, a weak solution will
satisfy the conservation law and the initial condition in the integral form∫ ∞

t=0

∫
�

(
U
∂φ

∂t
+ F 1 ∂φ

∂x1

)
dx1 dt +

∫
�

U0φ|t=0 dx1 = 0 (49)

for all continuously differentiable test functions,φ(x1, t), which have compact support
[24]. The corresponding Rankine–Hugoniot condition will relate the jump inU across any
discontinuity to the speed at which the discontinuity propagates.

Unfortunately, weak solutions are not unique and it is essential to work with numerical
schemes which only select the physically relevant solution. This is defined as the solution
of the associated viscous equation

∂U

∂t
+ ∂F

1

∂x1
= ε ∂

2U

∂x2
1

(50)

which is obtained in the limitε → 0. Schemes which have this property are said to be
entropy satisfying.

If discontinuities were to be exactly resolved in the approximate solution, the
Rankine–Hugoniot condition would need to be used. Generally, discontinuous solutions
obtained in the absence of diffusion represent an approximation to a physical continuous
viscous solution, involving high gradients over very narrow transition regions. In the
discontinuity capturing approach which is followed here, diffusion is added to the original
formulation so that the high gradient regions are smeared over two or three grid cells.
In this way, the regions of high gradient may be adequately resolved by the grid. The
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correct smearing is achieved by adding to the numerical procedure a diffusion term with a
coefficient which is proportional to the mesh size. It is apparent that this will reduce the
basic accuracy of the procedures which have been discussed. Therefore, the added diffusion
is constructed in a manner which is designed to produce a diffusion coefficient which is
significant near any discontinuity but whose effect is negligible in smooth regions of the
flow. Stable consistent finite-element schemes, of the type that have been discussed, can be
modified to automatically capture discontinuities. The fact that the captured discontinuities
will be of the correct strength and will propagate at the correct speed is a consequence of
the Lax–Wendroff theorem [46], which states that a conservative numerical scheme, which
converges ash → 0 with 1t/h fixed, converges to a weak solution of the conservation
law.

2.5.1. Explicit addition of diffusion. Discontinuity capturing may be achieved by the direct
addition of diffusion to the existing schemes. A scheme, in the form of equation (29), is
produced by adding a suitably scaled second-order diffusion operator to the flux function
of equation (24). The resulting semi-discrete finite-element equation is expressed as

p∑
J=1

MIJ

dUJ
dt
=

2∑
e=1

F̃IIe (51)

where the modified numerical flux function is defined by

F̃IIe = FIIe + ε2|λIIe |(UIe − UI ) (52)

and ε2 is a user-specified constant. This scheme is, in general, too diffusive for practical
computation. However, the scheme can be modified, by the introduction of a discontinuity
sensor, so that the accuracy of the original centred scheme is retained in the smooth regions
of the flow. In this case, the resulting flux function is written as

F̃IIe = FIIe + ε2χIIe |λIIe |(UIe − UI ) (53)

whereχ is the discontinuity sensor. This sensor should be designed in such a way that
χ is significant only in the vicinity of the discontinuities. Assuming a grid with equally
spaced nodes, a scaled approximation to the second derivative of the solution is used in the
definition [50]

χI =

∣∣∣∑2
e=1(UIe − UI )

∣∣∣∑2
e=1(|UIe | + |UI |)

. (54)

This can be modified, to take account of a non-uniform grid, by computing a sensor at node
I , for elemente, according to

χI = |UIe − 2UI + UI∗ |
|UIe | + 2|UI | + |UI∗ |

. (55)

In this equation, the pointI∗ is located such that the element coordinateσ , defined in
equation (25), takes the value−hIIe at I∗, as illustrated in figure 1. The value ofUI∗
is computed, using a central difference approximation and the solution gradient at nodeI

obtained from equation (28), from the relation

∂U

∂x1

∣∣∣∣
I

= (UIe − UI∗)
2hIIe

. (56)

The valueχIIe which is required in the definition of equation (53) is computed as the mean
of the values of the sensor at nodesI andIe. A number of alternative methods for specifying
the sensor have also been proposed [51, 52].
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IeII*

σ

hIIe hIIe

 • Grid Nodes

  Interpolation Point

Figure 1. The stencil of points employed in the construction of the discontinuity sensor for
nodeI and elemente.

It should be noted that the full form of the numerical flux function, including the
discontinuity capturing capability, is

F̃IIe = C1
IIe
(F 1

I + F 1
Ie
)+ |λIIe |{ε2χIIe (UIe − UI )+ ε4dIIe}. (57)

To avoid the appearance of oscillations in the numerical solution, only the discontinuity
capturing diffusion should be added in regions where the solution exhibits strong gradients
[53, 54]. This is achieved by user specification of the constant valuesε2 ande4, and the use
of an expression such as

ε4 = max{e4−min(χIIe ε2, 1.0), 0.0} (58)

to determine the appropriate value for the coefficientε4.
The multistage time stepping procedure of equation (35) provides a readily

implementable method for advancing the solution of equation (51) in time.

2.5.2. Residual methods.For any stabilized scheme, discontinuity capturing can also be
achieved by the addition of an artificial diffusion term based upon the equation residual
[55]. For example, when discontinuity capturing of this type is used in conjunction with
the Taylor–Galerkin method, the time stepping scheme of equation (40) is modified, by the
addition of an explicit form of the diffusion to give [56],

p∑
J=1

MIJ (U
n+1
J − Un

J ) = f̃ nI (59)

where

f̃ nI = f nI −1t
∑
E∈I

∑
J∈E

[ ∫
�E

δnE
dNI
dx1

dNJ
dx1

dx1

]
Un
J . (60)

In this equation,

δE = ε2hE
|RE|
|UE| U = ∂U(p)

∂x1
(61)

whereε2 is a user specified constant, and the approximation

Rn = 1

1t
(U(p)n − U(p)n−1)+ ∂F

1

∂x1

∣∣∣∣n (62)

is adopted. SinceR is the residual of the actual, not the modified, equation, it can be
expected that a diffusion operator of this form will prove to be successful since the value of
R will be small in smooth regions of the flow and larger in the vicinity of discontinuities.
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A computationally convenient method of implementing equation (59) is to employk

passes of the explicit iteration [57]

MIU
{}
I =

p∑
J=1

MIJ (U
n
J − U {−1}

J )+MIU
{−1}
I + f̃ nI  = 1, 2, . . . , k (63)

with U {0}J = Un
J andUn+1

J = U {k}J . In practice, only a few iterations of this procedure are
needed to obtain sufficient convergence.

2.5.3. Total variation diminishing schemes.With sufficient addition of diffusion, these
numerical schemes will smear discontinuities and produce oscillation free solutions.
However, this may be achieved at the expense of reducing the overall accuracy of the
solution. The ideas of flux corrected transport (FCT) represented the first attempt at
minimizing the amount of added diffusion, while maintaining oscillation free solutions
[58]. The FCT approach employs a smooth low-accuracy solution together with a higher-
accuracy solution and blends these together in such a way that the solution at timetn+1

contains no extrema which are not present in either the solution at timetn or in the low-
accuracy solution at timetn+1. A multi-dimensional extension [59] forms the basis of an
unstructured grid finite-element implementation [60, 61].

Total variation diminishing algorithms provide a more sophisticated procedure for
minimizing the amount of added diffusion. These algorithms are based on the fact that
for general nonlinear scalar equations of the form of equation (1), the total variation of the
solution, defined as

T V (U) =
∫ ∣∣∣∣ ∂U∂x1

∣∣∣∣ dx1 (64)

is a non-increasing function of time, i.e.

d

dt
[T V (U)] 6 0. (65)

Here, it is intended that the integral in equation (64) should be performed over a domain
which is bounded by any two characteristic curves. In a similar fashion, for an equally
spaced grid on which the nodes are sequentially numbered, the total variation of a discrete
numerical solution, at time leveltn, is defined as

T V (Un) =
∑
J

|Un
J+1− Un

J |. (66)

Total variation diminishing (TVD) numerical schemes [62] are defined to be algorithms for
which the computed solution satisfies

T V (Un+1) 6 T V (Un). (67)

A semi-discrete numerical scheme written in the form

MI

dUI
dt
=

2∑
e=1

DIIe (UIe − UI ) (68)

will be TVD provided that all the coefficientsDIIe > 0. Clearly, a modified lumped
Galerkin finite-element scheme of the form

MI

dUI
dt
=

2∑
e=1

FIIe =
2∑
e=1

[C1
IIe
(F 1

I + F 1
Ie
)+ |C1

IIe
A1
IIe
|(UIe − UI )] (69)
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with A1
IIe

determined here as

A1
IIe
=
{
(F 1

Ie
− F 1

I )/(UIe − UI ) UIe 6= UI
A1
I UIe = UI

(70)

will be TVD since, in this case, the corresponding coefficients

DIIe = C1
IIe
A1
IIe
+ |C1

IIe
A1
IIe
| (71)

are non-negative.
This scheme, which is a fully upwind method for determining the flux associated with

the elemente, is too diffusive for practical computation and a more sophisticated approach
is required if a higher-accuracy TVD scheme is to be produced. To achieve this, consider
the modified flux

F̃IIe = C1
IIe
(FI + FIe )+ |C1

IIe
A1
IIe
|[1UIIe − L(1U−IIe , 1U+IIe )] (72)

where, for the elemente, on a general grid,

1UIIe = UIe − UI
1U+IIe = UR − UIe = ε+IIe (UI 1

e
− UIe) (73)

1U−IIe = UI − UL = ε−IIe (UI − UI 1).

In this notation, the element coordinate,σ , takes the value−hIIe at the pointL, while σ
takes the value 2hIIe at the pointR. The pointsI 1 andI 1

e are the other grid nodes connected
to nodesI andIe, respectively, as illustrated in figure 2. The coefficients in equation (73)
are defined as

ε+IIe =
xR − xIe
xI 1

e
− xIe

ε−IIe =
xL − xI
xI 1 − xI . (74)

It should be noted that, on a uniform grid, where the pointL coincides with nodeI 1 and the
point R coincides with the nodeI 1

e , these coefficients are equal to unity. In equation (72),
L denotes a limiter function and, by correct choice of this limiter, the resulting scheme may
be shown to be TVD and to retain the accuracy of the original centred scheme in smooth
regions of the flow. A possible definition of the limiter function is

L(a, b) =
{

sign(a)min(|a|, |b|) if sign(a) = sign(b)

0 otherwise
(75)

and, in this case, it can be shown that

DIIe = C1
IIe
A1
IIe
+ |C1

IIe
A1
IIe
| + |C1

II 1A
1
II 1|ε−II 1L

(
1,
1U+

II 1

1U−
II 1

)
(76)

which is clearly positive, since the coefficientsε+IIe and ε−IIe are both positive. Other
definitions for allowable limiter functions may be found in the literature [1].

Additional constraints are necessary if the TVD property is to be maintained in a fully
discrete scheme. For example, forward Euler time stepping provides a simple method of
advancing the resulting equations and, in this case, the additional constraint takes the form

1−1t
2∑
e=1

DIIe > 0. (77)

It is apparent that this constraint places a limit on the allowable time step size.
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hIIehIIe
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L

Figure 2. The stencil of points employed in the construction of the higher-accuracy TVD
algorithm.

2.6. Extension to equation systems

The ideas which have been developed for the one-dimensional scalar conservation equation
need to be extended to handle problems involving coupled systems of conservation laws,
before they can begin to be applied in the area of general computational fluid mechanics.
To illustrate how this can be achieved, consider the one-dimensional compressible Euler
equations. Following a non-dimensionalization, based upon a representative length and the
velocity and the density of the free stream, these equations may be written in the conservation
form

∂U

∂t
+ ∂F

1

∂x1
= 0 (78)

where

U =
[
ρ

ρu1

ρε

]
F 1 = F 1(U ) =

[
ρu1

ρu2
1+ p

(ρε + p)u1

]
. (79)

In these equations,ρ, p andε represent the fluid density, pressure and total specific energy,
respectively, andu1 is the fluid velocity. The equation set is completed by the addition of
the perfect gas state equation

p = (γ − 1)ρ(ε − 0.5u2
1) (80)

whereγ denotes the ratio of the specific heats of the fluid. Equation (78) may be expressed
in the alternative form

∂U

∂t
+ A1∂U

∂x1
= 0 (81)

where the 3× 3 matrix A1 is determined as

A1 = A1(U) = dF 1

dU
. (82)

The eigenvalues,$j, j = 1, 2, 3, of the matrixA1 are given by

$1 = u1− c $2 = u1 $3 = u1+ c (83)

where

c =
(
γp

ρ

)1/2

(84)
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is the local speed of sound in the fluid. Since these eigenvalues are real and distinct, it
follows that the equation system (78) is totally hyperbolic.

The solution of this equation set is sought in a finite spatial domain�, for all values of
the timet > 0, and is subjected to the initial condition

U (x1, 0) = U0(x1) x1 ∈ � (85)

whereU0 is a prescribed function, and to boundary conditions at the pointsx1 = 0 and
x1 = `. Again, the theory of characteristics [24] determines the form of the necessary
boundary conditions which will ensure a well posed problem.

2.6.1. Variational formulation. A variational formulation is developed following the
introduction of a space of vector trial functions,T , and a space of vector weighting functions,
W. These spaces contain all suitably smooth functions and, in addition, the spaceT will
be such that

T = {U (x1, t)|U (x1, 0) = U0(x1) for x1 ∈ �}. (86)

The problem may then be stated in the variational form: findU (x1, t) in T , satisfying the
problem boundary conditions, such that∫

�

W T

(
∂U

∂t
+ ∂F

1

∂x1

)
dx1 = 0 (87)

for all W (x1) in W and for all t > 0.
Following the discretization of the spatial domain� into a grid of linear finite elements,

consisting ofp nodes, finite-dimensional subspacesT (p) andW (p) of the trial and weighting
function spaces, respectively, are defined by

T (p) =
{
U (p)(x1, t)|U (p)(x1, t) =

p∑
J=1

UJ (t)NJ (x1);UJ (0) = U0(x1(J ))

}
(88)

W (p) =
{
W (x1)|W (x1) =

p∑
J=1

aJNJ (x1)

}
. (89)

HereUJ (t) is the value ofU (p) at nodeJ . The Galerkin approximate solution follows by
using the variational statement of equation (87) in the form: findU (p) in T (p), satisfying
the problem boundary conditions, such that∫

�

NI
∂U (p)

∂t
dx1 = −

∫
�

NI
∂F 1

∂x1
dx1 (90)

for I = 1, 2, . . . , p and for all t > 0. HereF 1 is to be interpreted asF 1(U (p)). In the
notation of equation (11), the direct insertion of the form assumed forU (p) in equation (88)
leads, at a typical interior nodeI , to the equation

p∑
J=1

MIJ

dUJ
dt
= −

∑
E∈I

∑
J∈E

[ ∫
�E

NI
dNJ
dx1

dx1

]
F 1
J . (91)

In the alternative formulation, in which integration by parts is used in the right-hand
side of equation (90), the Galerkin equation, corresponding to a typical interior nodeI ,
becomes ∫

�

NI
∂U (p)

∂t
dx1 =

∫
�

dNI
dx1

F 1 dx1. (92)
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Inserting the assumed forU (p) produces, in the notation of equation (15),
p∑
J=1

MIJ

dUJ
dt
=

2∑
e=1

F 1
IIe

(93)

where

F 1
IIe
= C1

IIe
(F 1

I + F 1
Ie
). (94)

Here, the weight coefficients are exactly the same as those defined in equation (17).
Following appropriate modification, to account for the fact that the unknown is now a vector,
the Galerkin statement of equation (91) or equation (93) can again be made the basis of a
solution algorithm, by using the stabilization techniques introduced in section 2.3.

2.6.2. Added diffusion methods.An algorithm for smooth flows is constructed by the
explicit addition of diffusion, as in section 2.3.1. The result is that equation (93) is replaced
by

p∑
J=1

MIJ

dUJ
dt
=

2∑
e=1

FIIe (95)

where the numerical flux function is defined here, by direct extension from equations (24)
and (25), as

FIIe = C1
IIe
(F 1

I + F 1
Ie
)+ ε4|λIIe |dIIe . (96)

In this expression,λ is computed, using the maximum eigenvalue ofA1 in absolute value,
as

λIIe = C1
IIe
(|u1IIe | + cIIe ) (97)

and

dIIe = UIe −UI −
(
h
∂U

∂σ

)
IIe

. (98)

In this form, it is apparent that the same scalar diffusion coefficient is applied to each
equation. An alternative [52] is to employ a matrix diffusion coefficient and to express the
numerical flux function as

FIIe = C1
IIe
(F 1

I + F 1
Ie
)+ ε4|AIIe |dIIe (99)

where

AIIe = C1
IIe

A1
IIe
. (100)

In equation (99),|A| denotes the matrix which has the same eigenvectors asA and whose
eigenvalues are those ofA in absolute value. For the elemente, this matrix is evaluated
at some average between the nodal statesUI andUIe . A suitable average state is that
introduced by Roe [63], which is defined by

ρR
IIe
=
√
ρIe

ρI

uR
IIe
= (u1

√
ρ)Ie + (u1

√
ρ)I√

ρ
Ie
+√ρI (101)

HR
IIe
= (H

√
ρ)Ie + (H

√
ρ)I√

ρ
Ie
+√ρI .
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In these relations,

H = c2

(γ − 1)
+ u

2
1

2
(102)

denotes the specific total enthalpy. It should be noted that this average also provides a
means of linearizing equation (82) in the form

F (UIe )− F (UI ) = A1(UR
IIe
)(UIe −UI ) (103)

for arbitraryUI andUIe .
The nodal values of the solution gradient are determined from

p∑
J=1

MIJ

∂U

∂x1

∣∣∣∣
J

= −
2∑
e=1

C1
IIe
(UI +UIe ) (104)

and the required gradient atIIe is obtained as the mean of the values computed at nodesI

andIe.
As in the case of the scalar conservation equation, additional diffusion has to be added,

to ensure correct discontinuity capturing, before this type of scheme can be used for the
simulation of general flows. In this context, following the approach adopted in section 2.5.1,
equation (95) is replaced by

p∑
J=1

MIJ

dUJ
dt
=

2∑
e=1

F̃IIe (105)

where the numerical flux functioñFIIe is defined by

F̃IIe = FIIe + ε2χIIe |λIIe |(UIe −UI ). (106)

This form, with a scalar diffusion coefficient, would be appropriate for use with the flux
functionFIIe of equation (96), while the form

F̃IIe = FIIe + ε2χIIe |AIIe |(UIe −UI ) (107)

with a matrix diffusion coefficient, could be employed with the flux function of
equation (99). With either of these forms, the diffusion which has been added in
equation (96) or equation (99) should be removed in the vicinity of discontinuities. This
can again be accomplished using the approach of equation (58).

For an equation system, the computation of the discontinuity sensor,χ , causes a further
difficulty. Generally, a key variable for the equation system is identified and the sensor is
determined using an expression such as that appearing in equation (55), with the value of
the selected key variable replacing the value ofU . The pressure,p, is a natural choice for
the key variable for the compressible Euler equations.

The equation system (105) may be conveniently advanced by the multistage time
stepping procedure of equation (35).

2.6.3. A Taylor–Galerkin scheme.A Taylor–Galerkin scheme for the solution of
equation (78) is developed by direct extension of equations (40) and (41) as

p∑
J=1

MIJ (U
n+1
J −U n

J ) = fnI (108)

where

fI = −1t
∑
E∈I

∑
J∈E

[ ∫
�E

(
NI I+ 1t

2

dNI
dx1

A1

)
dNJ
dx1

dx1

]
F 1
J (109)
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and I is the 3× 3 unit matrix. To ensure smooth discontinuity capturing, an additional
residual-based diffusion term is added, in the form of equation (60). This is accomplished
by replacingfnI on the right-hand side of equation (108) byf̃nI , where

f̃nI = fnI −1t
∑
E∈I

∑
J∈E

[ ∫
�E

δnE
dNI
dx1

dNJ
dx1

dx1

]
U n
J . (110)

In this case,

δE = ε2hE
|R|
|U | U = ∂U (p)

∂x1
(111)

and

R = ∂U (p)

∂t
+ ∂F

1

∂x1
. (112)

In the evaluation of the terms in equation (111), the approximation employed in equation (62)
may again be adopted. A convenient computational implementation for equation (108) is
the explicit iteration of equation (63), which is employed here in the form

MIU
{}
I =

p∑
J=1

MIJ (U
n
J −U {−1}

J )+MIU
{−1}
I + f̃nI  = 1, 2, . . . , k (113)

with U {0}J = Un
J andU n+1

J = U {k}J .
Genuine SUPG schemes of the form introduced in equation (32) can also be formulated

for the solution of conservative equation systems [64].

2.6.4. Total variation diminishing schemes.The concept of a TVD algorithm, introduced
in the context of the scalar conservation equation in section 2.5.3, may be extended to
produce a procedure for the solution of a system of conservation equations. The approach
is best illustrated by considering a local decoupling of the equations into characteristic form
and applying the previous approach to each of the resulting scalar equations separately.
Upon recombination of the equations, this produces the numerical flux function

F̃IIe = C1
IIe
(FI + FIe )+ X−1

IIe
|ΛIIe |[1SIIe − L(1S+IIe , 1S−IIe )] (114)

where

1SIIe = XIIe (UIe −UI ). (115)

HereXIIe is the matrix of right eigenvectors of the matrixAIIe , evaluated at the Roe average
state of equation (101), and|ΛIIe | is the diagonal matrix whose entries are the eigenvalues
of AIIe in absolute value. In addition,

1S+IIe = XIIe1U
+
IIe

1S−IIe = XIIe1U
−
IIe

(116)

with 1U+IIe and1U−IIe defined using the notation of equation (73).

3. Domain discretization for multi-dimensional problems

The discretization of a multi-dimensional computational domain can prove to be a major
obstacle to the analyst interested in simulating practical problems, where boundaries of
complex geometrical shape are frequently encountered. This grid generation problem is
simplified if unstructured grids are employed, as fully automatic methods are now available
for subdividing general regions into unstructured assemblies of triangles in two dimensions
and tetrahedra in three dimensions [13, 14].
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3.1. Unstructured grids

Galerkin finite-element methods, which are integral based, are readily implemented on un-
structured triangular or tetrahedral grids. The manner of the implementation, however, will
depend upon the grid data structure which is employed. The grid may be represented in
a number of different ways [65], but only two data structures will be of relevance to this
review.

The first approach is the standard finite-element representation of the grid, which
provides the connectivity of each element, i.e. the numbers of the ordered nodes belonging
to each element are prescribed. The discrete equations are then formed by looping over
all the elements in the grid and sending element contributions to the respective nodes [26].
This grid data structure is widely employed in finite-element solvers, over a wide range of
disciplines, and is the format which has been assumed in the construction of the right-hand
sides in equations (60) and (110).

The second approach represents the grid in terms of an edge data structure. The edges
are numbered, the numbers of the two nodes connected by each edge are prescribed and
an orientation is associated with each edge. The discrete equations are now formed by
looping over all the edges in the grid and sending edge contributions to the respective
nodes [51]. This is the format which has been assumed in the construction of the right-hand
sides in equations (51) and (95). For a general grid of linear tetrahedral elements, the
number of elements is approximately 5.5 times the number of nodes, while the number of
edges is approximately equal to the number of elements plus the number of nodes. Using
these relations, it is possible to estimate that, for three-dimensional simulations, distinct
computational advantages, in terms of reduced CPU and memory requirements, can be
expected to follow when an edge data structure can be employed [66].

3.2. Unstructured grid generation

In practice, the methods which have been successfully employed to discretize general
computational domains are based upon either the advancing front concept or the Delaunay
approach. Both methods start from a triangulation of the boundaries of the computational
domain.

The advancing front method [67, 68] discretizes the volume by a marching approach in
which points and elements are simultaneously created [69, 70]. The key to success is the
implementation of an appropriate method of grid control. To this end, the grid is generated so
as to meet, as closely as possible, the distribution of grid size defined by a user-specified grid
control function. The grid control function is defined by linear interpolation between nodal
values specified on a coarse background grid of tetrahedra which covers the computational
domain. The background grid can be supplemented by the addition of sources which enable
the grid control function to readily specify a requirement for the clustering of elements
in the vicinity of points, lines or surfaces. Following the placement of a new point, the
creation of an element can only proceed if the element is valid, in the sense that it does
not intersect with any other element or face which has already been generated. Thus, an
efficient implementation will require the use of a data structure which enables checking
operations of this type to be rapidly performed. The alternating digital tree [71] proves to
be particularly successful in this context. As a further refinement of the advancing front
approach, anisotropy can be built into the generated grids, by an appropriate addition to the
grid control function. However, implementation considerations imply that only a limited
level of distortion can be achieved in this manner. Recent enhancements to the advancing
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front approach [72] produce a powerful grid generation capability.
The Delaunay method provides a systematic geometrical procedure for constructing a

tetrahedral grid [73, 74]. Strict application of the Delaunay procedure may lead to a grid
which violates the integrity of the computational boundary and, to correct this, boundary
recovery procedures also need to be provided [75, 76]. A computationally efficient algorithm
is produced by removing the requirement for an initial distribution of nodal points and
coupling the Delaunay method with a method of nodal point creation [14]. As the quality of
the grids produced is similar to that of the advancing front approach [77], it is the Delaunay
method which is currently favoured by most analysts, because it requires significantly less
computer time to generate a grid of a given size. It should be noted, however, that the
computer memory requirements of the Delaunay method are significantly more than those
of the advancing front approach.

In computational fluid mechanics, the efficient resolution of many flows requires the use
of highly stretched anisotropic grids. Typical examples of flows in this category would be
viscous flows involving boundary layers and wakes. From the observations which have been
made above, it is apparent that both of the basic unstructured grid generation approaches
will require modification before they can be employed to produce suitable grids for such
problems. One possible modification is to split the domain into distinct regions in which
either isotropic or anisotropic grids are required. The anisotropic region is generated first
and, in early work, this was accomplished by using some form of structured mesh generation
[78, 79]. Refinements to this approach have also been reported [80–82]. More recently,
attempts have been made at generating an unstructured grid in the anisotropic region by
using advancing front concepts to connect points which are placed, along computed surface
normals, according to a user-specified distribution [83–86]. In all these approaches, when
the anisotropic region is complete, the remainder of the grid is generated by either of the
standard methods.

Another alternative is to start from a valid isotropic grid for the computational domain of
interest and to modify the grid until it meets user-specified requirements. The modification
may be accomplished in terms of prescribed grid operations, such as point creation and
reconnection [15, 65]. Figures 3 and 4 show views of a tetrahedral mesh, which has
been produced by this approach, for the analysis of viscous flow over a complete aircraft
configuration.

4. The multi-dimensional Euler equations

The methods which have been described for the solution of the one-dimensional
compressible Euler equations in section 2.6 can be extended to enable the simulation of
multi-dimensional inviscid compressible flow. The starting point is to express the Euler
equations, relative to a Cartesian coordinate systemOx1x2x3, in the non-dimensional
conservation form

∂U

∂t
+

3∑
j=1

∂F j

∂xj
= 0. (117)

Here

U =


ρ

ρu1

ρu2

ρu3

ρε

 F j =


ρuj

ρu1uj + pδ1j

ρu2uj + pδ2j

ρu3uj + pδ3j

(ρε + p)uj

 . (118)



592 K Morgan and J Peraire

Figure 3. The view of the surface discretization for the initial grid produced for the analysis of
viscous flow over a complete aircraft configuration.

In these equations,uj is the component of the fluid velocity in the directionxj and δij is
the Kronecker delta. The perfect gas equation of state takes the form

p = (γ − 1)ρ[ε − 0.5(u2
1+ u2

2+ u2
3)]. (119)

The solution of this equation set is sought over a three-dimensional spatial domain,�, with
closed boundary surface0, for all t > 0. The solution is subject to the initial condition

U (x, 0) = U0(x) x ∈ � (120)

and to appropriate boundary conditions. Following the approach outlined in section 2.6,
relevant trial and weighting function spaces are introduced and the problem is expressed in
the variational form: findU in T , satisfying the problem boundary conditions, such that∫

�

W T

(
∂U

∂t
+

3∑
j=1

∂F j

∂xj

)
d� = 0 (121)

for everyW in W and for all t > 0. The spatial domain,�, is discretized into a general
assembly of tetrahedral elements, with nodal points, numbered from 1 top, located at the
element vertices. An approximate solutionU (p) is sought in the finite-dimensional trial
function space

T (p) =
{
U (p)(x, t)|U (p) =

p∑
J=1

UJ (t)NJ (x);UJ (0) = U0(xJ )

}
(122)
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Figure 4. Details of the surface discretization on the final grid produced for the analysis of
viscous flow over a complete aircraft configuration.

whereNJ is the piecewise linear trial function associated with nodeJ , located atx = xJ .
The Galerkin approximation is determined by applying the variational formulation of
equation (121) in the form: findU (p) in T (p), satisfying the problem boundary conditions,
such that ∫

�

NI
∂U (p)

∂t
d� = −

3∑
j=1

∫
�

NI
∂F j

∂xj
d� (123)

for I = 1, 2, . . . , p and for allt > 0. HereF j is to be interpreted here asF j (U (p)). Using
the divergence theorem, this Galerkin statement can be replaced by the requirement that∫

�

NI
∂U (p)

∂t
d� =

3∑
j=1

∫
�

∂NI

∂xj
F j d� (124)

at each interior nodeI in the grid.

4.1. Edge-based method with explicitly added diffusion

When the form assumed forU (p) in equation (122) is substituted into equation (124), the
left-hand integral may be evaluated exactly. Numerical quadrature [87], with the integrand
over each element sampled at the four vertices with an equal weight of 1/4, is used to
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evaluate approximately the right-hand integral. Suppose that the unstructured tetrahedral
grid is represented in terms of an edge-based data structure, according to which nodeI in
the grid is directly connected to theµI nodesI1, I2, . . . , IµI . Then, it can be shown that
equation (124) may be expressed as

p∑
J=1

MIJ

dUJ
dt
=

µI∑
e=1

3∑
j=1

C
j

IIe
(F

j

I + F j

Ie
) (125)

where the first summation on the right-hand side extends over the edgese which contain
nodeI . The coefficientCjIIe denotes the weight which must be applied to the sum of the
nodal fluxes, in thexj direction, on the edgee to obtain the contribution made by this flux
and this edge to nodeI . With this notation, the coefficientCjIeI is meant to denote the
weight which must be applied to the same quantity in order to obtain the contribution made
by the flux in thexj direction and the edgee to nodeIe. The coefficients can be determined
as

C
j

IIe
=
∑
E∈IIe

�E

4

∂NI

∂xj

∣∣∣∣
E

C
j

IeI
=
∑
E∈IIe

�E

4

∂NIe

∂xj

∣∣∣∣
E

(126)

where here the summation extends over all elementsE which contain the edgeIIe and
�E denotes the volume of elementE. It can be verified that these coefficients satisfy the
relations

µI∑
e=1

C
j

IIe
= 0 for j = 1, 2, 3 (127)

C
j

IIe
+ CjIeI = 0 for e = 1, 2, . . . , µI andj = 1, 2, 3. (128)

From the asymmetry of the edge coefficients, apparent in equation (128), the numerical
discretization is conservative in the sense that the total contribution made by any interior
edge in the grid is zero.

Using equation (127), it follows that equation (125) is a central difference type
discretization for the spatial derivatives at the interior nodeI . As in the one-dimensional
case, the addition of an appropriate diffusion will be required in order to produce a practically
useful scheme. To achieve this, in the current multi-dimensional context, the actual flux
function

FIIe =
3∑

j=1

C
j

IIe
(F

j

I + F j

Ie
) (129)

associated with edgee in equation (125) is replaced by a numerical flux functionFIIe and
the resulting algorithm is written as

p∑
J=1

MIJ

dUJ
dt
=

µI∑
e=1

FIIe . (130)

A simple method of constructing a suitable numerical flux function is to use one-dimensional
concepts along each edge, employing the ideas introduced in section 2. Following this
approach, to produce an algorithm for the simulation of smooth flows, equations (96)
and (98) suggest the choice

FIIe =
3∑

j=1

C
j

IIe
(F

j

I + F j

Ie
)+ ε4|λIIe |dIIe (131)
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and

dIIe = UIe −UI −
(
h
∂U

∂σ

)
IIe

. (132)

Hereσ denotes a local edge coordinate, which takes the value zero at nodeI and the value
of the edge length (=hIIe ) at nodeIe. In equation (131),

|λIIe | =
∣∣∣∣ 3∑
j=1

C
j

IIe
ujIIe

∣∣∣∣+ cIIe[ 3∑
j=1

(
C
j

IIe

)2]1/2

(133)

is now the maximum eigenvalue, in absolute value, of the matrixAIIe , where

AIIe =
3∑

j=1

C
j

IIe
Aj

IIe
Aj

IIe
= dF j

dU

∣∣∣∣
IIe

. (134)

The alternative form

FIIe =
3∑

j=1

C
j

IIe
(F

j

I + F j

Ie
)+ ε4|AIIe |dIIe (135)

for the numerical flux function follows from the extension of equation (99) and involves a
matrix diffusion coefficient. Here|AIIe | is evaluated at the Roe state [63] betweenUI and
UIe .

The solution gradients at the nodes are determined as
p∑
J=1

MIJ

∂U

∂xj

∣∣∣∣
I

= −
µI∑
e=1

C
j

IIe
(UI +UIe ) (136)

and the gradient atIIe, required in equation (132), is computed as

∂U

∂σ

∣∣∣∣
IIe

= 1

2

3∑
j=1

(
∂U

∂xj

∣∣∣∣
I

+ ∂U
∂xj

∣∣∣∣
Ie

)
∂xj

∂σ

∣∣∣∣
IIe

(137)

which is the mean of the computed gradients at the nodesI and Ie in the direction of the
edgee.

One-dimensional concepts may also be employed, along each edge in the grid,
to construct a suitable form for the additional diffusion necessary to ensure smooth
discontinuity capturing. Thus, following the approach adopted in section 2.6.2,
equation (130) is replaced by

p∑
J=1

MIJ

dUJ
dt
=

µI∑
e=1

F̃IIe (138)

where, using a scalar diffusion coefficient,

F̃IIe = FIIe + ε2χIIe |λIIe |(UIe −UI ) (139)

or, in terms of a matrix diffusion,

F̃IIe = FIIe + ε2χIIe |AIIe |(UIe −UI ). (140)

The diffusion added in equation (131) or equation (135) should be removed in the vicinity
of discontinuities, using the approach of equation (58).

In this multi-dimensional case, a valueχI for the sensor at nodeI for edgee is again
determined, using equation (55) with the pressure as the selected key variable, from

χI = |pIe − 2pI + pI∗ |
|pIe | + 2|pI | + |pI∗ |

. (141)
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Now, as illustrated in figure 5, the pointI∗ is located on the straight line which passes
through the nodesI and Ie, such that the local edge coordinate,σ , takes the value−hIIe
at I∗. The value ofpI∗ is determined, using a central difference approximation and the
computed pressure gradient at nodeI , from the relation

∂p

∂σ

∣∣∣∣
I

= (pIe − pI∗)
2hIIe

. (142)

The nodal pressure gradient required in this expression is computed for each edgee, by using
the gradients of the conserved variables determined from equation (136) and the perfect gas
relationship of equation (119), in the form

∂p

∂σ

∣∣∣∣
I

= (γ − 1)

[
∂(ρε)

∂σ
−

3∑
j=1

{
uj
∂(ρuj )

∂σ
− 1

2
u2
j

∂ρ

∂σ

}]
I

. (143)

The valueχIIe which is needed in the definition of equations (139) and (140) is obtained
as the mean of the values computed for the sensor at nodesI andIe.

I

 • Grid Nodes

  Interpolation Point

Ie

I*

Figure 5. Construction of the stencil of points used to determine the value of the discontinuity
sensor for nodeI and edgee.

If it is only the computation of steady-state solutions which are of interest, the left-hand
matrix in equation (138) may be lumped and the solution advanced by the explicit version
of the multistage scheme of equation (35). This is a successful scheme for the simulation
of steady transonic inviscid flows over general configurations. For example, using this
scheme, flow over the aircraft geometry, whose surface discretization is shown in figure 6
is simulated at a free stream Mach number of 0.801 and an angle of attack of 2.74 degrees.
The computed distribution of the pressure coefficient which is obtained for this flow is
shown in figure 7.

4.2. Element-based Taylor–Galerkin method

A Taylor–Galerkin method for the solution of equation (117) follows from the addition of
appropriate terms to the right-hand side of equation (123), by extension of the approach
followed in equations (109) and (40). The result is the time stepping scheme

p∑
J=1

MIJ (U
n+1
J −U n

J ) = fnI (144)
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Figure 6. Compressible inviscid flow over an aircraft configuration. A view of the surface
discretization.

Figure 7. Compressible inviscid flow over an aircraft configuration. The computed distribution
of the pressure coefficient.

where

fI = −1t
∑
E∈I

∑
J∈E

3∑
j=1

[ ∫
�E

(
NI I+ 1t

2

3∑
k=1

∂NI

∂xk
Ak

)
∂NJ

∂xj
d�

]
F
j

J . (145)

To ensure smooth discontinuity capturing, a diffusion term must again be added. If the
form employed in equation (110) is extended to the multi-dimensional case, the result is
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that the termfnI on the right-hand side of equation (144) is replaced byf̃nI , where

f̃nI = fnI −1t
∑
E∈I

∑
J∈E

3∑
j=1

[ ∫
�E

δnE
∂NI

∂xj

∂NJ

∂xj
d�

]
Un
J . (146)

In this case,δE should be chosen to be residual dependent and a simple choice is

δE = ε2hE
|RE|
|UE| U =

3∑
j=1

∂U (p)

∂xj
(147)

and

R = ∂U (p)

∂t
+

3∑
j=1

∂F j

∂xj
. (148)

In equation (147),hE denotes a representative length for the elementE. In equation (148),
an approximation of the form employed in equation (62) may again be utilized. A more
elaborate form for the discontinuity capturing diffusion attempts to build the grid metric
information directly into the definition ofδ [88–90]. If only steady-state solutions are of
interest, the left-hand matrix in equation (144) may be lumped and the result is then a truly
explicit time stepping procedure.

Genuine SUPG schemes of the form introduced in equation (32) can also be formulated
and applied to the solution of the compressible Euler equations, expressed in terms of both
conservative and entropy variables [64].

4.3. Edge-based LED methods

For multi-dimensional simulations, the TVD ideas introduced in section 2.5.3 are not directly
applicable. However, it is possible to design solution schemes which are based upon
the closely related locally extremum diminishing (LED) concept [91]. LED schemes are
designed to ensure that any local maximum in the solution will not increase and that any
local minimum will not decrease. In one dimension, it is readily demonstrated that an LED
scheme is also TVD [92].

To illustrate how LED schemes are constructed for multi-dimensional simulations, it
is convenient, initially, to restrict consideration to the solution of the scalar conservation
equation

∂U

∂t
+

3∑
j=1

∂F j

∂xj
= 0 (149)

whereF j = Fj (U). Semi-discrete LED schemes for this equation are defined as those
which can be written, in the notation of the edge-based data structure, in the form

MI

dUI
dt
=

µI∑
e=1

DIIe (UIe − UI ) (150)

with all the coefficientsDIIe > 0. This is the direct multi-dimensional extension of the
TVD definition of equation (68). Consider a modified Galerkin finite-element scheme of
the form

MI

dUI
dt
=

µI∑
e=1

F̃IIe (151)
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where

F̃IIe =
3∑

j=1

C
j

IIe
(F

j

I + F jIe )+
∣∣∣∣ 3∑
j=1

C
j

IIe
A
j

IIe

∣∣∣∣(UIe − UI ). (152)

When the quantityAjIIe is determined from

A
j

IIe
=
{
(F

j

Ie
− F jI )/(UIe − UI ) UIe 6= UI

A
j

I UIe = UI
(153)

the scheme is LED since, in this case,

DIIe =
3∑

j=1

C
j

IIe
A
j

IIe
+
∣∣∣∣ 3∑
j=1

C
j

IIe
A
j

IIe

∣∣∣∣ (154)

which is clearly non-negative.
As in the one-dimensional case, higher-order accuracy is obtained by redefining the

numerical flux function as

F̃IIe =
3∑

j=1

C
j

IIe
(F

j

I + F jIe )+
∣∣∣∣ 3∑
j=1

C
j

IIe
A
j

IIe

∣∣∣∣[1UIIe − L(1U−IIe , 1U+IIe )] (155)

where, for edgee,

1U+IIe = UR − UIe =
3∑
=1

ε
+
IIe
(UIe − UIe)

1U−IIe = UI − UL =
3∑
=1

ε
−
IIe
(UI − UI ).

(156)

In this notation, the pointL is located on the straight line which passes through the nodes
I andIe such that the local edge coordinate,σ , takes the value−hIIe at L. Similarly, the
point R is located on the same line such thatσ takes the value 2hIIe at R, as illustrated in
figure 8. The nodesI  are the nodes of the element, connected to nodeI , which is used
to interpolate or extrapolate for the value ofUL and for which all the coefficientsε−IIe are
positive. Similarly, the nodesI e are the nodes of the element, connected to nodeIe, which
is used to interpolate or extrapolate for the value ofUR and for which all the coefficients
ε
+
IIe

are positive. A limiter function of the form defined in equation (75) may be employed
and, in this case, it is readily demonstrated that, when the scheme is expressed in the form
of equation (150), the corresponding coefficientsDIIe will be non-negative [91].

For the Euler equation system, LED schemes are produced by formally extending the
flux function of equation (155), to produce the modified Galerkin finite-element scheme

MI

dUI
dt
=

µI∑
e=1

F̃IIe (157)

with the numerical flux function defined by

F̃IIe =
3∑

j=1

C
j

IIe
(F

j

I + F j

Ie
)+ X−1

IIe
|ΛIIe |[1SIIe − L(1S+IIe , 1S−IIe )]. (158)

Here XIIe is the matrix of right eigenvectors ofAIIe , evaluated at the Roe average state
of equation (101),ΛIIe is the diagonal matrix whose entries are the absolute values of the
corresponding eigenvalues and1SIIe is defined as in equation (115). In addition,

1S+IIe = XIIe1U
+
IIe

1S−IIe = XIIe1U
−
IIe

(159)
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I

 • Grid Nodes
  Interpolation Points

Ie
Ie
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Ie
1

Ie
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I3
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L

Figure 8. The stencil of points used in the construction of a flux function of higher order
accuracy for edgee.

with 1U+IIe and1U−IIe obtained by extending the definition of equation (156) to this case.
It is apparent that this extension to deal with equation systems has been accomplished
by applying the treatment outlined for the scalar conservation equation to each of the
characteristic variables on every edge in the grid.

Forward Euler time stepping may be used to advance equation (157) in time. Schemes
of this form are particularly well suited to the simulation of hypersonic flows [93]. An
example of such an application is given in figure 9, which shows the computed distribution
of the Mach number contours for a steady inviscid hypersonic flow over an aerospace
vehicle at a free stream Mach number of 9.8 and an angle of attack of 40 degrees.

5. The Navier–Stokes equations

For laminar viscous compressible flows, following a non-dimensionalization based upon
a representative length and the free stream velocity, density and viscosity, the governing
Navier–Stokes equations may be written in the conservation form

∂U

∂t
+

3∑
j=1

∂F j

∂xj
=

3∑
j=1

∂Gj

∂xj
(160)

where the unknown vectorU and the inviscid flux vectorsF j are as defined previously in
equation (118), while the viscous flux vectors are defined as

Gj = 1

Re


0
σ1j

σ2j

σ3j

ukσkj + µ

Pr

∂T

∂xj

 . (161)
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Figure 9. Compressible steady inviscid hypersonic flow over an aerospace vehicle. The
computed distribution of the Mach number contours.

Here, Re is the flow Reynolds number and Pr is the Prandtl number, while

T = γp

(γ − 1)ρ
(162)

is the fluid temperature. The components,σij , of the fluid stress tensor are defined as

σij = µ
(
∂ui

∂xj
+ ∂uj
∂xi

)
− 2µ

3

∂uk

∂xk
δij (163)

when the Stokes hypothesis is invoked. The fluid viscosity,µ, may be assumed to vary
with temperature according to the Sutherland relation

µ =
√
(γ − 1)M∞

[
1+ S0/T∞
T + S

]
T 3/2 (164)

whereS0 is a reference temperature,M∞ is the Mach number of the free stream and

S = S0

(γ − 1)M2∞T∞
. (165)

In these equations,T∞ represents the free stream temperature.
The solution of this equation set is sought in a spatial domain�, bounded by a closed

surface0. The solution is subject to an initial condition, in the form of equation (120), and
to suitable boundary conditions. With the introduction of appropriate trial and weighting
function spaces, the problem is expressed in the variational form: findU in T , satisfying
the problem boundary conditions, such that∫
�

W

(
∂U

∂t
+

3∑
j=1

∂F j

∂xj

)
d� = −

3∑
j=1

∫
�

∂W

∂xj
Gj d�+

3∑
j=1

∫
0

WνjG
j d0 (166)
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for everyW inW and for allt > 0, whereν = (ν1, ν2, ν3) denotes the unit outward normal
vector to0. With � represented by an unstructured grid of linear tetrahedral elements, with
p nodes, an approximate solution is again sought in the finite-dimensional subspaceT (p),
defined in equation (122), of the trial function space. The Galerkin approximation satisfies
the statement: findU (p) in T (p), satisfying the problem boundary conditions, such that∫

�

NI
∂U (p)

∂t
d� = −

3∑
j=1

∫
�

NI
∂F j

∂xj
d�−

3∑
j=1

∫
�

∂NI

∂xj
Gj d� (167)

for each interior nodeI in the grid and for allt > 0. HereF j andGj are to be regarded
as functions ofU (p). Applying the divergence theorem, this Galerkin statement may be
alternatively replaced by the requirement that∫

�

NI
∂U (p)

∂t
d� =

3∑
j=1

∫
�

∂NI

∂xj
(F j −Gj ) d� (168)

at any interior nodeI .

5.1. Edge-based implementation

The edge-based methods described for the solution of the compressible Euler equations
may be directly extended to produce solution algorithms for the laminar Navier–Stokes
equations [94]. To illustrate this, it can be observed that the approximate discrete form of
equation (168) may be expressed, using the edge-based data structure, as

p∑
J=1

MIJ

dUJ
dt
=

µI∑
e=1

F̃IIe −
µI∑
e=1

3∑
j=1

C
j

IIe
(G

j

I +Gj

Ie
) (169)

where F̃ denotes either one of the numerical flux functions, introduced for stabilization
and shock capturing, in equations (131) or (135). Since the viscous fluxes are functions of
bothU and the gradient ofU , the first-order spatial derivatives of the solution need to be
determined at each node before this form can be used within a computational procedure.
These derivatives can be determined as in equation (104).

This method of discretizing the viscous fluxes leads to a centred approximation, but the
corresponding stencil is not compact. In fact, when the method is applied on a uniform grid,
of sizeh, in one dimension, the discretization of a second spatial derivative is accomplished
via a five-point stencil, which is seen to be equivalent to a central difference approximation
on a grid of size 2h.

5.2. Element-based implementation

The integral involving the viscous flux terms in the variational statement may also be
approximately evaluated by employing an element-based data structure [95]. In this case,
the viscous fluxes are assumed to vary linearly, between their nodal values, over each
element and the result is that

p∑
J=1

MIJ

dUJ
dt
=

µI∑
e=1

F̃IIe −
∑
E∈I

∑
J∈E

3∑
j=1

[ ∫
�E

∂NI

∂xj
NJ d�

]
G
j

J (170)

whereF̃ denotes an appropriate numerical flux function. The advantage of this method is
that it does lead to a compact discrete representation. This form is obviously well suited for
use with the Taylor–Galerkin method of equation (146) or with a genuine SUPG scheme [96],
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but it could also be used in conjunction with a method based upon an edge-based evaluation
of the inviscid fluxes. However, in this latter case, certain computational advantages of the
edge-based approach may be lost, as the corresponding computer code would need to work
with both data structures simultaneously.

5.3. Turbulent flows

With the adoption of an appropriate turbulence model [97], turbulent flows may be
simulated by using straightforward extensions to the algorithms which have been outlined.
One additional complication, which arises when algebraic models are implemented on
unstructured grids, is the requirement for a method of determining the distance from any
point in the grid to the nearest solid wall [98, 99]. One or two equation turbulence models,
which involve additional differential equations, are readily implemented, using either edge-
based [100–102] or element-based approaches [103].

Coupling such algorithms with the mesh generation approaches outlined in section 3
provides a powerful capability for the analysis of turbulent aerodynamic flows over aircraft
configurations. This is illustrated here by employing a two-equation model to simulate the
flow over an ONERA M6 wing at a free stream Mach number of 0.8447 and an angle
of attack of 5.06 degrees [104]. The Reynolds number, based on the mean aerodynamic
cord, is 11.6× 106. The surface discretization of the wing, consisting of 48 056 elements,
is illustrated in figure 10. 14 layers of elements are generated in the anisotropic region
close to the wing surface. The complete mesh consists of 2 788 768 tetrahedral elements
and 464 736 nodal points. The computed distribution of the pressure contours on the wing
surface and on the symmetry plane is shown in figure 11.

6. Adaptivity

The use of grid adaptivity is particularly attractive in computational fluid dynamics, as it
offers the possibility of resolving localized flow features in the most efficient and cost-
effective manner. Adaptive methods can be readily implemented within an unstructured
grid environment and the early expectations of the impact of adaptivity in this area were
considerable. In fact, many implementations have been developed and these have illustrated
the benefits of the use of adaptive methods in particular applications. However, these
implementations have been largely based on heuristic practices and the methods have not
yet proved to be sufficiently reliable for general applicability in the area of computational
aerodynamics. The two main ingredients for any successful adaptive method are an error
estimation capability, which will dictate the required grid resolution, and a procedure which
is capable of constructing a grid with the desired characteristics.

6.1. Error estimation

To date, the process of error estimation has generally been accomplished by employing
indicators which attempt to estimate the interpolation error. Consequently, these indicators
ignore the nature of the underlying partial differential equation and are based only on the
shape of the computed solution. In addition, for an equation system, such as the compressible
Euler or Navier–Stokes equations, estimation has been made on the basis of the behaviour of
a key variable or key variables, selected in anad hocmanner. Although such indicators have
proved effective in enhancing solutions to particular problems, they cannot be used with
confidence to guarantee accurate solutions, when starting from arbitrary initial coarse grids.
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Figure 10. Compressible steady turbulent flow over an ONERA M6 wing. A view of the
surface discretization.

Recently, more rigorous and sophisticateda posteriori error estimation procedures have
been developed for elliptic and parabolic problems [105]. These algorithms have proved
to be very reliable and effective when used within an adaptive grid context. Methods
based upon solution reconstruction have been proposed [106] and procedures based on
the solution residual, often involving some stability constants for the exact problem, have
also been developed [107]. In addition, techniques which require the solution of local
problems have attracted attention [108–111]. This latter class of techniques appears to be
the most general and rigorous, as these methods do not require the estimation of any problem
constants. These methods estimate the solution error in some mathematically defined norm,
whose exact meaning is not always clear from an engineering standpoint. In addition, the
application to any nonlinear problem will generally involve some form of linearization.

A more recent approach is to look at the solution error in terms of the engineering
outputs, such as forces or heating rates, which are of interest for the problem under
investigation. The methods which are being developed recognize that different accuracy
requirements may be necessary to predict different quantities, for example in the computation
of the flow over an aerofoil, the level of resolution required to predict the lift to within a
certain accuracy is often much lower than that required to predict the drag to the same
accuracy. Moreover, the optimal grids which are required in these cases can also be
significantly different. These approaches use adjoint solutions to quantify, or weigh, the
effect of the local solution on the final output and employ the solution residual and some
constants, which need to estimated from the continuous problems [112], or the solution
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Figure 11. Compressible steady turbulent flow over an ONERA M6 wing. The computed
distribution of the pressure contours.

of some local subproblems [113]. As these methods are still in their early stages of
development, it will be some time yet before they are applicable to problems governed
by nonlinear hyperbolic equation systems.

6.2. Grid adaptation

There are a variety of different grid procedures designed to adapt a given grid so as to
meet the requirements dictated by an error estimation process. Grid enrichment adds new
nodes to prescribed regions and then reconnects them to produce a valid new grid [114].
Although this is an effective method of improving the resolution of a computed solution,
the continued use of grid enrichment in three-dimensional simulations can, very quickly,
lead to very large grids [115]. Grid movement attempts to meet the requirements of the
error indicator by moving the nodes on the grid into the regions where higher resolution
is needed, without changing the grid topology [114]. The effectiveness of this method of
increasing resolution is limited by the number of nodes present in the initial grid, especially
for the solution of problems containing more than one significant feature [115]. Adaptive
remeshing procedures aim to overcome the shortcomings of the enrichment and movement
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methods. The idea is to use the error indicator to define a new grid control function and then
to generate a completely new grid for the problem [69, 70, 116, 117]. A further alternative is
to provide a general procedure which combines all these methods in an appropriate manner
and this approach has achieved a certain element of success [118, 119].

7. Unsteady flows

The accurate simulation of time-varying, high-speed compressible flows can require the use
of significant computational resources. Although unsteady compressible viscous flows have
been successfully modelled in two dimensions [120], evidence of the corresponding three-
dimensional extension is small [121, 122] and unstructured grid finite-element developments
in three dimensions have generally been restricted to inviscid simulations [123, 124].
Explicit time stepping techniques may be applied directly to the solution of unsteady flows
but, for many practically interesting problems, an additional complication is the fact that
the computational domain varies with time and this requires special treatment. Two-fluid
or free surface simulations present additional interface tracking problems which will not be
considered here [125].

Consider a problem involving three-dimensional inviscid compressible flow in a spatial
domain�(t) which varies with time. The solution of equation system (117) is sought, for
all time t > tn, subject to an initial condition which is expressed here as

U (x, tn) = Un for all x in �(tn) (171)

whereU n is a prescribed function. Appropriate boundary conditions also need to be
provided to complete the problem definition.

7.1. Variational formulation

Trial function and weighting function spaces are introduced, subject to the requirement that
these spaces should consist of all suitably smooth functions, with the trial function space
subjected to the additional requirement that

T = {U (x, t)|U (x, tn) = Un for all x in �(tn)}. (172)

A variational formulation of the problem is then: findU in T , satisfying the problem
boundary conditions, such that∫ T

t=tn

∫
�(t)

W T

(
∂U

∂t
+

3∑
j=1

∂F j

∂xj

)
d� dt = 0 (173)

for every memberW (x, t) of the weighting function setW and for all values ofT > tn.

7.2. Approximate variational formulation

The domain�(tn) is represented by an assembly of linear tetrahedral elements, withp nodes
located at the element vertices. To accommodate the movement of the boundary, the location
of the nodes in the grid must be allowed to vary with time. Finite-dimensional subspaces
T (p) andW (p), of the trial and weighting function spaces respectively, are defined by

T (p) =
{
U (p)(x, t)|U (p) =

p∑
J=1

UJ (t)NJ (x, t);UJ (tn) = Un
J

}

W (p) =
{
W (x, t)|W =

p∑
J=1

aJNJ (x, t)

}
.

(174)
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HereNJ is the standard piecewise linear finite-element shape function, which takes the
value unity at nodeJ , located atx = xJ (t), and the value zero at every other node. A
Galerkin approximate variational formulation of the problem is expressed in the form: find
U (p) in T (p), satisfying the problem boundary conditions, such that∫ T

t=tn

∫
�(t)

NI
∂U (p)

∂t
d� dt = −

3∑
j=1

∫ T

t=tn

∫
�(t)

NI
∂F j

∂xj
d� dt (175)

for I = 1, 2, . . . , p. Following the application of the divergence theorem, the Galerkin
statement corresponding to a typical interior nodeI of the grid is expressed alternatively as∫ T

t=tn

∫
�(t)

NI
∂U (p)

∂t
d� dt =

3∑
j=1

∫ T

t=tn

∫
�(t)

∂NI

∂xj
F j d� dt. (176)

Further manipulation of this statement is essential, to convert it into a form which is useful
for the solution of practical problems, in which portions of the boundary surface might
be moving. To achieve this, suppose that the grid employed is moving with a prescribed
velocity

V (p) = (v(p)1 , v
(p)

2 , v
(p)

3 ) (177)

where the variation of each velocity component is approximated, over the grid, in the form

v
(p)

j =
p∑
J=1

vjJNJ . (178)

Here,vjJ denotes the component of the velocity of nodeJ in the directionxj . It follows that

d

dt

∫
�(t)

NIU
(p) d� =

∫
�(t)

∂

∂t
(NIU

(p)) d�+
∫
�(t)

∂

∂xj
(v
(p)

j NIU
(p)) d� (179)

where the total time derivative implies differentiation following the moving grid. When this
expression is used in equation (176), the approximate variational statement is expressed in
the alternative form: findU (p) in T (p) such that[ ∫

�(t)

NIU
(p) d�

]t=T
t=tn
=
∫ T

t=tn

∫
�(t)

∂NI

∂xj
F j∗ d� dt (180)

where

F j∗ = F j (U (p))− v(p)j U (p). (181)

The form assumed forU (p) in equation (174) is substituted into equation (180) and the
left-hand side is evaluated exactly. As before, a numerical quadrature rule is employed to
approximate the right-hand integral over the spatial domain. The result is that[ p∑

J=1

MIJUJ

]t=T
t=tn
=
∫ T

t=tn
fI dt (182)

where, for example, in terms of an edge-based data structure,

fI =
µI∑
e=1

3∑
j=1

C
j

IIe
(F

j∗
I + F j∗

Ie
). (183)

Stabilization of the algorithm of equation (182) is achieved by replacing the actual flux
function by a numerical flux function. For example, when the flux function of equation (131)
or (135) is adopted, the solution can be advanced in time by thek-stage time stepping
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procedure of equation (35). The geometric conservation law is a statement which ensures
that the resulting procedure preserves a constant solution for an arbitrary grid deformation.
When the solution is advanced over a time step1t from time tn to time tn+1, it can be shown
[126] that this law is satisfied if the nodal velocities in equation (178) are computed as

vjJ =
xn+1
jJ − xnjJ
1t

(184)

and if the right-hand side of equation (182) is evaluated with appropriate accuracy. For
a three-dimensional simulation, the accuracy requirement is that the integration rule being
used integrates a quadratic function exactly.

7.3. Grid modification in the presence of moving boundaries

When the simulation involves a moving boundary, the coordinates of the boundary nodes
must be updated at each time step, according to the prescribed boundary displacement. It
is apparent that the initial grid will, eventually, become excessively distorted and invalid,
unless some method of modifying the grid is added to the solution algorithm.

7.3.1. A deforming grid algorithm. A deforming grid algorithm is readily coupled to the
solution process [127, 128]. With the coordinates of nodes given at timet = tn, the new
coordinates at timet = tn+1 can be obtained by the addition of a displacement. Nodal points
located on the far-field boundary will be held fixed, with a zero nodal displacement specified.
At nodal points which are located on the moving boundary component, the updated nodal
displacement is prescribed by the motion. The new displacement at any interior node is
found by averaging the displacements of the surrounding points and iterating to convergence.
Sufficient convergence is normally obtained after five iterations. Alternative procedures
involve the direct computation of the mesh velocities at each node in the grid as the product
of the boundary velocity and a scalar function, based upon the distance from the node to
the moving boundary [129].

These algorithms will change the location of nodes in the grid, but will not change the
grid topology. Such approaches will, therefore, only prove to be effective for problems in
which the boundary displacement is small. For large-scale boundary displacements, elements
in the deforming grid will eventually become distorted. This means that an additional
capability which enables local regeneration of the grid is also required.

7.3.2. A local regridding algorithm. The removal of all the elements which are regarded
as being distorted, according to some measure, will, in general, create a number of separate
holes in the grid. Each of these holes will be bounded by either a collection of triangular
faces or by a collection of triangular faces plus a portion of the computational boundary.
Local regeneration of the grid follows the steps involved in the generation of the initial
grid, with any boundary surfaces being triangulated first. Following this step, each hole in
the grid will now be completely bounded by a collection of triangular faces. The holes are
discretized using any standard grid generation approach, with automatic point creation.
Following the construction of the grid for each hole, the value of the solution at the
newly created nodal points is obtained by interpolation over the original grid. This can
be accomplished using a searching process based upon the alternating digital tree [71].
In a practical implementation, the quality of the elements in the grid should be checked
every time step. A quality test which can be adopted is that of comparing the current
volume and the initial volume of each element. According to this test, when more than a
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certain percentage of the elements in the grid are found to have a volume change which
is greater than a prescribed amount, these elements are removed and the grid is locally
regenerated.

To illustrate the numerical performance of a procedure of this type, a problem involving
the transient separation of a generic shuttle vehicle and a rocket booster has been simulated.
Initially, a steady-state solution for the configuration is obtained at a free stream Mach
number of 0.9 and zero degrees angle of attack, on a grid consisting of 684 429 elements,
125 899 nodes and 810 570 edges. The two bodies now separate according to a prescribed
translation, in the symmetry plane, together with a prescribed rotation of the shuttle about a
point on its tail and the simulation proceeds until the shuttle rotates through 30 degrees. This
amount of relative movement between the two bodies requires only 45 local regridding steps
and the grid at this stage consists of 556 194 elements, 103 930 nodes and 685 072 edges.
A view of the surface triangulation of the bodies at the end of the computation is given
in figure 12. The corresponding computed distribution of the pressure is displayed in
figure 13.

Figure 12. The final stage of the shuttle vehicle and booster simulation showing a view of the
surface discretization.

8. Improving computational performance

Although explicit time stepping procedures are readily implemented, they suffer from certain
well known computational drawbacks. When realistic steady problems are being simulated,
explicit schemes frequently exhibit slow convergence rates while, for unsteady problems,
explicit schemes may be subject to a stability limit on the time step which is several orders
of magnitude smaller than the limit required to produce accurate solutions. A variety of
different approaches have been suggested to address these shortcomings and some of these
are briefly considered in this section.
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Figure 13. The shuttle vehicle and booster simulation showing the distribution of the pressure
at the final stage of the computation.

8.1. Domain decomposition

Domain decomposition techniques may be incorporated to improve the efficiency of explicit
methods used for the simulation of transient flows on grids exhibiting large variations in the
element size. Methods have been proposed in which the decomposition is made into either
groups of elements [130] or into groups of nodal points [120]. For illustration, consider
an element decomposition, where the objective is to group the elements, according to their
theoretical maximum allowable time step size, and to advance the solution independently
within each group. The time accuracy of the procedure is maintained by appropriate
interchange of information across the boundaries of the groups. Algorithmically, the
approach determines initially the minimum time step,1tmin allowed on the grid. An element
E is then placed into groupm if its allowable time step,1tE , is such that

2m−11tmin 6 1tE < 2m1tmin. (185)

The groups are overlapped, by adding two layers of elements to each groupm from
the groupsq, where q > m. The solution is advanced through one global time step
1t = 2mmax−11tmin, wheremmax is the maximum number of groups employed, by sequencing
through the groups, and using the overlapping to provide the updated group interface values.
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The optimum value to be adopted formmax may be determined by analysing the allowable
time step distribution on the grid [131].

8.2. Parallelization

The introduction of parallel computers offers the promise of providing the analyst with access
to large computational power [132]. Explicit time stepping schemes are readily implemented
within a distributed computational environment, so that this provides an obvious method of
reducing the required run times. As an example, a parallel implementation of unstructured
grid algorithms may be achieved by employing a single program multiple data model [133]
and using standard message passing routines. At present, grids are generally generated and
decomposed in a serial manner, which means that computer memory requirements place
restrictions on the size of the global grid which can be employed [134]. Such restrictions
could be avoided by performing the grid generation in parallel, though this is a topic which
has, only recently, been receiving attention [135–137].

Table 1. Performance statistics—edge-based Euler solver on a CRAY T3D.

Edges Points
No of Run Time (min) Relative
Partitions Min Max Min Max (1000 steps) speed up

4 469 771 484 465 66 523 70 130 650 1
8 230 459 244 827 33 262 37 357 346 1.88

16 114 139 125 040 16 631 19 674 180 4.09
32 55 144 64 926 8316 10 609 96 7.07
64 26 760 33 475 4158 5930 53 17.77

128 12 826 16 980 2079 3239 29 24.07
256 6189 8762 1040 1822 16 46.43

A number of different methods have been proposed for partitioning unstructured grids
[138]. Multilevel recursive spectral bisection (RSB) is a method which produces the
well balanced subdomains, with minimal communication costs, which are required for the
optimization of parallel performance [139]. When the technique is used to colour the
nodes, the decomposition splits the global grid intoN subdomains, producingN data sets,
with local numbering of points, elements, edges and boundary faces. If an edge-based
representation of the grid is employed, the edges within each subdomain are subdivided
into two groups. One group consists of edges attached to interface nodes and, as such,
will require communication. The second group contains edges connecting interior nodes
only. The interface edges and the connecting nodes are stored in the subdomain which has
the minimum partition number. This results in duplicated interface nodes in neighbouring
subdomains, but interface edges are not duplicated. The communication arrays, which are
necessary for the transfer of information between the subdomains, may be evaluated during
the domain partitioning stage. At the first stage of the computation loop, interface nodes
obtain contributions from interface edges. These partially updated contributions are then
broadcast to the neighbouring subdomains. A loop over the interior edges of each partition,
followed by the receiving and updating of the interface nodes completes the procedure.
This procedure allows computation and communication to take place concurrently [140].
For a grid consisting of 1 612 174 elements, 266 092 nodes and 1 912 170 edges, table 1
illustrates the load balancing capabilities of the RSB method and the resulting performance
of an edge-based parallel Euler flow solver on a CRAY T3D.
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In this context, the introduction of special parallel libraries to aid the process of
parallelization of unstructured mesh-based solvers should also be noted [141, 142].

8.3. Multigrid methods

The multigrid method is an effective acceleration device, when it is coupled with an explicit
multistage time stepping scheme [143]. The basic idea of the approach is to use solution
residuals, computed on a given grid, to drive a time marching scheme on a coarser grid.
The corrections to the unknowns computed on the coarser grid are then added to the fine
grid solution. Advancing the solution on the coarse grid is computationally less expensive,
because of the reduced number of unknowns and the larger allowable time step size. The
time marching scheme on the coarse grid may itself be accelerated by the use of an even
coarser grid and, in this way, the multigrid concept can be extended to incorporate any
number of coarse grids.

The intergrid transfer operations, which this process requires, are readily performed in
a structured grid environment, where the grids are generally nested. However, the situation
is more complex when the grid upon which the solution is required is totally unstructured
and, in this case, different approaches have been attempted [144]. In one approach, the
coarse meshes are constructed by agglomerating cells on the fine mesh [145–148]. With
this method, the coarse mesh equations are formed directly by combining, in an appropriate
manner, the contributions from the relevant fine mesh cells. A second approach employs
a sequence of non-nested coarse unstructured grids [149, 150]. Here the grids employed
are totally unrelated and, in general, will not have coincident nodes. In this case, the grid
sequence is constructed by repeatedly using the grid generator, with appropriate redefinition
of the grid control functions. Procedures for rapidly transferring information between the
grids are an essential feature of a successful implementation.

8.3.1. Transferring information between non-nested grids.To illustrate how information
can be transferred between two non-nested tetrahedral grids [151], let

U (pf ) =
pf∑
Jf=1

UJf NJf U (pc) =
pc∑
Jc=1

UJcNJc (186)

denote piecewise linear approximations to the solution on two gridsf and c, havingpf
andpc nodes, respectively. Suppose that the representation on gridf is known and that the
representation on gridc is required. Starting from the Galerkin projection statement [26]∫

�

U (pc)NIc d� =
∫
�

U (pf )NIc d� (187)

for Ic = 1, 2, . . . , pc, and inserting the assumed forms forU (pf ) and U (pc) from
equation (186), results in the requirement that

pc∑
Jc=1

[ ∫
�

NJcNIc d�

]
UJc =

pf∑
Jf=1

[ ∫
�

NJf NIc d�

]
UJf (188)

for Ic = 1, 2, . . . , pc. This is a system ofpc equations for the nodal values of the unknowns
on gridc. In the present context, a projection procedure of this type will only be exact when
the solution varies linearly. The sum of all the shape functions on a given grid is equal to
unity everywhere in the domain, so that adding the equations in the set (187) produces∫

�

U (pc) d� =
∫
�

U (pf ) d�. (189)
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This result demonstrates that, in this form, the projection leads to a conservative transfer of
the unknown between the two grids.

However, the exact evaluation of the integral on the right-hand side of equation (188)
proves difficult and expensive, as the functionsNIf andNIc are defined on different supports.
For a practical implementation, this integral may be approximated numerically and two
different methods of achieving this are immediately apparent.

The first option is to express the integral, as the sum of individual element contributions
from grid c, and to use a composite quadrature rule, with the integral over each element
approximated by sampling the integrand at the nodes. If the left-hand matrix is also lumped,
the result is that

UIc =
pf∑
Jf=1

NJf (xIc )UJf Ic = 1, 2, . . . , pc. (190)

In this form, the projection is seen to lead to a direct linear interpolation. This can be
implemented when the four nodes of the element within gridf which contains a given
node of gridc is known. This form also preserves the accuracy of the original projection,
i.e. it is exact for linear data. In general, however, the interpolated values on gridc will
not satisfy exactly the conservation property expressed by equation (189).

The second option is to evaluate the right-hand integral of equation (188) by summing
element contributions from gridf . In this case, use of the same composite quadrature rule
and the lumping of the left-hand matrix produces

UIc = M−1
Ic

pf∑
Jf=1

MJf NIc (xJf )UJf . (191)

This operation does not preserve a linear solution, but, by summing all the equations of
the form of (191), a discrete analogue of equation (189) is obtained, so that this transfer
process is conservative.

8.3.2. Implementation of the multigrid method.The implementation of a multigrid solution
algorithm is best described for a case involving just two grids, a fine gridf and a coarser
grid c. The solution obtained after performingif iterations on gridf of the multistage
time stepping scheme of equation (35), and its corresponding residual, computed using an
appropriate numerical flux function, are transferred to gridc. At this stage, it is assumed
that the residuals are sufficiently smooth so that they may be meaningfully represented on
the coarser gridc. The solution on gridc is now advanced foric iterations, again using the
time marching scheme of equation (35), but with a modified right-hand side. This right-hand
side modification is essential if a converged solution on the fine grid is to remain unaltered
by the multigrid process. The solution correction calculated on gridc is then transferred
back to the fine gridf and added to the fine grid solution.

The solution computed on the coarse grid can itself be accelerated by using an even
coarser grid. In this way, the above algorithm may be extended to more than two grids.
At the same time, different methods of cycling between the grids may be devised. When
more than two grids are employed, there exists the possibility of advancing the solution
for ii time steps on an intermediate grid, after transfer from a coarser grid and before
transfer to the next finer grid. To illustrate the performance of the multigrid method, a
procedure of this type has been applied to the simulation of a steady inviscid transonic flow
over a business jet configuration. In this application, the unknowns and the corrections
are transferred between grids using the direct interpolation of equation (190), while the
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residuals are transferred using the conservative form of equation (191). A sequence of
three grids is employed. Figure 14 gives view of the surface discretization for the coarse
and intermediate grids, while figure 15 displays a view of the surface discretization for
the finest grid. The computed distribution of the pressure coefficient contours on the finest
grid is displayed in figure 16. The effectiveness of the multigrid procedure is apparent
from figure 17, which shows a comparison of the convergence rates attained by the single
grid algorithm, on the fine grid, and the multigrid algorithm, using the full sequence of
grids.

Figure 14. Compressible steady inviscid transonic flow over a business jet configuration. A
view of the coarser surface grids employed in the multigrid process.

8.4. Implicit time stepping methods

Implicit time stepping methods allow for the use of larger time steps and, generally, result
in reduced solution times. The drawback of implicit techniques is the requirement to solve
a large sparse equation system at each time step. Direct methods of solving such equation
systems are currently limited to two-dimensional simulations, because of the computational
costs and the memory requirements of the approach [152]. For this reason, alternative
methods of approaching the problem of solving this equation system have received attention.

8.4.1. Multigrid methods. The multigrid method may be extended and applied to the
problem of solving an implicit equation system [153, 154]. To illustrate how this can be
achieved, suppose that the equation corresponding to a typical nodeI of the grid, in the
simulation of a transient flow in a fixed computational domain, can be written in the form

p∑
J=1

MIJ

dUJ
dt
= fI . (192)

Using the three-level implicit approximation of equation (48) leads to the time stepping
scheme

p∑
J=1

MIJ

(3Un+1
J − 4U n

J +U n−1
J )

21t
= fn+1

I (193)

which can be re-written in the form

Rn+1
I + sI = 0 (194)
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Figure 15. Compressible steady inviscid transonic flow over a business jet configuration. A
view of the finest surface grid employed in the multigrid procedure.

where

Rn+1
I = fn+1

I − 3

21t

p∑
J=1

MIJU
n+1
J (195)

and

sI = 2Un
I

1t
− U

n−1
I

21t
. (196)

Equation (194) may now be solved by using an explicit multistage scheme to obtain the
steady-state solution of the equation

MI

dUn+1
I

dt
= Rn+1

I + sI . (197)

The convergence of the resulting procedure may be accelerated by using the multigrid
concepts introduced in section 8.3 [66, 155, 156]. It has been observed [157] that an explicit
discretization of equation (197) may be unstable when the chosen time step is larger than
that employed in equation (193). This is easily remedied by either clipping the time step
used or simply treating the diagonal part of the second term on the right-hand side of
equation (195) implicitly when solving equation (197).

8.4.2. Standard iterative methods.An alternative approach is to employ standard iterative
methods to solve the matrix equation system arising from an implicit time discretization.
Suppose that a steady inviscid flow is being simulated, using an edge-based LED algorithm
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Figure 16. Compressible steady inviscid transonic flow over a business jet configuration. The
computed distribution of the pressure coefficient on the finest grid.

of the type introduced in section 4.3. The equation corresponding to a typical interior node
I of the grid, may then be written as

MI

dUI
dt
= fI (198)

where, for convenience,fI is now expressed as

fI =
µI∑
e=1

[AIIe (UIe −UI )+ dIIe ]. (199)

In equation (199), the added diffusion term is taken in the higher-order form

dIIe = X−1
IIe
|ΛIIe |[1S − 1

2[L(1S+IIe , 1SIIe )+ L(1SIIe , 1S−IIe )]] (200)

in the notation of equations (115) and (159). Equation (198) is discretized in time, using
the first-order method of equation (47), producing

MI1UI = 1tfn+1
I (201)

where1UI = Un+1
I − Un

I . A diagonally dominant linearized version of this equation is
obtained, by employing a low-order form on the left-hand side, as

MI1UI +1t
µI∑
e=1

Ãn
IIe
(1UIe −1UI ) = −1tfnI (202)
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Figure 17. Compressible steady inviscid transonic flow over a business jet configuration.
Comparison of the convergence rates of the single grid and the multigrid algorithms.

where

ÃIIe = AIIe − |AIIe |. (203)

The fact that the left- and right-hand operators are now of different order generally results
in a conditionally stable procedure. When the complete equation set (202) is expressed in
the matrix form

K1U = f (204)

the matrixK may be decomposed as

K = D+ E (205)

where D denotes the matrix which consists of only the block diagonal entries ofK.
Equation (204) can then be solved by the block Jacobi iteration process [100, 158, 159]

1U (s+1) = D−1(f − E1U (s)) s = 1, 2, . . . , smax (206)

wheresmax denotes a prescribed number of iterations.
Line relaxation schemes have proved to be particularly successful when used in

conjuction with numerical discretizations on structured grids [160]. On structured grids, the
grid lines themselves serve as appropriate lines for the relaxation process. On unstructured
grids, a more elaborate procedure needs to be employed to identify suitable lines [116, 161].
An example of a line which may be constructed for use in a three-dimensional simulation on
an unstructured tetrahedral grid is shown in figure 18. When the lines have been produced,
the nodal equations forming the system (204) are renumbered according to the order implied
by the line and the new system is written in the form

K∗1U ∗ = f ∗. (207)

The matrixK∗ is decomposed as

K∗ = D∗ + E∗ (208)
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where D∗ is the block tridiagonal ofK∗, and this allows the use of the line relaxation
procedure

D∗1U ∗(s+1) = (f ∗ − E∗1U ∗(s)) s = 1, 2, . . . , smax (209)

where smax denotes the number of line iterations employed. For three-dimensional
simulations, a possible strategy is to use three different lines, with a fixed number of
iterations being employed on each line within every time step. As these lines frequently
exhibit significant folding, an alternative here is to break the lines into multiple linelets,
which are roughly aligned with prescribed directions [162].

Figure 18. Continuous line constructed on a grid about a complete aircraft configuration.

Relaxation methods based upon LU factorization schemes have also been implemented
on structured grids [163]. The manner in which this can be extended is outlined here
for unstructured triangular meshes in two dimensions [164]. The corresponding three-
dimensional extension is direct. Consider a sweep direction, defined by a unit vector
(sx1, sx2). The nodes in the grid are renumbered according to theirs coordinate, with the
coordinate for nodeI computed as

sI = x1(I )sx1 + x2(I )sx2. (210)

The edgese which meet at nodeI are subdivided into two sets,e+ ande−, with

IIe ∈ e+ if (x1(Ie) − x1(I ))sx1 + (x2(Ie) − x2(I ))sx2 > 0 (211)

IIe ∈ e− if (x1(Ie) − x1(I ))sx1 + (x2(Ie) − x2(I ))sx2 < 0. (212)

With this subdivision, equation (202) is rewritten as(
I+ 1t

MI

∑
IIe∈ e+

Ãn
IIe
DIIe +

1t

MI

∑
IIe∈ e−

Ãn
IIe
DIIe

)
1UI = −1t

MI

fnI (213)
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whereI is the identity matrix and

DIIeUI = UIe −UI . (214)

An approximate LU factorization for equation (213) is expressed as(
I+ 1t

MI

∑
IIe∈e+

Ãn
IIe
DIIe

)(
I+ 1t

MI

∑
IIe∈e−

Ãn
IIe
DIIe

)
1UI = −1t

MI

fnI . (215)

It is readily verified that, when this equation is applied to every node, the first factor on the
left-hand side leads to a block lower triangular matrix, while the second factor leads to a
block upper triangular matrix. This means that equation (215) results in an equation system
of the form

(2+5+)(ϒ +5−)1U = f (216)

where2 andϒ are strictly block lower and block upper triangular matrices, respectively, the
matrices5+ and5− contain block diagonal terms only,1U is the global vector containing
the increments of the nodal unknowns andf is the global vector of the right-hand terms of
equation (215). This equation can then be solved in two stages as

(2+5+)1U ∗ = f (217)

and

(ϒ +5−)1U = 1U ∗ (218)

with each stage requiring the inversion of a block 4× 4 matrix at each grid point.
A further alternative is to solve equation (202) by employing forward and backward

Gauss–Seidel relaxation sweeps [165]. During the forward sweep, a nodal increment1U ∗I
is calculated from

1U ∗I +
1t

MI

∑
IIe∈e+

Ãn
IIe
(1U ∗Ie −1U ∗I )−

1t

MI

∑
IIe∈e−

Ãn
IIe
1U ∗I =

1t

MI

fnI . (219)

The backward sweep computes the nodal increment1UI from

1UI + 1t

MI

∑
IIe∈e−

Ãn
IIe
(1UIe −1UI )+

1t

MI

∑
IIe∈e+

Ãn
IIe
(1U ∗Ie −1UI ) =

1t

MI

fnI . (220)

The complete scheme may be written, using the notation of equation (216), in the form

(5+2)5−1(5+ϒ)1U = f (221)

where5+ I = 5+ +5−. In this format it is apparent that this is an LU implicit scheme,
which can be implemented using the sweeping strategy employed for the LU factorization
method. In practice, the scheme of equation (221) performs better than the LU factorization
method and has the advantage that only one block diagonal matrix needs to be inverted for
each pair of forward and backward sweeps.

8.4.3. Advanced iterative methods.Another alternative for solving the equation system
(204) comes under the general heading of Krylov methods [152, 166, 167]. Consider initially
the problem of solving a linear system in the form of equation (204), whereK is a symmetric
positive-definite matrix. It is readily shown that the solution of this equation system is the
vectorz which minimizes the functional

Ξ(z) = 1
2z

TKz − zTf . (222)
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The steepest descent method defines an iterative procedure for obtaining the solution which
uses this property. At stagek, with iterate1U (k), the next iterate,1U (k+1), is determined
by a one-dimensional minimization ofΞ in the direction of its gradient. This means that,
with the definition

R(k) = K1U (k) − f (223)

the iterative process is described by the relation

1U (k+1) = min
α

Ξ(1U (k) − αR(k)). (224)

The conjugate gradient method is a more elaborate iterative process, in which, at the
equivalent stage, a (k+1)-dimensional minimization is performed, according to the relation

1U (k+1) = min
α0,α1,...,αk

Ξ(1U (k) − α0R
(0) − α1R

(1) − · · · − αkR(k)). (225)

This algorithm can be efficiently implemented [168] so as to avoid the requirement for
storing everyR(),  = 1, . . . , k. The benefits of this method are that it overcomes certain
convergence problems associated with the steepest descent method and that it can be proved
that it converges inp operations, if exact arithmetic is employed.

The conjugate gradient method, however, needs further adaption before it can be
successfully applied to a general equation system of the form of equation (204), in which
the matrix K may be non-symmetric. The most widely used extension is the general
minimum residual (GMRES) method [169]. To illustrate this method, suppose1U (0) is an
approximate solution to equation (204). A new approximation1U (k) is computed via the
GMRES(k) method by setting

1U (k) = 1U (0) + z(k) (226)

and finding a solution forz(k) in the Krylov spaceKk(R(0),K), of dimensionk, which is
spanned by the vectorsR(0),KR(0),K2R(0), . . . ,Kk−1R(0). The solution obtained is the
best possible, in the sense that it satisfies the minimization problem

‖R(k)‖ = min
z∈Kk
‖R(0) + Kz‖ (227)

where‖·‖ denotes theL2 norm of the vector. The implementation works with an orthogonal
set of basis functions, or search directions,v1(= R0),v2,v3, . . . ,vk, for the Krylov
space. The orthogonal set is constructed by a Gram–Schmidt process and these search
directions need to be stored. As the value ofk is increased, the storage requirements of the
method increase linearly while the number of operations involved increases quadratically.
These effects are mitigated with the restarted GMRES(k,m) algorithm, which discards and
recomputes the search directions everym cycles.

The performance of these GMRES algorithms may be significantly improved by
preconditioning the original system. The left preconditioned iterative method solves the
equation system

P−1K1U = y = P−1f (228)

where the matrixP which is employed should be easy to compute and should represent
a good approximation to the matrixK. To illustrate this process, consider the application
of BILU(0) preconditioning, which is block incomplete LU preconditioning with zero fill.
In this method,P is constructed by an incomplete LU factorization ofK, using Crout’s in
place method, with all entriesPIJ , for which the pair of indices (I, J ) does not belong to
the graphG of the matrixK, set to zero. This graph is defined as

G = {(I, J ) | KIJ 6= 0}. (229)
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For a general unstructured mesh, with irregular node numbering, the matrixK will have
a complicated sparsity pattern. By renumbering the nodes, to minimize the bandwidth,
the BILU(0) process leads to an improved approximation to the matrixK. Bandwidth
minimization may be achieved by a technique such as the standard reverse Cuthill–McKee
procedure [170]. The explicit computation of the inverse ofP is not advisable, as it may
be dense. In addition,P may be ill conditioned, leading to error prone computations of its
inverse. Instead of forming explicitly a matrix vector product of the formP−1a(= b), it
is therefore preferable to look forb, which is the solution of the linear systemPb = a.
This can be efficiently computed by a forward and backward substitution when the LU
decomposition forP is known.

The application of a fully implicit time stepping procedure to the solution of a typical
semi-discrete system, such as equation (169) or (170), leads to a nonlinear, non-symmetric
equation system

M1U = 1tfn+1. (230)

To produce a numerical solution via an iterative procedure of the GMRES type, this equation
is first linearized about the time leveltn, in the form

M1U = 1t
(
fn + ∂f

∂U

∣∣∣∣n1U) . (231)

Upon re-arrangement, this may be expressed as a linear equation system(
M

1t
+ ∂f

∂U

∣∣∣∣n)1U = fn (232)

which is in the form of equation (204), with

K =
(
M

1t
+ ∂f

n

∂U

)
. (233)

The solution may now be obtained using the GMRES approach outlined above [171–173].
An advantage of using this iterative technique is that the matrixK need not be computed

explicitly. Instead, the required matrix vector products are computed directly as required,
with consequent low storage requirements. This is particularly advantageous for non-
compact solution algorithms, such as the method employed in equations (198)–(200), where
the number of non-zero entries inK could be very large. In these cases, the preconditioning
matrix often needs to be computed by factorizing some approximation toK which only
involves nearest neighbours.

Additional computational improvement may result from implementing these procedures
in a parallel framework [174–176].

9. Incompressible flows

Incompressible flow modelling is an important area of general industrial interest which
has received significant attention from researchers over a prolonged period. In this
area, computational techniques have been developed which allow for the modelling of
complex geometrical configurations by, generally, employing multiblock or unstructured
grids consisting of hexahedral cells. A relatively small amount of effort has been devoted
to the development of methods, based upon a velocity–pressure formulation and equal order
interpolation, for implementation on general tetrahedral grids. This is mainly due to the
stability difficulties which are associated with direct application of the Galerkin method to
this class of problems [34, 177].
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Here, attention is limited to the three-dimensional incompressible laminar Navier–Stokes
equations, which can be expressed in the non-dimensional conservation form

∂U

∂t
+

3∑
j=1

∂F j

∂xj
= 1

Re

3∑
j=1

∂2U

∂x2
j

(234)

where

U =


0

u1

u2

u3

 F j =


uj

u1uj + pδ1j

u2uj + pδ2j

u3uj + pδ3j

 (235)

and the solution is sought subject to appropriate initial and boundary conditions. Two
different approaches to the problem of numerically simulating incompressible flows will be
reviewed. One approach employs an extension of the techniques which have already been
reviewed for compressible flows, while the other approach has been directly developed for
incompressible flow modelling.

9.1. The artificial compressibility approach

Solution techniques which have been developed for compressible high-speed flows may
be extended into the incompressible regime. The method by which this can be achieved
is to employ the artificial compressibility concept [178]. This was initially demonstrated
for the simulation of steady incompressible flows using quadrilateral and hexahedral grids
[179, 180]. An extension of the approach allows its implementation on general tetrahedral
grids [181, 182].

To illustrate this procedure, consider the computation of steady-state solutions of
equation (234). An artificial time-dependent term is added to the equations, which are
then expressed as

P−1∂U

∂t
+

3∑
j=1

∂F j

∂xj
= 1

Re

3∑
j=1

∂2U

∂x2
j

(236)

where now

U =


p

u1

u2

u3

 P =


β2 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 . (237)

The matrixP acts as a pre-conditioning matrix for the system and is designed to alleviate the
difficulties associated with application of methods devised for the simulation of compressible
flows in the incompressible limit. The value of the parameterβ2, which is the artificial
compressibility, is selected to optimize the convergence to steady state [183]. It should be
noted that, at steady state, the solution of the modified equation (236) is a solution of the
original equation (234).

Following the approach outlined previously, relevant trial and weighting function spaces
are introduced and the problem is expressed in the variational form: findU in T , satisfying
the problem boundary conditions, such that
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�

W T

(
P−1∂U

(p)

∂t
+

3∑
j=1

∂F j

∂xj

)
d�

= − 1

Re

3∑
j=1

∫
�

∂W T

∂xj

∂U (p)

∂xj
d�+ 1

Re

∫
0

W T ∂U
(p)

∂ν
d0 (238)

for everyW in W and for all t > 0.
Working with the subspace of the trial function space, defined in equation (122), leads

to the construction of the Galerkin approximate solution via the statement: findU (p) in
T (p), satisfying the problem boundary conditions, such that∫
�

NIP−1∂U
(p)

∂t
d� = −

3∑
j=1

∫
�

NI
∂F j

∂xj
d�− 1

Re

3∑
j=1

∫
�

∂NI

∂xj

∂U (p)

∂xj
d� (239)

at each interior nodeI of the grid. If an edge-based data structure is employed, the discrete
form of this equation, following the use of the divergence theorem and, for example, the
stabilization of equation (131), can be expressed as

MI

dUI
dt
= PII

{ µI∑
e=1

FIIe −
µI∑
e=1

De[UIe −UI ]
}

(240)

where

De = 1

Re

∑
E∈IIe

3∑
j=1

�E
∂NI

∂xj

∣∣∣∣
E

∂NIe

∂xj

∣∣∣∣
E

. (241)

For this steady flow simulation, the left-hand matrix has been lumped.
The performance of this procedure is demonstrated by considering the simulation of

steady inviscid incompressible flow through a rotating seven bladed fan. The flow is con-
sidered to be steady in a frame of reference which is rotating with the fan and, in this case, the
governing equations have to be modified slightly [182]. In this simulation, the solution is ad-
vanced by the explicit multistage time stepping scheme of equation (35), together with multi-
grid acceleration. A view of the surface discretization on the finest grid employed is given in
figure 19. The computed surface distribution of contours of pressure is displayed in figure 20.

9.2. Projection methods

An alternative approach for the simulation of incompressible flows on unstructured meshes is
based upon the use of a three-step projection method in time [184–186]. In this method, the
continuity and momentum equations are considered in the non-conservative dimensionless
form

3∑
j=1

∂uj

∂xj
= 0 (242)

∂ui

∂t
+

3∑
j=1

uj
∂ui

∂xj
= − ∂p

∂xi
+ 1

Re

3∑
j=1

∂2ui

∂x2
j

for i = 1, 2, 3. (243)

The momentum equations are discretized in time, via an intermediate velocityu∗, as

u∗i − uni = −1t
3∑

j=1

unj
∂uni

∂xj
+ 1t

Re

3∑
j=1

∂2uni

∂x2
j

(244)

un+1
i − u∗i = −1t

∂pn+1

∂xi
. (245)
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Figure 19. Incompressible inviscid flow through a rotating fan. View of the surface
discretization of the finest grid.

It is observed that, beforeun+1 can be computed from equation (245), the value of the
pressure at time leveln + 1 must be found. This is achieved by subjectingun+1 into the
mass conservation condition of equation (242), leading to

3∑
j=1

∂2pn+1

∂x2
j

= 1

1t

3∑
j=1

∂u∗j
∂xj

. (246)

The solution at time leveltn+1 is, therefore, achieved in three steps by first solving equa-
tion (244), then equation (246) and, finally, equation (245). This is accomplished by in-
troducing relevant trial and weighting function spaces and expressing the problem in the
variational form: findu∗i , u

n+1
i andpn+1 in T , satisfying the problem boundary conditions,

such that∫
�

W(u∗i − uni ) d� = −1t
3∑

j=1

∫
�

Wunj
∂uni

∂xj
d�

−1t
Re

3∑
j=1

∫
�

∂W

∂xj

∂uni

∂xj
d�+ 1t

Re

3∑
j=1

∫
0

W
∂uni

∂ν
d0 (247)
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Figure 20. Incompressible inviscid flow through a rotating fan. The computed contours of
pressure.

3∑
j=1

∫
�

∂W

∂xj

∂pn+1

∂xj
d�−

3∑
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∫
0

W
∂pn+1

∂ν
d0 = − 1

1t

3∑
j=1

∫
�

W
∂u∗j
∂xj

d� (248)

∫
�

W(un+1
i − u∗i ) d� = −1t

∫
�

W
∂pn+1

∂xi
d� (249)

for everyW in the weighting function space. Working with a finite-dimensional subspace
T (p) of the trial function space, which is such that the velocity, at any time, and the pressure
distributions are approximated in the piecewise linear fashion

u
(p)

i =
p∑
J=1

uiJNJ p(p) =
p∑
J=1

pJNJ (250)

the Galerkin approximate solution follows from the requirement that, at a typical interior
nodeI on the grid,

p∑
J=1

MIJ (u
∗
iJ − uniJ ) = f 1n

iI (251)

p∑
J=1

LIJp
n+1
J = f 2n

I (252)
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p∑
J=1

MIJ (u
n+1
iJ − u∗iJ ) = f 3n

iI (253)

where

f 1
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LIJ =
3∑

j=1
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d� f 2n
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f 3
iI = −1t

p∑
J=1

(∫
�

NI
∂NJ

∂xi
d�

)
pJ . (256)

For convection dominated flows, equation (251) will need to be stabilized before it can
be used in practice. For example, the stabilization can be accomplished by replacingf 1

iI on
the right-hand side of this equation bỹf 1

iI , where

f̃ 1
iI = f 1

iI +
1t2

2

3∑
j=1

3∑
k=1

p∑
J=1

p∑
K=1

p∑
L=1

[ ∫
�

∂NI

∂xj

∂NJ

∂xk
NLNK d�

]
ujKukLuiJ . (257)

When the corresponding boundary point equations are included, the numerical solution is
obtained from the solution of three matrix equations. The matrices which appear in these
equations are sparse and amenable to solution by iterative methods. A good choice here is
the use of the preconditioned conjugate gradient algorithm, with a diagonal preconditioning
matrix.

It should be noted that, in this approach, the pressure is determined by solving a Poisson
equation and, therefore, classical issues associated with unstable finite-element velocity
and pressure approximations do not arise. If the Galerkin approach is applied directly to
equations (242) and (243), and the pressure equation is determined algebraically [185], then
the Babuska–Brezzi condition on the allowable finite-element approximation spaces must
be respected [34, 177]. This approach has been applied to the simulation of incompressible
flow over a circular cylinder, at a Reynolds number of 100 [187]. The grid employed is
shown in figure 21 and consists of approximately 3000 triangular elements. A view of the
computed distribution of the pressure contours at a late stage of the computation is given
in figure 22. The computed histories of the lift and drag on the cylinder, after the effects
of the initial transient have been removed from the system, are shown in figure 23. The
computed Strouhal number is 0.17, which is in good agreement with the results of other
published numerical simulations for this problem.

10. Optimization

Computational methods have made important contributions in the area of aerodynamic
design, where they have been used primarily in an analysis mode. The use of formal
optimization procedures, that may guide the designer to perform the necessary changes to
meet a given objective, have the potential of achieving much greater impact. To develop
such methods, the problem to be optimized needs to be described in terms of a number
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Figure 21. Incompressible viscous flow past a circular cylinder. A view of the mesh employed.

Figure 22. Incompressible viscous flow past a circular cylinder. The computed contours of
pressure.

of parameters and an appropriate cost function, which requires minimization, needs to be
defined [188, 189].

For the purposes of this review, consideration is restricted to steady-state problems only,
in which the discrete solutionU is such that the right-hand sides of equations such as (144)
or (151) become zero. Typically, the design variablesβ = (β1, β2, . . . , βn) will affect
either the geometry of the domain, i.e. the shape, or the boundary conditions, for example
the free stream Mach number or the angle of attack. In either case, the flow equations will
be written as

R(U , β) = 0 (258)

which implicitly definesU (β) as the discrete solution that satisfies the flow equations for
a particular choice of the design parameters. Realistic aerodynamic optimization exercises
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Figure 23. Incompressible viscous flow past a circular cylinder. Computed variation of lift and
drag coefficients.

Figure 24. Target pressure distribution for the flow over a business jet configuration.

will require the sensitivity of a number of cost functions and constraints with respect to
the design variables. A typical cost function,I , will depend uponU and, in some special
cases, it may also have explicit dependence onβ. ThusI = I (β,U ) and the sensitivities
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Figure 25. Computed pressure distribution for the baseline business jet configuration.

can then be written as
dI

dβj
= ∂I

∂βj
+ ∂I

∂U

∂U

∂βj
for j = 1, 2, . . . , n. (259)

The implicit function theorem applied to equation (258) leads to

∂R

∂U

∂U

∂βj
= −∂R

∂βj
for j = 1, 2, . . . , n. (260)

Sensitivities may be computed using a direct or an adjoint method. With a direct method,
equation (259) is solved to obtain∂U/∂βj directly, while, with an adjoint method, adjoint
variablesψ are defined which satisfy[

∂R

∂U

]T

ψ =
[
∂I

∂U

]T

. (261)

Using this result, the cost function sensitivities are then calculated according to

dI

dβj
= ∂I

∂βj
− ψT ∂R

∂βj
for j = 1, 2, . . . , n. (262)

It should be noted that, for the direct method, equation (260) needs to be solved once
for each design variable. The calculated values of∂U/∂βj will then be used to obtain the
sensitivities with respect to all the required cost functions. On the other hand, equation (261)
needs to be solved once for each cost function regardless of the number of design variables.
The adjoint method is, therefore, preferred for problems in which the number of design
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Figure 26. Computed pressure distribution for the optimized business jet configuration.

variables is larger than the number of cost functions considered. In an alternative derivation,
equation (262) is obtained directly by minimizing the cost function subject to the constraint
that the unknownU satisfies equation (258). In this case, the adjoint variablesψ may be
regarded as Lagrange multipliers. Equations (260) and (261) are linear and can be solved
by marching, to steady state, the modified equations

MI

dUβI
dt
= −

p∑
J=1

(
∂R

∂U

)
IJ

UβJ − ∂RI

∂β
(263)

and

MI

dψI
dt
= −

p∑
J=1

(
∂R

∂U

)
J I

ψJ +
(
∂I

∂U

)T

I

(264)

whereUβ = ∂U/∂β. Note that the stability limitations of equations (263) and (264) are
identical to those of equations such as (144) or (151).

The matrix ∂R/∂U and the grid sensitivity matrix∂R/∂x, which are needed in
the calculation of∂R/∂β, are constructed in the same manner asR, by looping over
edges or elements of the grid. For shape optimization problems, requiring changes in the
domain geometry, grid motion is accomplished by using iteration of the type described in
section 7.3.1. Ifδj denotes the grid displacement due to thej th iteration, i.e.

xj+1 = xj + δj (265)
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then the grid sensitivity is simply determined as

dx

dβ
= ∂δN

∂β
= ∂δN

∂δN−1

∂δN−1

∂δN−2
· · · ∂δ

1

∂β
(266)

whereN iterations of the grid relaxation scheme have been performed.
Once the sensitivities are calculated, the design variables are updated using a restarted

BFGS method [190]. For problems involving constrained optimization, such as drag
minimization at constant lift, the constraints can be built into the gradient calculation,
when using the adjoint approach, by adding additional Lagrange multipliers. Alternatively,
a constrained minimization algorithm can be used, in which case, the sensitivity of the
constraints with respect to the design variables needs to be computed using the procedures
outlined above.

To illustrate the approach, the inviscid optimization of a business jet configuration,
consisting of wing, body, fins, tails and fuselage mounted engines, is considered using
the adjoint approach [191]. The tetrahedral grid employed consists of approximately
160 000 nodes. Six design variables are employed to model shape changes in the inboard
section of the wing and the computational implementation is undertaken in parallel. The
objective function is the surface integral of the squares of the differences between the
computed and some target pressure distributions. The far-field conditions are taken to be a
Mach number of 0.85 and an angle of attack of 2 degrees. The target pressure distribution
is shown in figure 24 and corresponds to the solution obtained when the engines and pylons
are removed. The computed pressure distribution on the baseline configuration is shown in
figure 25 and the computed pressure distribution for the converged geometry, obtained after
seven optimization iterations, is shown in figure 26. It is apparent from this solution that
much of the lift of the clean wing case target pressure distribution has been recovered.

It should be noted that, in the described approach, the sensitivities of the discrete
solution with respect to the design variables are computed exactly. An alternative approach
computes the sensitivities by a finite-difference method [188], which leads to much simpler
codes at the expense of robustness. A further alternative is that in which the sensitivity of
the exact solution is formulated and the resulting problem is then approximated numerically
[192, 193].

11. Conclusions

A review has been made of the current status of unstructured grid finite-element methods
for the solution of the equations of fluid flow. In the main, the review has reflected the
experience of the authors and has concentrated solely upon methods which are based upon
the use of a Galerkin approximation in space, with appropriate stabilization, together with
the finite-difference method in time. The examples which have been included demonstrate
the power of an approach when it is employed in conjunction with a tetrahedral discretization
of the computational domain. The review has indicated that mesh adaptivity, improving
computational performance and optimization will be important areas for future research.
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E J Probert and N P Weatherill for their contributions to the work which has been included
in this review.



632 K Morgan and J Peraire

References

[1] Hirsch C 1990 Computational methods for inviscid and viscous flowsNumerical Computation of Internal
and External Flowsvol 2 (Chichester: Wiley)

[2] Zienkiewicz O C and Taylor R L 1991The Finite Element Method4th edn, vol 1 (Maidenhead: McGraw-Hill)
[3] Fried I 1979Numerical Solution of Differential Equations(New York: Academic)
[4] Becker E B, Carey G F and Oden J T 1981Finite Elements: An Introductionvol 1 (Englewood Cliffs, NJ:

Prentice-Hall)
[5] Baker A J 1983Finite Element Computational Fluid Mechanics(New York: McGraw-Hill)
[6] Ciarlet P G 1980The Finite Element Method for Elliptic Problems(Amsterdam: North-Holland)
[7] Johnson C 1987Numerical Solution of Partial Differential Equations by the Finite Element Method

(Cambridge: Cambridge University Press)
[8] Karman S L 1995 SPLITFLOW: a 3D unstructured cartesian/prismatic grid CFD code for complex geometries

AIAA Paper 95-0343(Washington, DC: AIAA)
[9] Samant S S, Bussoletti J E, Johnson F T, Burkhart R H, Everson B L, Melvin R G, Young D P, Erickson L L,

Madson M D and Woo A C 1987 TRANAIR: a computer code for transonic analyses of arbitrary
configurationsAIAA Paper 87-0034(Washington, DC: AIAA)

[10] Allwright S 1990 Multiblock topology specification and grid generation for complete aircraft configurations
Applications of Mesh Generation to Complex 3-D Configurations (Conf. Proc. No 464)(Paris: AGARD)
11.1–11.11

[11] Steger J L and Benek J A 1987 On the use of composite grid schemes in computational aerodynamics
Comput. Methods Appl. Mech. Eng.64 301–17

[12] Albone C M and Joyce G 1990 Feature-associated mesh embedding for complex configurationsApplications
of Mesh Generation to Complex 3-D Configurations (Conf. Proc. No 464)(Paris: AGARD) 13.1–13.12
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[72] Löhner R 1996 Extensions and improvements of the advancing front grid generation techniqueCommun.
Num. Methods Eng.12 683–702

[73] Bowyer A 1981 Computing Dirichlet tessellationsComput. J.24 162–6
[74] Watson D F 1981 Computing then-dimensional Delaunay tessellation with application to Voronoi polytopes

Comput. J.24 167–72
[75] George P L, Hecht F and Saltel E 1991 Automatic mesh generator with specified boundaryComput. Methods

Appl. Mech. Eng.92 269–88
[76] Weatherill N P 1996 The reconstruction of boundary contours and surfaces in arbitrary unstructured triangular

and tetrahedral gridsEng. Comput.13 64–79
[77] Peraire J, Morgan K and Weatherill N P 1990 A comparison of Delaunay and advancing front methods of

mesh generation for 3D configurationsProc. 2nd World Congress on Computational Mechanics (University
of Stuttgart)(Stuttgart: University of Stuttgart Press) pp 1069–72

[78] Nakahashi K 1987 FDM-FEM zonal approach for viscous flow computations over multiple bodiesAIAA
Paper 87-0604(Washington, DC: AIAA)

[79] Hassan O, Morgan K and Peraire J 1989 An implicit/explicit scheme for compressible viscous high speed
flow Comput. Methods Appl. Mech. Eng.76 245–58
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[182] Peraire J, Morgan K and Peiró J 1994 The simulation of 3D incompressible flows using unstructured grids
Frontiers of Computational Fluid Dynamics 1994ed D A Caughey and M M Hafez (Chichester: Wiley)
pp 281–301

[183] Turkel E 1987 Preconditioned methods for solving the incompressible and low speed compressible equations
J. Comput. Phys.72 277–98

[184] Chorin A J 1968 Numerical solution of the Navier–Stokes equationsMath. Comput.23 341–54
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